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How to read these notes

The course has five lectures of three hours. Lectures 1 and 2 treat sparse recovery on a
grid and then move to measures. Lectures 3 and 4 give the guarantees for the BLASSO: exact
recovery, prediction and localisation with noise, support stability at low noise. Lecture 5 treats
the generalised BLASSO with Fenchel-Young losses. Chapter 6 describes algorithms for the
BLASSO. It is not taught in class and it supports the projects. The two running examples are
weighted Fourier measurements on the torus and the estimation of the means of a Gaussian
mixture.

The six chapters and the appendix are written in full.



Chapter 1

Sparse recovery on a grid and dual
certificates

1.1 Two questions

The course starts from two questions.

The first question comes from astronomy. Two stars sit at positions x1,x2 of the torus
T = R/Z, with brightness aj,as > 0. The instrument has a cut-off frequency f.. Up to noise,
it gives the Fourier coefficients [ e dp%(x), |k| < fe, of the measure u° = a10,, + aady,.
The image built from these coefficients turns each star into a spot of width of order 1/f.. When
|x1 — x2| is below this width, the Rayleigh criterion says that the two spots look like one star.
Can a method still find x1, x2, a1, a2? How does the error depend on the noise level and on the
distance between the stars?

The second question comes from statistics. We observe n independent samples z1, ..., 2z, of
the mixture Y°7_; a;N'(z;,0?), where o is known, a; > 0 and 3, a; = 1. We want the means z;
and the weights a;, that is the mixing measure y° = 3, a;,,. For every frequency w € R,

s

. _ 2.2 o

E[elwzl] — oW /2§ :aiemxzzz7
=1

which is linear in p°. So the empirical characteristic function w % S°p_, €@ is a noisy linear
observation of 0. The noise has a standard deviation at most n~'/2 at each frequency. How
many samples and how many frequencies are needed, and how close can two means be?

In both questions we observe y = ®u° + w. The unknown x° is a measure with few atoms
on a continuous set X, the map ® is linear in x°, and w is the noise. The data depend linearly

on the amplitudes, but not on the positions. There are two ways to treat the positions.

e On a grid. We fix a finite set G C X of candidate positions and look only for the amplitudes
on G. This is the recovery of a sparse vector of R™. This chapter treats this setting.

o Off the grid. We look for u° among all measures on X, and the ¢! norm becomes the total
variation norm. Lectures 2 to 5 follow this route.

The grid has two defects. The true positions are in general not grid points. If we refine the
grid, neighbouring atoms become almost collinear, and the coherence and restricted isometry
guarantees are lost (Remark 1.8 and Section 2.2). The dual certificates of Section 1.4 do not
have this defect: their proofs carry over to measures in Lectures 2 to 4.



1.2 The sparsest solution

Let G = {t1,...,tn} be a finite set, called the grid. A measure on G is u = Zévzl a;dt;
with a € RY. Its support is supp(u) = {t; ; a; # 0}, its total variation is ||ulryv = > lajl,
and |||/, is the cardinal of its support. The measure is s-sparse if ||ul|, < s, and X, is the
set of s-sparse measures. Let H be a real Hilbert space of finite dimension m and let ¢, € H
for t € G. The forward operator is ®u ot 2_j ajpr;. Its adjoint maps p € H to the function
Pp:te G <g0t, p>H-

We use the language of measures from the start, so that Lectures 2 to 4 can reuse it. The
space M(G) of measures on G is identified with RY through p — a. For pu = >.jaiot;, SCG
and n: G — R, we set

def. def. def.
’M’ = Z’aj’(stjv ‘:U*‘ (S) = Z ’aj’7 His = Z ajét].,

7 t;es t;es
def. def.
0 S Sont)as = [ nd Il max (o).
J

So ||ulltv = || (G). The sign of p is the function o, defined on supp(u) by o,(t;) = sign(a;),
so that (1, p)am = [no,ud|u|. Three facts are used all the time:

(@*p, whm = (p, ym, [, whml < lnllss llullTv, (1.1)

lpllry = 0. soaa = [ (1 =mon)dlul > [ (=) dlul. (1.2

The first one is the definition of the adjoint, the second one is the triangle inequality, and the
last one holds because no, < |7

Definition 1.1 (Sparsest solution). Given y € H, the problem P (y) is

min subject to ®u = y.
Louin el j p=y
The feasible set is empty or an affine subspace, and ||-[|, takes finitely many values. So P (y)
has a solution as soon as y € Im ®. The first question is when this solution is unique.

Theorem 1.1 (Uniqueness of sparse solutions). Let s > 1. The following are equivalent.

1. Every u € X4 is the unique s-sparse solution of Pv = dpu.
2. Ker ® N 3y, = {0}.

3. For every T C G with |T| < 2s, the family (p¢)ier is linearly independent.

Proof. (2) implies (1). Let p,v € Xg with ®v = ®u. Then v — p € Ker @, and supp(v — u) C
supp(v) U supp(u) has at most 2s points. So v — pu € Ker & N g = {0}.

(1) implies (2). Let v € Ker® N Xos. Split supp(v) = T3 U Ty with T4 N Ty = § and
Ty, |Ts| < s. Set p vir, and Lt —V|p,- Both are s-sparse, v = p — i/, and &' = p
because ®v = 0. By (1), ¢/ = p. Since p and g’ have disjoint supports, = p/ = 0. Hence v = 0.

(2) is equivalent to (3). Let ' C G. A measure v with supp(v) C T reads v = ;o7 bsd¢, and
Qv =3, cpbipr. So the family (¢4)ier is linearly dependent if and only if there is a nonzero
v € Ker ® with supp(rv) C T. A measure is in Yo if and only if its support is contained in a set
T with |T| < 2s. So (2) fails if and only if (3) fails. O

Remark 1.1 (A lower bound on m). Under these conditions, every u € ¥ is the unique solution
of Ppo(Pp). Indeed p is feasible, a solution v satisfies ||v||, < ||ull, < s, and (1) gives v = p. If
N > 2s, item (3) gives 2s linearly independent vectors in H, so m > 2s. If N < 2s, item (3)
says that @ is injective, so m > N. This last case is the reason why item (3) is written with
|T| < 2s: for N < 2s there is no family of 2s atoms.



The next result shows that m = 2s is enough.

Theorem 1.2 (2s measurements are enough). Let N > 2s. There exist m = 2s and (¢¢)iec in
R? such that every p € ¥ is the unique s-sparse solution of ®v = du.

Proof. Let H = R?® with the Euclidean scalar product. Take pairwise distinct reals ui,...,uyn
and set oy o (1, uj,u, ... ,u?-s_l). Let T' = {tj,,...,tj,,} be a set of 2s grid points. The
matrix with columns ¢y, ..., ¢, is a Vandermonde matrix. Its determinant is [Ty, (uj, —ug,),

which is nonzero. So these 2s vectors are linearly independent. Since N > 2s, every T C G with
|T'| < 2s is contained in a set of exactly 2s points, and a subfamily of a linearly independent
family is linearly independent. So item (3) of Theorem 1.1 holds, hence item (1). O

Remark 1.2 (Prony’s method). The same count holds without a grid. Let pu® = "5, a;0,,
be a measure on T with pairwise distinct x; and a; # 0. Its Fourier coefficients of indices
0,1,...,2s — 1 determine it, and Prony’s method computes it from them [1]. The Vandermonde
structure appears with z; = e 2™ in place of uj. The method is exact on noiseless data, but it
is very sensitive to noise when the z; are close [2].

So few measurements are enough in principle. Computing the sparsest solution is another
matter. We recall the vocabulary of complexity theory, which we do not develop. A decision
problem is a family of instances, each with the answer yes or no. A polynomial reduction from a
problem A to a problem B maps the instances of A to instances of B, in time polynomial in the
size of the instance, and keeps the answer. A problem B is NP-hard if every problem of the
class NP has a polynomial reduction to B. If an NP-hard problem has a polynomial reduction
to B, then B is NP-hard. We admit that the following problem is NP-complete, hence NP-hard.

Exact Cover by 3-Sets. Instance: an integer m > 1 and subsets C4,...,Cxy of
U=/{1,...,m} with |C}| = 3 for all j. Question: is there J C {1,..., N} such that
the sets Cj, j € J, are pairwise disjoint and their union is U?

Such a J is called an exact cover.

Theorem 1.3 (Complexity). Consider the following decision problem. An instance is given
by integers m, N > 1 and k > 0, vectors ¢,,..., 01y € Q™ and y € Q™, with H = R™ and its
FEuclidean scalar product. The question is whether there is i € M(G) with ®p =y and ||pll, < k.
This problem is NP-hard. In this sense, the problem Pp(y) is NP-hard.

Proof. Let (m,C1,...,Cn) be an instance of Exact Cover by 3-Sets. Set ¢ = 1c;, € R™, the

def.

indicator vector of Cj, y = (1,...,1) € R™ and k = |m/3]. These data have mN + m entries
in {0, 1}, so they are computed in time polynomial in m and N. We show that the answer to
the question of the theorem is yes if and only if an exact cover exists.

Let J be an exact cover. The sets C;, j € J, are pairwise disjoint, have 3 elements and cover
def.

U,so3|J| =mand |J| =k. Set p = >7;c ;0. For i € U, the coordinate i of @y is the number
of j € J with ¢ € C}, which is 1. So ®u =y and |||/, = k.

Conversely, let p =3, a0, with @ =y and |y < k. Let J = {j;a;#0}. ForieU,
the coordinate i of ®p =y reads } ;¢ Jiec; a5 = 1. This sum is not empty, so 7 € C} for some
J €J. Hence U,c;C; =U and

m=| G| <16 =31 <3k <m.
jeJ jeJ

All these inequalities are equalities. The equality between the cardinal of the union and the sum
of the cardinals means that the sets Cj, j € J, are pairwise disjoint. So J is an exact cover.
Only the support of p was used: the amplitudes may have any sign. O



Remark 1.3. The theorem is a worst-case statement over all instances. An algorithm that returns
a solution fi of P (y) for rational data, or reports that y ¢ Im ®, answers the decision problem:
compare [|/fi||, with k. So, unless P = NP, no such algorithm runs in time polynomial in the size
of the data. The theorem says nothing about the structured operators of the course.

