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4.2.3 Oracle Risk Bound

We have proved in Chapter 2 that the risk of the model selection estimator (2.9) can
be nicely bounded; see Theorem 2.2 and Exercise 2.9.2, part A. We derive in this
section a risk bound for the Lasso estimator bfl = Xbbl , which is similar, at least for
some classes of design matrix X.

The best risk bounds available in the literature involve the so-called compatibility
constant

k(b ) = min
v2C (b )

(p
|m|kXvk
|vm|1

)
,

where m = supp(b ) and C (b ) = {v 2 Rp : 5|vm|1 > |vmc |1} . (4.8)

This compatibility constant is a measure of the lack of orthogonality of the columns
of Xm; see Exercise 4.5.3. We emphasize that it can be very small for some matrices
X. We refer again to Exercise 4.5.3 for a simple lower bound on k(b ).

A deterministic bound

We first state a deterministic bound and then derive a risk bound from it.

Theorem 4.1 A deterministic bound

For l � 3|XT e|• we have

kX(bbl �b ⇤)k2  inf
b2Rp\{0}

⇢
kX(b �b ⇤)k2 +

l 2

k(b )2 |b |0
�

, (4.9)

with k(b ) defined by (4.8).

Proof. The proof mainly relies on the optimality condition (4.2) for (4.4) and some
simple (but clever) algebra.

Optimality condition: We have 02 ∂L (bbl ). Since any bw2 ∂L (bbl ) can be written
as bw =�2XT (Y �Xbbl )+lbz withbz2 ∂ |bbl |1, using Y = Xb ⇤+e we obtain that there
exists bz 2 ∂ |bbl |1 such that 2XT (Xbbl �Xb ⇤)�2XT e +lbz = 0. In particular, for all
b 2 Rp

2hX(bbl �b ⇤),X(bbl �b )i�2hXT e, bbl �b i+l hbz, bbl �b i= 0. (4.10)

Convexity: Since |.|1 is convex, the subgradient monotonicity ensures that hbz, bbl �
b i � hz, bbl �b i for all z 2 ∂ |b |1. Therefore, Equation (4.10) gives

for all b 2 Rp and for all z 2 ∂ |b |1 we have,

2hX(bbl �b ⇤),X(bbl �b )i  2hXT e, bbl �b i�l hz, bbl �b i. (4.11)

The next lemma provides an upper bound on the right-hand side of (4.11).
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Lemma 4.2
We set m =supp(b ). There exists z 2 ∂ |b |1, such that for l � 3|XT e|• we have

1. the inequality 2hXT e, bbl �b i�l hz, bbl �b i  2l |(bbl �b )m|1 ,

2. and 5|(bbl �b )m|1 > |(bbl �b )mc |1 when hX(bbl �b ⇤),X(bbl �b )i> 0.

Proof of the lemma
1. Since ∂ |z|1 =

�
z 2 Rp : z j = sign(b j) for j 2 m and z j 2 [�1,1] for j 2 mc , we

can choose z 2 ∂ |b |1, such that z j = sign([bbl �b ] j) = sign([bbl ] j) for all j 2 mc.
Using the duality bound hx,yi  |x|•|y|1, we have for this choice of z

2hXT e, bbl �b i�l hz, bbl �b i
= 2hXT e, bbl �b i�l hzm,(bbl �b )mi�l hzmc ,(bbl �b )mci
 2|XT e|•|bbl �b |1 +l |(bbl �b )m|1�l |(bbl �b )mc |1

 5l
3

|(bbl �b )m|1�
l
3
|(bbl �b )mc |1 (4.12)

 2l |(bbl �b )m|1 ,

where we used 3|XT e|•  l and |bbl � b |1 = |(bbl � b )mc |1 + |(bbl � b )m|1 for
the Bound (4.12).

2. When hX(bbl � b ⇤),X(bbl � b )i > 0, combining (4.11) with (4.12) give the in-
equality 5|(bbl �b )m|1 > |(bbl �b )mc |1. 2

We now conclude the proof of Theorem 4.1. Al-Kashi formula gives

2hX(bbl �b ⇤),X(bbl �b )i= kX(bbl �b ⇤)k2 +kX(bbl �b )k2�kX(b �b ⇤)k2.

When this quantity is nonpositive, we have directly (4.9). When this quantity is pos-
itive, we can combine it with (4.11) and apply successively the first part of the above
lemma, the second part of the lemma with (4.8), and finally 2ab a2 +b2 to get that
for all b 2 Rp

kX(bbl �b ⇤)k2 +kX(bbl �b )k2  kX(b �b ⇤)k2 +2l |(bbl �b )m|1

 kX(b �b ⇤)k2 +
2l

p
|b |0

k(b )
kX(bbl �b )k

 kX(b �b ⇤)k2 +
l 2|b |0
k(b )2 +kX(bbl �b )k2.

The proof of Theorem 4.1 is complete. 2

If the tuning parameter l of the Lasso estimator is such that l � 3|XT e|• with high
probability, then (4.9) holds true with high probability for this choice of l . We state
in the next corollary such a risk bound in the Gaussian setting (2.3).

mes


