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4.2.3 Oracle Risk Bound

We have proved in Chapter 2 that the risk of the model selection estimator (2.9) can
be nicely bounded; see Theorem 2.2 and Exercise 2.9.2, part A. We derive in this

section a risk bound for the Lasso estimator f;L — Xﬁl, which is similar, at least for
some classes of design matrix X.

The best risk bounds available in the literature involve the so-called compatibility
constant

) {W ||Xv||}

vew(B) | [vm
where m = supp(f) and € (B) = {v € R” : S|vu|1 > |[vie|1}. (4.8)

This compatibility constant is a measure of the lack of orthogonality of the columns
of X,,,; see Exercise 4.5.3. We emphasize that it can be very small for some matrices
X. We refer again to Exercise 4.5.3 for a simple lower bound on k(f3).

XA

A deterministic bound

L ]
We first state a deterministic bound and then derive a risk bound from it. (5 <
1
Theorem 4.1 A deterministic bound %’é’ n
For A > 3|XT¢|.. we have S N

2 n 2
X@-pP <, it LIXE-IP+ B}, @9)

with k() defined by (4.8).

Proof. The proof mainly relies on the optimality condition (4.2) for (4.4) and some

simple (but clever) algebra. ses e 'l} A }lll + A “‘3'“4.

Optimality condition: We have 0 07 ( [31) Since any w € 9.2 ( B/I) can be written
asw= —2XT(Y Xﬁl) +Azwithze 8|B;L 1, using Y = XB* + € we obtain that there

exists 2 € 9|, |1 such that 2X7 (XB; — XB*) — 2XT e + A% = 0. In particular, for all
B eR?

2X(Br—B"). X (Br—B)) ~2(X e, —B) + A @B ~B) =0.  (4.10)
Convexit/y: Since |.|; is convex, the subgradient monotonicity ensures that (z, BA =
B) = (z.Br—B)

for all B € R” and for all z € d||; we have,
2X (B~ B").X(Br~B)) < 2(X"e,Br~B) ~A(z B~ B). .1

The next lemma provides an upper bound on the right-hand side of (4.11).

1. Therefore, Equation (4.10) gives
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Lemma 4.2
We set m =supp(B). There exists z € 9|B|1, such that for A > 3|X” €|.. we have

1. the inequality 2<xTe,B£ —B)—Alz, B - B) < 21(By ~B)nlr,
2. and 5|(By — B)mlt > |(Br — B)meli when (X(By — B*),X(B1 — B)) > O.

Proof of the lemma
1. Since d|z|; = {z € RP : z; =sign(B;) for j e mand z; € [—1,1] for j € m‘}, we

can choose z € d|B]1, such that z; = sign([ﬁ;L = sign([ﬁl]j) for all j € m©.
Using the duality bound (x,y) < |x|«|y|1, we have for this choice of z

2(X7e.fr—B) A B —B) .
2(X"e, B~ B) ~ A{em, (B = B)m) = Aane (B — B)e)

< 2|XTelwlBr — Bli +A(Br — B)mlt — Al(Br — B)mel
< 2\Ba— Blh — 21 B~ Blwcl @.12)
< 21|(Br —B)ml1,

where we used 3|X”¢|.. < A and |E/l =Bl = |([§,1 — B)mel1 + |([/3\;L — B)m|1 for
the Bound (4.12).

2. When <X(B\& - B*),X(B\;L —B)) > 0, combining (4.11) with (4.12) give the in-
equality 5[(2 — B)ml1 > |(Ba — B)mel1- O

We now conclude the proof of Theorem 4.1. Al-Kashi formula gives
2(X(Br —B*), X(Br — B)) = |X (B — B*)II* + I1X(Br — B)II* — IIX(B — B")II*.

When this quantity is nonpositive, we have directly (4.9). When this quantity is pos-
itive, we can combine it with (4.11) and apply successively the first part of the above
lemma, the second part of the lemma with (4.8), and finally 2ab < a®+b?to get that
for all B € R?

IX(Br —BIP+IXBr— B> < [IX(B—B*)|?+24|(Br — B)mh
< HX(B—ﬁ*)H%”—Vgﬁ'OHx@—ﬁ)n

K(B)
A%1Blo -
< IX(B-BHI*+ +IX(B — B)II*
IX(B —B7)ll <P IX(Bx—B)ll
The proof of Theorem 4.1 is complete. O

If the tuning parameter A of the Lasso estimator is such that 2 > 3|X ¢|.. with high
probability, then (4.9) holds true with high probability for this choice of A. We state
in the next corollary such a risk bound in the Gaussian setting (2.3).