1.3 Basis pursuit

The difficulty of Pp(y) comes from the function |||, which is not convex. Basis pursuit
replaces it by the total variation, which is a norm [3]. The LASSO is its penalised version for
noisy data [4].

Definition 1.2 (Basis pursuit and LASSO on the grid). Given y € H and A\ > 0, the problems
Po(y) and Py (y) are
i subject to ®u =y, and in L|du—yllE+ A .
Lin [pllTy  subject to ®p =y n Ln 2 [Pp = yllg + Allpllrv
If y € Im @, the problem Py(y) has a solution. The feasible set is closed and nonempty, and

the sublevel sets of || - ||ty on it are compact, since M(G) is identified with RY. Existence for
Pi(y) is item 1 of Proposition 1.2.

Definition 1.3 (Null space property). The operator ® has the null space property of order s if,
for every nonzero v € Ker ® and every S C G with |S| < s, v (S) < |[v][ (G 9).

If @ is injective, the property holds for every s. Figure 1.1 shows the geometry in the smallest
case, N = 2 and m = 1. The feasible set of Py(®u) is the line u°® + Ker ®. The measure p° is
the unique solution if and only if this line meets the ball {v; |v|ryv < [|u°|Tv} at u° only.

as
[u1] < [va]

Ivlrv < [lpf]lrv

Figure 1.1: Grid with N = 2 points, one measurement (m = 1) and u" = &, in the coordinates
(a1, a2) of v = a18s, +asds,. The feasible set is the line u®+Ker @, with Ker ® = Ru. If |v1| < |vs]
(solid line), it touches the ball {v; ||v||rv < [|u°]|Tv} only at u°, and p° is the unique solution
of Po(®uP). If |v1| > |va| (dashed line), it enters the ball and ;0 is not a solution.

On the solid line, |v| ({t1}) < |v| ({t2}). The null space property asks this inequality for
every vector of the kernel and every small set.

Theorem 1.4 (Exact recovery by basis pursuit). Every u € X4 is the unique solution of Po(Pu)
if and only if ® has the null space property of order s.

Proof. Sufficiency. Let € X, and S = supp(p), so |S| < s. Let v # pu with ®v = ®p, and set
vy — . Then v € Ker ® and v # 0. Since p vanishes outside S, v =pu+wvon S and v =v
on G\ S. The triangle inequality at each point of S gives

[llrv = [+ o[ (S) + [ (G\S) = [ul () = [0 (5) + o[ (G\ S) > |l (S) = ]y,



where the strict inequality is the null space property. So p is the unique solution.
Necessity. Let v € Ker ® be nonzero and S C G with |S| < s. Set u = v|s, which is s-sparse,

and v < —vig\s- Then ®u — dv = ®v = 0, so v is feasible for Po(Ppu). If v = p, these two
measures have disjoint supports, so both vanish and v = y — v = 0, which is excluded. So v # p.
Since p is the unique solution, ||v||rv > |p||rv, that is [v| (G \ S) > [v] (S). O

Remark 1.4. The null space property of order s implies item (2) of Theorem 1.1. Indeed,
let v € Ker ® N Y95 be nonzero, and split its support into S1,S2 of size at most s. Then
lv] (S1) < |v|(S2) and |v| (S2) < |v|(S1), a contradiction. In Figure 1.1 the null space property
of order one never holds: it asks both |vi| < |v2| and |v2| < |v1|. Still, on the solid line, the
single measure d;, is recovered. This is the point of view of the next section.

1.4 Dual certificates on the grid

The null space property is a condition on all s-sparse measures at once, and it is hard to
check. A dual certificate is a function n = ®*p, with p € H, attached to one measure pu°. It
proves that this u° is recovered, and it controls the error of the LASSO. This is the tool that
survives without a grid. The first lemma explains the name: the certificates are the subgradients
of the total variation that lie in the image of ®*.

Lemma 1.1 (Subdifferential of the total variation on the grid). Let p € M(G) and n: G — R.
Then ||v|tv = ||plltv + (0, v — uysm for all v € M(G) if and only if ||n||. <1 and (n, p)pm =
|\pllTv, that is n(t;) = sign(a;) on supp(p). We write n € O||p||Tv.

Proof. Assume the inequality for all v. With v = 0 it gives 0 > ||p||tv — (0, ). With v =2p
it gives 2||ullrv = ||plltv + (n, p)am. Hence (n, p)am = ||p|lrv, and the inequality becomes
lvllTv = (0, v)pm for all v. With v = £, it gives 1 > +n(t), so |n(t)] < 1 for all t € G.

Conversely, assume |[|n]|, < 1 and (9, g)pm = ||p||Tv. For all v, by (1.1), ||pllrv + (n, v —
= (1, V)a < Il

Last, assume [|n]|,, < 1. By (1.2), [lulltv — (n, p)m = 33 laj| (1 — n(t;) sign(a;)), and each
term is nonnegative. The sum vanishes if and only if 7(¢;) sign(a;) = 1 whenever a; # 0, that is
n(t;) = sign(a;) on supp(pu). O

For p = 0 the condition reduces to ||n||,, < 1. The proof uses three kinds of test measures:
0, 2u and +6;. They exist in M(X) for any set X, so the proof carries over to measures
(Proposition 2.3).

Proposition 1.1 (A certificate gives exact recovery). Let u° = 3% | a;0,, with x; € G distinct
and a; # 0. Assume that (s, )ics s linearly independent and that there is p € H such that
n = ®*p satisfies n(x;) = sign(a;) for all i and |n(t)| < 1 fort € G\ supp(u®). Then u° is the
unique solution of Po(®uP).

Proof. The assumptions give [|n|l, < 1 and (n, u®)p = |10 7v, so n € 9||u°||rv. Let v be
feasible, that is ®v = ®u°. By (1.1),

v = (n, vham = (p, @v)m = (p, 21")m = (0, 1*)m = |1°|l7v- (1.3)

So u°, which is feasible, is a solution. Let v be a solution. Then ||v|ty = ||u°||Tv, and all the
terms of (1.3) are equal. By (1.2),

0= vllry = (. v)ae > [ (1= Pndlv] 0.

So [n(t)| = 1 for every t € supp(v). Since |n| < 1 outside supp(u°), this gives supp(v) C supp(u°),
and v = Y, b;6,, for some b € R®. Then 0 = ®(v — u°) = 3=, (bi — a;) ¢z, and linear independence

2

gives b = a, that is v = u°. O



The proof only uses the inequality (1.3), which is weak duality: ||v||rv > (p, Pv)u for every
v when [|®*p||, < 1. It does not need to know beforehand that Po(®u’) has a solution.
For the LASSO, the next proposition gives the optimality condition and the dual problem.
The constraint set of the dual problem is
def

= peH; |9 <1} = () {peH; [{¢, pul < 1}.
teG

It is an intersection of closed convex sets, so it is closed and convex, and it contains 0. The dual
solution p is the main tool of Section 2.1 and of Lecture 4.

Proposition 1.2 (Optimality conditions and duality for the LASSO). Let A > 0 and y € H.
Let C = {p e H; [|®*p|,, < 1}.

1. Pa(y) has a solution.
2. [i is a solution if and only if ®*p € d||jl|lrv with p = (y — PR) /.
3. p is the projection of y/A onto C. It is the same for all solutions.

4. min Py (y) = maxpec AP, Y)u — )‘72 IpllZ, and the mazimum is attained at p only.

Proof. Let J(u) = 3 ||®u — yllf + Alpllrv and D(p) = Mp, y)m — )‘72 Ipl|%. All norms and
scalar products are those of H.

(1) Through p — a, J is a continuous function on RY. The set K = {u; J(u) < J(0)}
contains 0 and is closed. It is bounded, since A||p|lry < J () < J(0) on K. So K is compact,
and J attains its minimum on K at some fi. Outside K, J > J(0) > J(f1). So fi is a solution.

(2) Let fi be a solution, v € M(G) and 7 € (0,1]. Expanding the square, with ®ji —y = —\p,

N . . 2
Le(a+rv) =yl = 3124 —y|I> = —7A\p, Qv) + T [ @v].

Since fi+71v = (1—7)fa+7(fi+v), the convexity of the total variation gives ||i+7v| v — il v <
7(|&+ v|lrv — [|allTv). So the optimality J(i + 7v) = J(fi) gives, after division by 7,

A~ 2 ~ ~
0< = o) + 55 19V + A+ vlivv — llAllTv

Let 7 — 0 and use (1.1): ||@ + v||rv = ||@||lmv + (2*D, v)m for all v € M(G). Replacing v by
v — [i, this is the inequality of Lemma 1.1, that is ®*p € 9| Tv.

Conversely, let i € M(G) with ®*p € J||4|rv, and let v € M(G). The same expansion,
with 7 = 1 and v — i in place of v, gives

slov =yl =524 —y* = -A(p, 2(v — ) + 5 [2(v — ).

The subgradient inequality and (1.1) give Al[v|[rv — Al|fflrv = MP*D, v — ) am = AP, (v — f2)).
Adding,
Jw) = J() = 3@ - p)* > 0. (1.4)

So [i is a solution.
(3) Let i be a solution. By (2) and Lemma 1.1, ||®*p||, < 1, s0 p € C, and (®*p, fi)pm =

def.

lli]|Tv. Let z = y/A, so that A(z — p) = ®a. For ¢ € C, by (1.1),

Mz =D, ¢ — D) =(®f1, ¢ — p) = (¢, mhm — [|Allrv < |27l Il Ty — |2l Tv < 0.
Hence, for all ¢ € C,

Iz = al* = llz = plI* = 2(= = B, a — §) + llg = BI* = llz = BII* + la — p* -



So p is the unique point of C' at minimal distance from z, that is the projection of y/A onto C.
This point depends only on y, A and C', not on the solution /i.

(4) Weak duality. Let p € M(G) and p € H. Expanding the square and using (1.1), one
checks the identity

J(1) = D(p) = 3 1@ — v+ Mpl* + Al rv = (D*p, ) ) (1.5)

If p € C, both terms are nonnegative by (1.1), so J(u) = D(p).

Strong duality. Let { be a solution. In (1.5) for (i, p), the first term is zero by definition of p,
and the second one is zero by (3). So D(p) = J(f1), and with weak duality, D(p) < J(ix) = D(p)
for all p € C. Hence min Py (y) = J(j1) = maxc D, attained at p € C.

Uniqueness of the maximiser. Let p € C with D(p) = J(j1). Then (1.5) for (f,p) gives
@4 —y+ Ap[| =0, s0 p=(y — Pa)/A = p. O

A~ def.

Remark 1.5 (Consequences). Let 7 = ®*p. (a) By (3), @1 = y — Ap is the same for all solutions,
and so is ||2]|v = (minPy(y) — L | Ap|l ) /A (b) By (2) and Lemma 1.1, every solution satisfies
supp(ft) C {t € G ; |n(t)| = 1}. If the atoms ¢; indexed by this set are linearly independent,
then (a) gives a unique solution. (c¢) By (2) with ji = 0, the measure 0 is a solution if and only if
|®*y||, < A. (d) The projection onto a closed convex set is 1-Lipschitz. So (3) compares the
dual solutions for two data y and 1’. This is used in Corollary 2.1 and Lemma 4.2.

The last proposition is the noisy version of Proposition 1.1. It holds for any certificate p of
the target, not only for the dual solution. Here x° is any measure on G.

Proposition 1.3 (Basic inequality). Let y = ®u° +w and let p € H with n = ®*p € 9||u°||1v.
def.

Let [i be a solution of Px(y) and p = ||w|lg + A ||plly. Then

0

|2~ ||, <20 and Ny~ A < Gy

If in addition |n| < 1—¢ on G\ supp(ul) for some ¢ € (0,1], then || (G \ supp(u®)) < p?/(2)¢).
Ifp#0, ||w||ly <6 withd >0, and A =46/ ||plly, then ||®(a — p°)||y < 46 and, under the same
assumption on 1, 3] (G \ supp(1°)) < 26 [pl /e.

Proof. Write h = ®(ji — %) and D = ||i|rv — (1, ) am. Since |||, < 1, (1.2) gives D > 0.
Compare with 1%, Since ®fi —y = h —w and ®u’ — y = —w, the inequality J (1) < J(u?),
where J is the objective of Py(y), reads

30— wl* +Allallry < 5wl + Ak lry,  that is g [1R]* —(h, w)+A(lallrv —[|k°rv) <O.
Use the certificate. Since ||u°||rv = (9, 1% ¢ and, by (1.1), (n, i — p®)p = (p, h),
lalry = 16°llry = D+ (. o = p®) = D+ (p, h).
Hence, with the Cauchy-Schwarz inequality,
3 1017 +AD < (b, w = Ap) < ||R]| (Jw] + X pll) = oAl - (1.6)

First bound. Since AD > 0, (1.6) gives % |h|1> < p||R||. If h # 0, divide by ||h]. In all cases
4] < 20,

Second bound. By (1.6), AD < p|lh| — 3 A < max,so (pu — tu?) = 1p%, the maximum
being attained at u = p. So D < p?/(2)).

Mass off the support. By (1.2), since 1 — || =0 on G and 1 — || > € on G \ supp(u?),

Dz [-pahdlal > [ (1=ln)dlpl > = 3]G\ supp(s°))
€] G\supp(u?)



So |41 (G \ supp(?)) < D/e < p2/(20e).
Choice of X\. Let p# 0, § > 0 and A = ¢/ ||p||, which is positive. Then A ||p|| = ¢ and p < 24.
The first bound gives ||h|| < 46, and

2 a2
2Xe 28/ ||p|| €

O]

Remark 1.6 (Hypotheses). (a) The proof uses only J(f1) < J(u°). So the bounds hold for every
[ with this property, not only for the solutions of Py(y). (b) If u° # 0, then || = 1 at the points
of its support, so  # 0 and p # 0. If p = 0, then = 0, and (1, u°)p = ||u°||rv forces u® = 0.
In that case the first bounds hold for every A > 0 with p = ||w||y, and the choice A =6/ ||p||y is
not defined. (c) The constant € is a margin: the certificate must stay away from 41 outside the
support. On a fine grid this margin is small, see Lemma 2.1.

Remark 1.7 (From the grid to measures). In Lectures 2 to 4, the proofs of Propositions 1.1, 1.2
and 1.3 are copied with (1, u) pq read as [ ndp and o, read as the density of p with respect to |p|.
Three points change. Existence uses weak-x compactness (Theorem 2.2) instead of compactness
in RY. The function ®*p must be continuous for Lemma 1.1 to make sense. The phrase “for
every t € supp(v)” becomes “|v|-almost everywhere”.

1.5 Classical results that we do not prove

This section lists classical results of compressed sensing on a fixed grid. They are all in the
book of Foucart and Rauhut, A Mathematical Introduction to Compressive Sensing, in matrix
notation; we write them for measures on G. For S C G let &g :b e R® — > tes bipr. When @g

is injective, let @& o (@5Dg) 1%, and for u € RY let |jul, = Xyeq |ul-

Orthogonal matching purswit. This greedy algorithm starts from S° = () and % = y. At step

k > 1, it picks t* € G with “P*rkil(tk)‘ = H@*rkilH and sets S¥ = S¥~1 U {t*}. Then p*
[e.9]

minimises ||®x — y||; among the measures supported in S¥, and 7¥ = y — ®u*. The algorithm

stops when r* = 0.

Theorem 1.5 (Exact recovery condition). Let S C G with |S| = s > 1 and ®g injective. Assume
the exact recovery condition

max H<I>+ H < 1.
rechs =52l

Then every nonzero p with supp(u) C S is recovered from y = ®u by orthogonal matching pursuit
after at most s steps. Fvery p with supp(u) = S is the unique solution of Po(Ppu).

For basis pursuit, this is Proposition 1.1. Given signs o € {—1,1}°, let p = Pg(PEPs) o

Then ®*p =0 on S and, for t ¢ S, |P*p(t)| = ’(@;Cgot, o)grs| < H<I>;5g0t ‘1 < 1. With ¢,, = ®g,
this p is the Fuchs pre-certificate of Definition 2.1.

Coherence. Assume |||y =1 for all t € G. The coherence of ® is M (P) = maxyy | (¢, ov)m|-

Theorem 1.6 (Welch bound and coherence guarantee). (a) If N > m, then M(®) >
VN —=m)/(m(N —1)). (b) Let s > 1 with (2s — 1)M(®) < 1. Then the exact recovery
condition holds for every S C G with |S| < s. So every nonzero p € X4 is recovered by orthogonal
matching pursuit after at most s steps, and is the unique solution of Py(Ppu).

If N > 2m, then (N —m)/(N — 1) > 1/2, and (a) gives M(®) > 1/v/2m. The condition

of (b) then requires 2m > (2s — 1)2. Coherence guarantees need a number of measurements of

order s2.
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Stable and robust null space properties. For p € M(G), let os(p) = min,ex, || — v||Tv, the
error of the best s-sparse approximation. Let 0 < ¢ < 1 and 7 > 0. The operator ® has the
robust null space property of order s with constants (o, 7) if || (S) < o|v| (G\ S) + 7 ||Pv||y for
all v € M(G) and all S C G with |S| < s. It has the stable null space property of order s with
constant ¢ if |v| (S) < o|v| (G \ S) for all v € Ker ® and all S C G with |S] < s.

Theorem 1.7 (Stable and robust recovery). (a) The null space property of order s holds if and
only if the stable null space property of order s holds for some ¢ € (0,1). (b) Under the stable null
space property with constant o, every solution u* of Po(®p) satisfies |u — pb||rv < Q(%ng) os().

(c¢) Under the robust null space property with constants (0,7), let y = @+ w with ||wl|y < 9.

Every solution p* of min ||v||v subject to | ®v — y||ly < 0 satisfies ||p — pb|lrv < 2(%29) os(p) +
AT §
1—p 7~

Restricted isometry property. For p =37, a;o;, let |lall, = (32; a?)l/Q. The restricted isometry
constant d of ® is the smallest § > 0 such that (1 —d) [lall3 < [|@ullf < (1 + ) [|a]3 for all
i € X [5]. In the next theorem the atoms are random and are not normalised.

Theorem 1.8 (Restricted isometry and random measurements). (a) If dos < 1/3, then ® has
the null space property of order s. (b) Let H = R™ and let the coordinates of the ¢, t € G, be
independent Gaussian variables with mean 0 and variance 1/m. There are universal constants
C,c > 0 such that, if m > Csln(eN/s), then das < 1/3 with probability at least 1 — 2e~™.

With (a) and (b), m of order sln(eN/s) random measurements are enough for the exact
recovery of all s-sparse measures by basis pursuit, with high probability. The first results of this
type are due to Candes and Tao [5], to Candes, Romberg, and Tao [6], and to Donoho [7].

Remark 1.8 (Why these results do not help on a fine grid). Let the grid G have step h in T, and
let ¢ be defined for all ¢ € T, with |l¢¢|ly; = 1 and ||¢r — @p ||y < L |t —t/|. For two neighbouring
points ¢,t + h of the grid,

(t, pran)m =1 — 3 prsn — @ellf = 1 — LL2A2

So M(®) — 1 when h — 0. If L2h? < 4/3, then M(®) > 1/3, and the condition of Theo-
rem 1.6 (b) fails for every s > 2. In the same way, the measure y = d; — 64 has |al|3 = 2 and
1@ullz = llor — @renlli < L2h2, 50 625 > 62 > 1—3L2h% for s > 1. If L2h? < 4/3, then 65 > 1/3
and Theorem 1.8 (a) does not apply. For the weighted Fourier measurements of Example 2.1,
with the real scalar product R(-, -)u, one has |||l = 1 and [|0s¢ |5 = S, Aw)dn?w? < 472 f2,
so L < 2w f.. The coherence and restricted isometry guarantees of this section are lost as soon
as h < 1/(v/37f.), a fraction of the Rayleigh width 1/f.. This is the regime of interest. The
margin € of a certificate also degrades on a fine grid (Lemma 2.1), but certificates keep a meaning
when the grid disappears.

Exercises

Exercise 1.1 (A certificate on three grid points). Let G' = {t1,to,%3}, H = R? with canonical
basis (e1,e2), >0, and ¢y, = e1, @1, = fle1 + €2), Y1, = €.

1. Compute Ker ®. Show that & has the null space property of order one if and only if
g >1/2.

2. Let u° = a10y, + aszdy, with aj,as # 0. Show that there is exactly one p € H with
(®*p)(t1) = sign(a1) and (P*p)(t3) = sign(as), and compute (P*p)(t2).

11



. Assume sign(a;) = —sign(az). Show that u° is the unique solution of Py(®u’) for every

8> 0.

. Assume a1,a3 > 0 and § < 1/2. Show that p° is the unique solution of Py(®u’).

. Assume 0 < a; < ag and B > 1/2. Find v with ®v = ®u° and ||v|1v < |[x°]|Tv. What

happens for g = 1/27?

. Show that ® never has the null space property of order two. Compare with questions 3

and 4.

Exercise 1.2 (The LASSO with orthonormal atoms). Let A > 0 and y € H. Assume that

def.

(¢t)teq is orthonormal, and let z; = (@, Y)m-

1.

Show that 3 [|®u — ylz = %Zj(aj — zj)? + ¢ for p =Y, a;é;;, where ¢ does not depend
on fi.

. Deduce that Py(y) has a unique solution, with amplitudes a; = sign(z;) max(|z;| — A, 0).
. Compute p and ®*p. Check items (2) and (3) of Proposition 1.2 directly.

. Let y = ®p° + w with 4 = 3°_; a;6,, as in Proposition 1.1, and let p = 3, sign(a;) ¢, -

Show that ®*p € 9||u°||Tv, with the margin ¢ = 1 and [|p||y = /5. Compute || (G \
supp(p”)) in terms of w, and compare it with the bound of Proposition 1.3.

Exercise 1.3 (One spike). Assume ||¢¢]jy = 1 forallt € G. Let x € G, a # 0 and p° = aé;.
Let x % maxy sy [(Pr; Pa)H|-

1.
2.
3.

Let p = sign(a)y¢, and n = ®*p. Show that n € 9||u°||v.
Assume k < 1. Show that u° is the unique solution of Py(®u’).

Assume k < 1. Let y = ®u® + w with |lw||g < 6, § > 0, and A = §. Show that every
solution i of Py(y) satisfies | ®(4 — 1°)||y < 46 and |4 (G\ {z}) < 26/(1 — k).

. In the setting of Remark 1.8, show that 1 —x < %LQh2 when x has a neighbour at distance

h in G. What does the bound of question 3 become when h — 07

Exercise 1.4 (The dual solution at low noise). For A > 0 and y € H, let p(y) be the dual
solution of Proposition 1.2.

1.

Show that ||px(y) — DAV )lg < lly — V[l /A for y,v' € H. Hint: write the inequality of
the proof of item (3) twice and add.

. Let yo = &40 and

def.

P= {peH; d*p € 8HMOHTV}.

Show that P = {p € C; (p, yo)u = ||#°[|v}, and that P is closed and convex.

. Assume P # (). Show that P has a unique element py of minimal norm. Show that

15 (o) llg < ||pllgg for all p € P and all A > 0. Hint: compare the dual objective at px(yo)
and at p.

. Show that px(yo) — po when A — 0. Hint: let p* be a limit point; show that (yo, ¢)m <

{yo, p*)u for all ¢ € C.

. Assume that |®*py| < 1 on G \ supp(p). Show that there are a, A\g > 0 such that, for

0 < A< X and |lw|lg < @), every solution of Py (yo + w) has its support in supp(u?).
Compare with Corollary 2.1.
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Chapter 2

From the grid to measures

The first two sections stay on the grid of Lecture 1. They show that the LASSO recovers the
support at low noise, and that the condition behind this result degrades when the grid gets finer.
The last three sections remove the grid. The unknown becomes a measure on a continuous set
X, and the proofs of Section 1.4 are repeated on measures.

2.1 Support recovery on the grid at low noise

def.

We keep the grid G of Lecture 1. Let p® = 3%, a;0,, with z; € G, yo = ®u°, and
Gy b ER® = 3 bjpy,. For a, A\g > 0 the low-noise regime is

Daxo = {(Nw) €Ry xH; 0 <A< Ao, [[wg < ar}. (2.1)

As in Lecture 1, H is a real Hilbert space of finite dimension. Here s > 1, the points z; are
pairwise distinct, a; # 0, S = supp(u®) = {x1, ..., zs} and sign(a) = (sign(a;))ics. The adjoint
of @y is Of p = (((b*p)(mi))igs, since (@b, pym = >_; bi(ps,, p)u. Proposition 1.3 bounds the
mass that the LASSO puts outside S. The next result says when this mass is zero.

Definition 2.1 (Fuchs pre-certificate). Assume that ®,, is injective. The Fuchs pre-certificate
is np et O*pp with pp et @IO(@;()CI):BO)’l sign(a). The vector pr has minimal norm among the
p € H with (®*p)(z;) = sign(a;) for all .

We check the definition. If & ®,,b = 0, then @001 = (b, 3 ®yob)rs = 0,50 b = 0. Hence
the s x s matrix ®}_ ®,, is invertible and pp is well defined. The constraints read ®; p = sign(a),
and @} pr = sign(a). If p satisfies them, then ®; (p — pr) = 0, so p — pr is orthogonal to
Im ®,,,, which contains pr. By Pythagoras, ||p|l5 = |lprlx + |p — prliE- So pr is the unique

element of minimal norm.

Corollary 2.1 (Exact support recovery on a grid). Assume that ®,, is injective and that
Ine(t)| <1 for all t € G\ supp(u®). Then there are a, \g > 0 such that, for all (A\,w) € Dq 5,
the solution fix of Px(yo +w) is unique, supp(fin) = supp(p®), and ax; —a; = O(N) + O(||w]|y)-

On the support, the optimality condition of Proposition 1.2 is a linear system. The proof
solves it, and then checks the optimality condition off the support.

Proof. All norms and scalar products are those of H, and ||-||, is the max norm on R®. Let
r & O} Puy, O = sign(a) and II et q)zol“_lq);o, so that pr = ®,,'"lo. The operator II is
the orthogonal projection onto Im ®,,: it is self-adjoint, 11> = I and I1®,, = ®,,. Hence

@3 (Id =1II) = 0 and ||(Id — MMw]| < [Jw|| for w € H.

13



def.

Constants. Let ¢ = 1 — maxyecn g [7F(t)|, with e = 1if G = S. Since G is finite, € > 0. Let

B = maxycq ||4]], which is positive since @p, # 0. Let amin = min, |ag|, ¢ = T~ e, >
and let 3 be the norm of the linear map I'"'®%  from H to (R?, ||||,.). Set
o & def. Qmin
2B’ 7 2B +c)
Fix (A, w) € Dg ), and let y o + w.
Candidate. Set @ < a +I'~ Y@}, w— o) and i S @4;0,,. For all 4,
|a; — ai| < Bllw| + X < (@B + )Xo = 2amin < |ai] .
So d; # 0 and sign(a;) = o; for all i. In particular supp(f) = S.
Residual. Since yp = ®y,a, we get @i = @0 = yo + [Iw — Apr. Hence
A de D Id — IDw
I — A“ pp+ Q4= TDw : ) (2.2)

Certificate. On the support, ®; p = ®} pr = o, that is (®*p)(z;) = sign(a;) for all i. For
t € G\ S, by the Cauchy-Schwarz inequality,

Id —1I B
|(<I>*]3)(t)\<]nF(t)|+|<Sot’()\ )w)| <l-—-e+ |l\w\| <l-e+Ba=1-—3e<1.

So [|®*p||, < 1. By Lemma 1.1, ®*p € 9||ft|/Tv, and by Proposition 1.2 (2), i is a solution of
Pr(y)-

Uniqueness. Let v be a solution of Py(y). By Proposition 1.2 (3), (y — ®v)/A = p, so
®v = &fi. By Remark 1.5 (b) and the previous step, supp(v) C {t € G ; [(®*p)(t)| =1} = S.
So v =73,b0,, with ®,,b = ®,,a, and 1nJect1V1ty gives b = a, that is v = fi.

Error. We have @ —a =T"1®} w— Ao, so ||a — al|, < B |w| + cA. O

Remark 2.1 (The dual point of view). Let py(y) be the dual solution of Proposition 1.2 and
C={pecH; ||[®*|, <1}. (a) Let P = {pecH; &pc d||u’||rv}, as in Exercise 1.4. For
p € C, (L1) gives (p, yo)u = (®*p, 1) m < [|©°|lry, with equality if and only if p € P
(Lemma 1.1). Under the assumption of Corollary 2.1, pp € P. So P is nonempty and it is the
set of maximisers of (-, yo)m on C. Every p € P satisfies ®} p = sign(a), so |pllyg = [[pr|lx-
Hence pp is the dual solution of minimal norm, that is pp = pg in Exercise 1.4. (b) With w = 0,
the proof gives py(yo) = pr for all A with cA < amin. So Pa(yo) — pr when A — 0, and the
limit is reached for A small. (c¢) By (2.2), px(yo + w) — pa(yo) = (Id — I)w/A, of norm at most
|wl|lgg /A < a. This is the bound that the Lipschitz property of the projection gives in general
(Remark 1.5 (d)). On measures there is no closed form for the solution, and Lecture 4 follows
this general route: non-expansiveness of py, then the limit py(yo) — po.

2.2 Why the grid fails

Corollary 2.1 and Proposition 1.3 need a margin: the certificate must stay away from +1
on G \ supp(u°). When grid points come close to a spike, this margin shrinks. In this section
G C T and t — ¢ is defined on all of T, as in Remark 1.8. Then ®*p is a function on T. If
t > ¢ is €2 from T to H, then ®*p € €*(T) and (®*p)” = (0p¢, p)m (Remark 2.4).

Lemma 2.1 (Margin on a grid of step h). Let n € €*(T), x € T with n(z) = £1, and h > 0.

L If |l <1, then 7/ (z) = 0 and 1 = [n(z £ h)| < 5 [7" ] h*.

14



2. If only |n(x — h)| <1 and |n(x+ h)| < 1, for instance if |n| < 1 on a grid of step h that
contains z, then |n/(z)| < 1 |n"||o b and

L= In(@ £ )| < [/ @) A+ 3 [In"[l 2* < lIn"]l o P

Proof. Let ¢ = n(x) € {—1,1} and ¢ = ¢n. Then ¢(z) = 1, [¢)| = |n], [¢'(z)| = |7 ()| and

19"l = IIn"]l - We see ¢ as a 1-periodic function of class % on R. The Taylor formula with
Lagrange remainder gives, for all u € R,
[z +u) =1 =3 (@)u| < 3 [[n"]] (2.3)

(1) Since ||n]|,, <1, ¥ <1 =19(x) on R. So x is a maximum of 1) on the open set R, and
¢/(z) = 0. Then (2.3) with u = £h gives |n(z £ h)| > P(z £ h) = 1— 5 |n"| k%
(2) Let 7 € {—1,1} with 7¢/(z) = |¢/(z)|. By (2.3) with u = 7h, and since (z + 7h) <
In(z +7h)| < 1,
1>z +7h) > 1+ [/ (2)| h— 5 |n"]|  h*.

Hence | (z)| < 3 [|n”|| h- By (2.3) with u = +h, [p(z £ h)| = ¥(z £ h) > 1— |y (2)|h -
21In"[l o h®. The bound on |'(x)| gives the last inequality. O

<5 "Ml b2

T x+h T x+4+h

Figure 2.1: Lemma 2.1 with ||n”|| ., = 6 and h = 0.2. Left: |5, < 1 and n(z) = 1. Then
n'(z) = 0, and the margin at the grid point = + h is at most 3 ||n”||, k% Right: n(z) = 1 and
n'(z) =1.2> 1 |n"|| h. Then n exceeds 1 at the grid point z + h.

Remark 2.2 (Consequences on a fine grid). Let t ~— ¢; be €2 from T to H. Let G C T be a
grid of step h that contains S = supp(u®), with h < min,z; |z; — z;|, so that z; + h € G\ S
for all i. (a) Let n = ®*p € 9||u°||Tv, where the subdifferential is taken on G, and let ¢ be
its margin as in Proposition 1.3. Then |n| < 1 on G and |n(z1)| = 1, so item 2 of Lemma 2.1
gives € < 1 — |n(z1 + )| < ||n"||, h?. For the weighted Fourier measurements of Example 2.1,
102045y < 4m2f2, s0 |||l < 472 f2 ||p|lg, and the bound 26 ||p|| /e of Proposition 1.3 is at
least §/(2n% f2h?), whatever the certificate. The guarantee degrades like h=2. This does not say
that the LASSO itself fails. (b) The vector pr depends only on ¢z, ..., ¢, and on sign(a),
not on the grid. So 7np is one function on T for all grids that contain S. Assume 7 (z;) # 0
for some i. If h < 2|np(x)| / |npll ., item 2 of Lemma 2.1 shows that [np| > 1 at z; + h or at
x; — h, and Corollary 2.1 does not apply. For one spike and a kernel K(z,2’) = k(x — 2') with &
even and £(0) = 1, one finds ng = sign(ai)k(- — z1) and nj(x1) = 0. For several spikes, ng only
interpolates the signs, and in general 7% (z;) # 0 (Exercise 2.2). (c) By item 1 of Lemma 2.1,
a certificate with || < 1 on all of T satisfies n/(z;) = 0 for all i. The vanishing derivative
pre-certificate 1y of Definition 3.2 adds these constraints to those of np. (d) Coherence and
restricted isometry constants also tend to their worst values when h — 0 (Remark 1.8).

Remark 2.3 (The LASSO on thin grids, admitted). The following facts are shown on slides and
admitted. The setting is the following: X = T, H = L*(T), ®u = ¢ x p with ¢ € €3(T) real,
the operator I, of Section 3.2 is injective, u° satisfies the non-degenerate source condition of
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Definition 3.3, a structural inequality between two constants of (u°, ®) holds, and G, is the

dyadic grid of step h = 277, which contains supp(u°). Let ﬂg\h) be the solution of the LASSO on

G, with data yg + w, and df et ﬂf\h)({xi + h}). By [8, 9], there is hg > 0 such that, for every

h < hg, there are ag(h), Ao(h) > 0 with the following properties for all (A, w) € Dag(n)ro(h)-

(a) supp(ﬂg\h)) Csupp(u)U{z;+h;i=1,...,s}.
(b) ‘aﬂ + || = O(Jas| (A + |lwllg)/h). When A is of order h, this upper bound is of order
|ag].

So, at low noise, the LASSO on a thin grid can split one spike of ;® between two neighbouring
grid points [8]. Since nr does not depend on the grid (Remark 2.2 (b)), it does not converge to
nv when h — 0, unless nrp = ny.

2.3 The off-the-grid model

From now on X is the torus T or a closed subset of R?, measures are real, and H is a separable
Hilbert space. When H is complex we use the real scalar product (-, -)g.

With the real scalar product, a complex Hilbert space is a real Hilbert space with the same
norm, and it is still separable. Below, (-, -)g always denotes this real scalar product. In both
cases X is a locally compact metric space with a countable basis of open sets.

Definition 2.2 (Forward operator, model, BLASSO). Let z € X — ¢, € H be continuous

def.

and bounded. The forward operator is ®yu <= Jy pzdp(x) and @*p = (., p)u. The target is
,uo = >% 1 a;05, with a; # 0 and pairwise distinct z; € X'. We observe y = @,uo + w with w € H.
For A > 0 the BLASSO is

fix € argmin 1 ||®p — ylI + Al v, (Pr(y))
HEM(X)

and the noiseless problem Py(yo) minimises |||y subject to ®u = yo. The kernel of @ is
K(J},l’/) = <<10907 ‘P:L">H'

The integral defining ®u is a Bochner integral in H (Section 2.5). For a discrete measure it
is a finite sum: ®u® = 37, a;¢,,. The function ®*p is continuous, as the composition of x — p,

with (-, p)m, and it is bounded by sup, ||¢z |y [|Pllg. With p = ¢, ®*@r = K(-,2’). So the
functions }; ¢; K (-, x;) lie in Im(®*): certificates can be built from the kernel.

Remark 2.4 (Derivatives). Let X = T or X = R, and assume that = + ¢, is €* from X to H.
Then, for all p € H, ®*p is €* and, for j < k,

(@p) (@) = Dlge, P, (@ D) (@) < || Dipa

el

Indeed, for j =1, ((®*p)(x +t) — (P*p)(x))/t = ((Patt — Yz)/t, P)m tends to (Oypz, p)m when
t — 0, and this function of = is continuous. An induction gives j < k. In the same way,
def.

K (z,2") = 9107, K (z,2") = (3ipr, & ,pu)u for 4,7 < k. Lecture 3 uses these formulas with
k=2

Ezample 2.1 (Weighted Fourier measurements). X = T, cut-off frequency f., weights A(w) > 0
for |w| < fe, symmetric, of sum one, and @, = (y/A(w) e*™%),<s,. Then ®pu is the vector of
weighted Fourier coefficients of p and K(z,2') =Y, A(w) cos(2rw(x — z’)). With the Jackson
weights, defined for f. even, this is the Jackson kernel Jy, (z — 2).
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Here w € Z, f. > 1 is an integer, and H = C?/<*! with (u, v)g = RY., u,Ty. The map
T = g 18 €°°, since its coordinates are. The coordinates of ®u are obtained by applying the
continuous linear forms u — u,, to the integral: (®p), = /A(w) [7 €™ du(z). This is /A(w)
times the Fourier coefficient of index —w in the convention of Section 1.1. Since A is symmetric,
these are the weighted Fourier coefficients, listed in the reverse order.

The kernel. By definition,

) =R Z A(w) 2™ pinwe’ — Z A(w) cos (2w (z — 2')).

IWISfC |"-"|<fc

So K(z,2') = k(x — ') with x(u) = Y, A(w) cos(2mwu). The function & is even and £(0) =
SwAw) =1, 50 ||pz]ly =1 for all z. Since A is symmetric, x(u) = 3, A(w)e? ™.

The Jackson weights. Let f. be even and M = f,/2. Let g(k) = (M + 1 — |k|)/(M + 1)?
for |k| < M, and g(k) = 0 otherw1se Slnce Dk (M + 1 —[k[) = (M + 1)2, g is a probability
on Z. The Jackson weights are A = ¢ * ¢, that is Aw) = XL g(k)g(w — k). The term k of
this sum is positive if and only if |[k| < M and |w — k| < M, and such a k exists if and only
if |w| < 2M = f.. So A(w) > 0 exactly for |w| < f.. The change k& — —Fk shows that A is
symmetric, and ", A(w) = (3, g(k))? = 1. The Fourier series of a convolution is the product
of the Fourier series, so

S A= (Y g
w k| <M

For |k| < M, there are M + 1 — |k| pairs (j,5') € {0,..., M}? with j — j' = k. So, with z = €™

M
Z(M—i—l—\k\ Zz]zj—‘szr
k<M = =0

Foru ¢ Z, Y320 = M+ —1) /(2 — 1)

elf — 1‘ = 2|sin(#/2)|. Hence

sin (77(% + 1)u) )4 Wiz,

(% + 1) sin(7u)

) = Ty ()™

and £(0) = 1 is the limit of Jy, (u) when u — 0.

Ezample 2.2 (Gaussian mixture). X = R. The data are z1, ..., 2, i.i.d. of law >, a;N (z;,0?)
with o known, a; > 0 and Y ;a; = 1. Let A = N(0,072), H = L%(A), C = 3% and ¢, (w) =
C ewre=ow?/ 2. The observation is the empirical characteristic function y,(w) = % Sy €Wk,
Then E [y, (w)] = (Pu0)(w) for every w € R, and K (z,2') = e~ (@=)*/(607)

Here H is the space of complex functions f with [, ]f|2 dA < oo, with (f, f)m =R Jp [ [/ dA.

2
def. o e—U w /2

It is separable. The law A has the density p,(w) = We use the characteristic

V2m
function of the law N(0,72), for 7 > 0:
. 1 2 /(9.2 2
iwu —w?/(27 )d _ —’T u /2 R 2.4
(& € w U € IN. .
/R V2mT 24)

The kernel. For z,2' € R,

/ @x@d/\ —0? / iw(z—a’) 730'2w2/2 dw.
R V2

By (2.4) with 72 = 1/(302), the last integral is v/27 7 e~ @=%)°/(67%) "and g7 = 1/1/3. This value
is real, so taking the real part changes nothing, and since C? = /3,

2
K(a,2') = \C/g o~ (@=2)2/(60%) _ ~(a—2')/(60%)
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The constant C' = 3'/4 is the one that gives K (z, ) = ||¢.|l5 = 1. Again K (z,2') = r(z — '),
now with r(u) = e=**/(6*) The map x ~ ¢, is continuous and bounded, since |zl = 1 and
0w — purllfg = 2 — 26(x — ).

The mean. Each |y, (w)| is at most C, so y,, € H. The characteristic function of N (x;,0?) is
w - ewTi—otw? /2 So, for every w € R,

E [yn(w)] = CE[e“] = C'Y_ a;e“mie /2 = wa Dp0) (w).

=1

The noise is w, = yn — ®ul € H. Tt is studied in Lecture 4.
In [10], the mixture lives in R? and only m random frequencies of the empirical characteristic
function are kept (a sketch); here d = 1 and we keep all the frequencies.

Remark 2.5 (Convolution on the torus). Section 4.3 uses a third instance. Let X = T, H =
L2(T) real, ¢ € €°(T) real, and ¢, = (- — ). The map = — ¢, is continuous, since
oz — a2z < supy |o(t — x) o(t — )] and ¢ is uniformly continuous. For p € H, the
identity of Proposition 2.1 and Fubini’s theorem (the integrand is bounded and both measures
are finite) give

(@ v = [ [ ot —opdtduta) = [ ([ ot —2)aut))po)

So ®p is the function pxp : t = [(t —z)du(x), and (P*p)(x) = [ ¢(t — x)p(t) dt. The kernel
is K(z,2') = [pe(t)p(t +x —2')dt.

2.4 Radon measures

This section recalls the facts on measures that replace the identification M(G) = RY of
Lecture 1. The two theorems are admitted.

Definition 2.3 (Continuous functions and Radon measures). Co(X) is the space of real contin-
uous functions on X that vanish at infinity, with the norm ||| = sup, |n(z)|. M(X) is the
space of finite regular Borel measures on X'. The total variation norm is

lullrv = sup { [y ndp s n € Co(X), IInllo < 1} = |ul (X).

A function n vanishes at infinity if the set {x ; |n(z)| > ¢} is compact for every ¢ > 0.
If X is compact, Cy(X) is the space of all continuous functions. The measures are signed:
u(E) € R for every Borel set E. The variation of p is the positive measure |u| defined by

def.

|| (E) = sup Y i, |(Ek)|, where the supremum is over the finite partitions of E into Borel sets
Ej. The second equality in the definition of |||y is part of Theorem 2.1. We also admit the
polar decomposition [11]: there is a Borel function o, : X — {—1,1} with du = o, d |p|. It plays
the role of the sign of Lecture 1. As in Lecture 1 we write (1), p)a = Jyndp = [ynoud|p for
a bounded Borel function 7. The two facts of Lecture 1 hold with the same proofs:

. maal < [ Il dlal < il e (25)
lllry = (o = [ (0 =nou)dlud > [ (@ lnhdlul. (26)

The equality uses ||i|Tv = |p| (X), and the inequality holds because no, < ||. These are the
analogues of the second part of (1.1) and of (1.2). The first part of (1.1) is Proposition 2.1.
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Discrete measures. Let p = 3 ;_; a;0,, with pairwise distinct z; and a; # 0. For a Borel set
E and a finite partition (Ex) of E, 3" [u(Ek)| < 2o4,ep |ai|, with equality when each z; € F
lies in its own E}. Hence

ul = lail 6y lplley =D lail, (g, whaa =D aim(ai). (2.7)
i=1 i=1 i=1

In particular || £ §,||ry = 1 for every x € X.

Remark 2.6 (Support of a measure). The support supp(u) is the set of z € X such that |u| (U) > 0
for every open set U 5 x. It is closed. By (2.7), the support of the discrete measure above is
{z1,..., x5}, since a finite set is closed. (i) |p| (X \supp(p)) = 0. Indeed, every = ¢ supp(u) has an
open neighbourhood U, with |u| (U,) = 0. Since X has a countable basis of open sets, countably
many U, cover X \ supp(u), and their union has measure zero. So, if supp(p) C {z1,...,2s},
then p = >, u({x;}) 0z, since |u(E)| < |p| (E) for every Borel set E. (ii) Let n € Cp(X) with
Ml < 1 and (g, phpm = ||pellrv. Then supp(p) C {x € X ; |n(z)] = 1}. Indeed, by (2.6),
J(1—n|)d|u| <0, and the integrand is nonnegative. Let x with |n(z)| < 1. By continuity, there
are an open set U > z and ¢ > 0 with 1 — |n| = ¢ on U. Then ¢|u| (U) < [(1 —n|)d|u| <0, so
lul (U) = 0 and 2 ¢ supp(n).

Point (ii) is the measure version of the phrase “|n(t)| = 1 for every t € supp(v)” in the proof
of Proposition 1.1. It needs the continuity of 7.

Theorem 2.1 (Riesz-Markov-Kakutani). The map p— (n+— [ndu) is an isometric isomor-
phism from M(X) with the total variation norm onto the dual of Co(X).

So M(X) is a dual space, and the total variation norm is the dual norm of the uniform norm.
This is why certificates are continuous functions.

Definition 2.4 (Weak-x convergence). pi,, = p if [ndu, — [ndu for all n € Co(X).

This is the convergence of sequences for the weak-x topology, the coarsest topology on M (X))
for which the maps p — [ndp, n € Co(X), are continuous.

Ezample 2.3. If x,, — = with x,, # x, then J,,, X8, and |10, — dz||Tv = 2.

Indeed, [ndds, = n(x,) — n(x) by continuity of n, and (2.7) gives |0z, — 0z|[Tv =1+ 1. A
small error on a position is small for the weak-x topology and maximal for the total variation.
This is why the guarantees of Lectures 3 and 4 measure errors on positions with distances on X'

Theorem 2.2 (Banach-Alaoglu). For all R > 0 the ball {ix € M(X) ; ||p|lrv < R} is weak-
* compact and metrisable. FEvery bounded sequence of measures has a weak-x convergent
subsequence.

Compactness is the Banach-Alaoglu theorem in the dual of Cy(X) [12]. Metrisability uses
that Cp(X) is separable, which holds because X' has a countable basis of open sets. On a ball,
closed and sequentially closed sets are then the same, and the last sentence follows: a compact
metric space is sequentially compact.

2.5 The BLASSO: existence, subdifferential, duality

The proofs of this section are those of Section 1.4, with (n, u)ypr = [ ndu. Three points
change (Remark 1.7): existence uses Theorem 2.2, the function ®*p must lie in Cy(X'), and
statements on supports use Remark 2.6.

We admit the following facts on the Bochner integral [13]. Let v be a finite positive Borel
measure on X and f : X — H be bounded and strongly measurable, for instance continuous,
or continuous times a bounded real Borel function: since H is separable, measurability follows
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from Pettis’ theorem. Then the Bochner integral [ fdv € H is defined, it is linear in f,
\J fdv|g < [ fllg dv, and £([ fdv) = [£o fdv for every continuous linear form ¢ on H. For

e M(X) weset [ fdp <= J foud|p]. With f(z) = ¢, this defines @y, and || Pul|y < Blpllrv
with B < sup, 0z |lm-

Proposition 2.1 (Weak-x to weak continuity). Assume that x — (g, p)m s in Co(X) for all
p €H. Then ®p e Co(X), (Pu, p)u = [ ®*pdp, and p, = p implies ®p,, — ®p weakly in H.

Proof. The first claim is the assumption, since ®*p = (., p)g. Let p € H and p € M(X). The
map £ : g — (q, p)m is a continuous linear form on H, so

(P, p)u = f(/sox ou(z)d|p| (93)) = /(sox, puou(r)d|p| (z) = (2*p, wha.  (2.8)

Let g, = g and p € H. Definition 2.4 applied to n = ®*p € Cy(X) gives (Ppyn, plu =
[ ®*pdu, — [P*pdp = (Pu, p)g. This holds for every p, which is the weak convergence
Oy — dp. 0

The identity (2.8) is the first part of (1.1), now on measures. One can also avoid the
Bochner integral. The linear form p — [ ®*pdu is bounded by Blu|rv ||p|ly by (2.5). The
Riesz representation theorem in H gives a unique ®u € H that satisfies (2.8) for all p, and one
can take this as the definition. Only (2.8) is used below.

Remark 2.7 (The assumption in the examples). (a) If X is compact, Cy(X) is the space
of continuous functions, and ®*p is continuous (Section 2.3). So the assumption holds for
Example 2.1, where ®*p is even a trigonometric polynomial, and for Remark 2.5. (b) In
Example 2.2, X =R is not compact, and we also need the decay at infinity. Let p € H. Then
(®*p)(x %fR %7 g(w) dw with g(w) & Ce "“*/2 p(w) py(w). Since A is a probability, the
Cauchy—Schwarz mequahty gives [p|g] dw < C [i |p| dA < C'||ply, so g is integrable. By the
Riemann-Lebesgue lemma, which we admit [11], the Fourier transform of an integrable function
is continuous and tends to 0 at infinity. So ®*p € Cy(R). (c¢) If X is not compact, the assumption
is a true restriction. For X = R and ¢, = e a fixed unit vector, ®*e = 1 is not in Cyp(R), and
8, = 0 while ®3,, = e for all n. Exercise 2.4 shows that the BLASSO can then have no solution.

From now on, the assumption of Proposition 2.1 holds.

Proposition 2.2 (Existence). Under the assumption of Proposition 2.1, for all y € H and

A > 0 the sublevel sets of Jy(p) = 1 5 | — yll& + A|pllrv are weak-x compact and Px(y) has a
solution.

Proof. Lower semi-continuity. Let u, = . We show Jy(p) < liminf,, J ().

First, the total variation. Let n € Co(X) with ||| < 1. By (2.5), [ndu, < ||pn|Tv for
all n. Letting n — oo gives [ndu < liminf, ||g,|ry. The supremum over such 7 is ||u||ry by
Definition 2.3. So ||u|lry < liminf, ||p,|lTy: a supremum of weak-x continuous linear forms is
weak-x lower semi-continuous.

Second, the data term. By Proposition 2.1, u,, = ®u, —y converges weakly to u ot du —y.
Then |Jul|f = limy (u,, u)n < hmlnanunHHHuHH. If u # 0, divide by |lul|y. In all cases
|lullg < liminf, [juy,|/g. Adding the two inequalities gives the claim, since the liminf of a sum is
at least the sum of the lim inf.

Compactness. Let ¢ € R and S, = {u; Ja(p) <c}. If ¢ < 0, Se is empty. Otherwise,
Mty < Ja(p) < con Se, so S, is contained in the ball By of radius R = ¢/A. By Theorem 2.2,
Bgr with the weak-+ topology is a compact metric space. If p, € S, and p, = p, then
() < liminf, Jy(un) < ¢, so u € Se. So S, is sequentially closed in the metric space Bp,
hence closed in Bg, hence compact.
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Existence. Let m “ inf.Jy. Then 0 < m < Jy(0) < oo. Let (i) be a minimising
sequence. For n large, Jx(un) < m+ 1, 80 py, € Spt1. By compactness, a subsequence (fiy, )
converges weak-* to some fi. By lower semi-continuity, Jy(f) < liminfy Jy(pn, ) = m. So i is a
solution. O

The total variation is not weak-x continuous. On T, §;,, — do X0 while 161/n — dollTv = 2
(Example 2.3). Lower semi-continuity is all the proof needs.

Proposition 2.3 (Subdifferential of the total variation). Let p € M(X) and n € Co(X). Then
lvlley = lulley + [nd(v — p) for allv € M(X) if and only if ||nll <1 and [ndp = |p]v.
We write n € 0||p||Tv. For p = Y51 a;idy, with pairwise distinct x; and a; # 0, the second
condition reads n(xz;) = sign(a;) for all 1.

Proof. Assume the inequality for all v. With v = 0 it gives 0 > ||u|lrv — (9, ) m. With v =24
it gives 2lulv > luliry + (5 ghar. Hence (1, mar = [y, and the inequality becomes
lv|ltv = (n, v)m for all v. Let x € X. The Dirac mass ¢, lies in M(X) and || £ 0z]|Tv =1
by (2.7). With v = +6, the inequality gives 1 > +n(z). So |n(z)| < 1 for all z € X, that is
Il < 1.

Conversely, assume ||n||, < 1 and (1, g)p = ||pl|ryv. For all v, by (2.5), ||ulrv + (n, v —
W = (1, ot < [z

Last, let p1 = Y, a;0,, as in the statement, and assume |[|7]|, < 1. By (2.7), |lg¢/ltv —
(n, wham = 3 lail (1 —n(z;)sign(a;)), and each term is nonnegative. The sum vanishes if and
only if n(z;) sign(a;) = 1 for all ¢, that is n(x;) = sign(a;) for all 4. O

The tests +J, use every point z € X, not only the points of a grid. This is why the
condition |n| < 1 now holds on all of X'. The same tests give the conjugate of the total variation,
used in Lecture 5. Let n € Co(X). If ||n|l < 1, then (n, p)pm — ||pfjrv < 0 for all p, with

def.

equality at u = 0. If [p(z)| > 1 for some z, the measures y; = tsign(n(z))d,, t > 0, give

(, ihn — lllley = (n(a)] — 1) = o0. So sup, ({1, phat — [ullrv) is 0 if ], < 1 and +oc
otherwise.

Definition 2.5 (Dual certificate). A dual certificate for p is a function n € Im(®*) N 9||u||Tv-

For u® = ¥, a;d,,, a dual certificate is a function n = ®*p, with p € H, such that |||, <1
and n(x;) = sign(a;) for all i. Its existence is the source condition of Definition 3.1.

Proposition 2.4 (Optimality conditions and strong duality). Under the assumption of Proposi-

def.

tion 2.1, let \ >0, yeHand C = {pe H; ||Pp| <1}
1. juis a solution of Px(y) if and only if ®*py € O||allrv with p = (y — ®f)/A.

2. P is the projection of y/\ onto the closed convex set C. In particular ®fi is the same for
all solutions.

3. min Py (y) = maxpec AP, Y)m — )\72 IpllZ, and the mazimum is attained at py only.
4. supp(fr) C {w € X ; [ (w)| = 1} with 7 = *py.

Proof. Let J(p) T |Pp— ylI> + N|pllrv and D(p) = Xp, y) — ’\2—2 Ip||>. All norms and scalar
products are those of H. By assumption ®*p € Cy(X) for every p, so Proposition 2.3 applies to
17 = ®*p, and (2.8) holds. By Proposition 2.2, Py(y) has a solution. We write p for p.

The set C. For x € X, the map p — (ps, p) is a continuous linear form, so C, =
{p; [{¢z, p)| <1} is closed and convex, as the inverse image of [-1,1]. So C' = MN,cy Cy is
closed and convex, as an intersection of closed convex sets, and 0 € C. The intersection is

infinite, but this plays no role.
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(1) Let i be a solution, » € M(X) and 7 € (0,1]. Expanding the square, with &1 —y = —Ap,
N R R 2
LI +7v) —yl* = 3190 — gl = —7Ap, Bv) + T D]

Since i+7v = (1—7)fi+7(fi+v), the convexity of the total variation gives ||i+7v| v —||f|lTy <
7(I2 + v|lrv — [|illrv). So the optimality J(i + 7v) = J(f) gives, after division by 7,

~ - 2 A A
0< = @v) + g5 [|1v|" + I+ vl[vv = |2l o

Let 7 — 0 and use (2.8): ||+ v||vv = [|@]|lrv + (P*P, v)aq for all v € M(X). Replacing v by
v — [i, this is the inequality of Proposition 2.3, that is ®*p € 9||/i||Tv.

Conversely, let i1 € M(X) with ®*p € J||i|rv, and let v € M(X). The same expansion,
with 7 = 1 and v — i in place of v, gives

Hov —y|? = 31®a -yl = —Mp, ®(v — @) + & |8 — )|

The subgradient inequality and (2.8) give Allv||rv — Al &llrv = M®*D, v — i) m = AP, ®(v —R)).
Adding,
Jw) = J(@) = 5 1o = )* > 0. (29)

So i is a solution.

(2) Let fi be a solution. By (1) and Proposition 2.3, ||®*p||,, < 1,s0 p € C, and (®*p, )y p =
2]y, Let z = y/, so that A(z — p) = ®j. For g € C, by (2.8) and (2.5),

Mz =D, ¢ =P) = (®fi, ¢ — D) = ("¢, L) — [[allrv < 127¢ll [[All v = [ Allrv < 0.
Hence, for all ¢ € C,
Iz =gl = llz = pI* = 2(= = p, g = p) + llg — DII* > |l = BI* + llg — BII -

So p is the unique point of C' at minimal distance from z, that is the projection of y/\ onto
C. This argument proves the existence and the uniqueness of this projection directly, from the
existence of [i; the projection theorem in Hilbert spaces is not needed. The point p depends only
on y, A and C, not on the solution fi. So ®fi = y — Ap is the same for all solutions.

(3) Weak duality. Let u € M(X) and p € H. Expanding the square 3 [|[®p —y + Ap||? and
using A(p, ®u) = AN(®*p, u) pm gives the identity

J(1) — D(p) = 3 1@p — y + Mpl* + A(|lullry — (@*p, t)m). (2.10)

If p € C, both terms are nonnegative by (2.5), so J(u) = D(p).

Strong duality. Let i be a solution. In (2.10) for (fi, p), the first term is zero by definition of p,
and the second one is zero by (2). So D(p) = J(f1), and with weak duality, D(p) < J(ix) = D(p)
for all p € C. Hence min Py (y) = J(fi) = maxc D, attained at p € C.

Uniqueness of the maximiser. Let p € C with D(p) = maxc D = J(ft). Then (2.10)

for (fi,p) is a sum of two nonnegative terms equal to zero. So ||®i—y+ Ap|| = 0, that is
p=(y—2a)/\=p.

(4) By (2), iy = ®*p € Co(X) satisfies ||Nx]|, < 1 and (M, g)m = ||| Tv. Remark 2.6 (ii)
gives supp(ft) C {x € X' ; |na(z)| = 1}. O

Remark 2.8 (Notation and consequences). We write py(y) for the projection of y/A onto C, and
fix = ®*Pa(y). Lectures 3 to 5 use the following facts. (a) By (2), &4 =y — A\px(y) is the same
for all solutions, and so is |||ty = (minPx(y) — & [Apa(y)|5) /. (b) By (1) with /1 = 0, the
measure 0 is a solution if and only if ||[®*y||., < A. (c) The projection onto a closed convex
set is 1-Lipschitz [14]. With (2), this gives Lemma 4.2. (d) If the set {z ; |fx(z)| = 1} is finite,
then (4) and Remark 2.6 (i) show that every solution is a discrete measure supported in this
set. If the atoms ¢, indexed by this set are linearly independent, (a) gives a unique solution.
Theorem 4.2 and Appendix A use item (4) in this way.
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Remark 2.9 (The general frame). Items (1) and (3) are an instance of Fenchel-Rockafellar duality
[15]. We only use weak duality in general form: for ®u = yp and p € C, (p, yo)m = [ P*pdu <
lall -
The three lines are (p, yo)m = (p, Pu)m, then (2.8), then (2.5) with ||®*p||, < 1. By
)

Proposition 2.3, equality holds if and only if ®*p € 9||u|Tv, and then Remark 2.6 (ii) gives
supp(p) C {z; [(®*p)(z)| = 1}. This is what Proposition 3.1 and Lemma 3.1 use.

Exercises

Exercise 2.1 (The kernels of the two examples). Let k be the function with K (x,2’) = k(x —2')
in Example 2.1 or in Example 2.2.

1. Tn Example 2.1, compute 9, and show that K@) (z,2") = (—1)7 k) (x —2') for i,j < 2.
Deduce that [|9,p,]5 = —"(0) = 472 Y, w?A(w).

2. Still in Example 2.1, show that x(u) < 1 for v € T \ {0} and that x(u) > —1 for all .
Hint: A(0) > 0 and A(1) > 0.

3. For the Jackson weights, show that 3, k2g(k) = M(M + 2)/6. Deduce that —x"(0) =
2 2
B M(M +2) = T fo(fe +4).

4. In Example 2.2, show that z — ¢, is differentiable from R to H with d,¢z(w) = iwp,(w).
Hint: |e — 1 —it| < min(2t|,#?/2) for t € R, and dominated convergence.

5. Compute ||y, |7 in Example 2.2 in two ways: with the moments of a Gaussian law, and
with —&”(0). Check that both give 1/(302).

6. Show that both kernels satisfy the assumptions of Example 3.1: x is even, x(0) = 1,
£"(0) < 0 and |k(u)| < 1 for u # 0.

Exercise 2.2 (The Fuchs pre-certificate of two spikes). Let ® be as in Example 2.1, on X = T,
with the function s of Exercise 2.1. Let 0 < d < 1/2, aj,a2 > 0 and u° = a16¢ + azdy. Let
G C T be a finite grid that contains 0 and d.

1. Show that @, is injective. Compute pr and show that np = (k(-) + £(- — d)) /(1 + k(d)).
2. Show that n}(0) = —«'(d)/(1 + k(d)).

3. Assume k/(d) # 0. Show that there is hy > 0 such that the assumption of Corollary 2.1
fails for every grid G that contains —h and h, with 0 < h < hyg.

4. Let n = ®*p be any certificate of u° on T, that is [|n| . < 1 on T and n(0) = n(d) = 1.
Show that 1’(0) = n'(d) = 0. Deduce that n # nr when '(d) # 0.

5. Let 1 be as in question 4, and let G contain h with 0 < h < d. Show that the margin € of
non G\ {0,d} is at most 272 f2 ||p||x k%

Exercise 2.3 (The Gaussian mixture kernel and the choice of frequencies). In Example 2.2,
replace A by A, < N(0,72) for some 7 > 0, and set ¢, (w) = CreTe=o"w*/2 in H, L L2(A,),
with the real scalar product.
1. Show that K(z,2') = C2(1+20272) 2 exp (— 1%(x — 2)%/(2(1 +20%7?))). Find C, such
that K(z,z) = 1, and check Example 2.2 for 7 = 1/0.

2. The kernel is e~ (@=)*/(27) Compute the width ¢;. Show that 7 — ¢, is decreasing
and find its limit when 7 — co. Can the kernel be narrower than the components of the
mixture?
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3. Let yp(w) = % S e and w, = y, — ®u’. Show that E ||wn||12HIT < C?/n. Hint:
compute E |wy(w)]? for each w, then use Fubini’s theorem.

4. Express C2 in terms of o7. Describe the trade-off between the width of the kernel and the
noise level when 7 grows.

def. def.

Exercise 2.4 (A BLASSO without solution). Let X =R, H =R, o, = 2%/(1 +2%),y = 1
and 0 < A < 1.

1. Check that z — ¢, is continuous and bounded. Compute &y and ®*p. For which p is
O*p € Ch(R)?

2. Let pu # 0. Show that |®u| < ||p|Tv.

3. Show that Jx(u) > A — A?/2 for all 4 € M(R). Hint: minimise ¢ — (¢ — 1) + A [t| on R,
and treat p = 0 apart.

4. Compute lim, . Jx((1 — A)dy,). Conclude that Py(1) has no solution.

5. Which step of the proof of Proposition 2.2 fails? Compare the weak-x limit of §,, with the
limit of ®§,,.

Exercise 2.5 (The BLASSO for one spike). Let X = T or X = R. Assume the setting of
Proposition 2.4 and K (z,2') = k(x — 2), with £(0) = 1 and |k(u)| < 1 for u # 0. Let g € X,
a# 0 and y = apy,.

1. Compute ®*y and [|®*y|| . Show that 0 is a solution of Py(y) if and only if A > |al.

2. Let 0 < A < |a| and i & (a — Asign(a))dy,. Compute py and 7y, and show that 7 is a
solution of Py(y).

3. Show that fi is the unique solution. Hint: use item (4) of Proposition 2.4, then item (2).

4. Let X =R and let y € H be arbitrary. Show that every solution of Py(y) has a compact
support.
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Chapter 3

Exact recovery and the construction
of certificates

Throughout, u° = 37, a;d.,, yo = ®u’, and the assumption of Proposition 2.1 holds.

As in Lecture 2, s > 1, the points z; € X are pairwise distinct, a; # 0, sign(a) = (sign(a;))i<s
and supp(p®) = {z1,...,7s} (Remark 2.6). Measures are real and (-, -)g is the real scalar product
of Section 2.3. So ®*p € Cy(X) for every p € H, and (2.8) holds.

The lecture answers two questions. When is x° the unique solution of Py(yo)? Which
certificate should we build, and how? The first answer is that of Lecture 1: a certificate that is
strictly below one off the support. For the second one, the certificate that matters at low noise
is the minimal norm certificate 1y (Lecture 4). Section 3.2 gives a candidate for 7y in closed
form, and Section 3.3 shows that this candidate is a non-degenerate certificate when the spikes
are separated.

3.1 Exact recovery without noise
The two results of this section are the proof of Proposition 1.1 on measures and the definition
of the minimal norm certificate. Both use weak duality only (Remark 2.9).

Definition 3.1 (Source condition). u° satisfies the source condition (SC) if there is p € H with
d*p € 9||p°| v, that is ||@*p[|, < 1 and (®*p)(z;) = sign(a;) for all i.

The two forms are equivalent by Proposition 2.3. In the words of Definition 2.5, (SC) says
that ¥ has a dual certificate. We write

def. def.

CEfpeH; |[opl. <1}, P {peH; #ped|ulr},
as in Remark 2.1. So (SC) means P # 0.

Proposition 3.1 (Uniqueness under a strict certificate). Assume that (¢g,)i<s s linearly
independent and that there is 1 = ®*p € 9||u°||rv with |n(x)| < 1 for all z € X \ supp(u’). Then
u® is the unique solution of Po(yo).

Proof. By Proposition 2.3, ||n|l,, < 1 and (n, u®)p = ||1°]|Tv. Let v € M(X) be feasible, that
is dv = yp. By (2.5) and by (2.8), used twice,

vlrv = (0, v)m = (b, @v)m = (p, 2u")u = (0, pO)m = [|1°| Ty (3.1)

So pY, which is feasible, is a solution. Let v be a solution. Then ||v|tv = ||u°||Tv, and all
the terms of (3.1) are equal. In particular (n, )y = ||v||Tv. Since n € Co(X) and ||n||, < 1,
Remark 2.6 (ii) gives

supp(v) C{zx € X ; In(x)| =1} = {z1,...,zs},
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where the equality holds because |n(x;)] = 1 and || < 1 elsewhere. By Remark 2.6 (i),
v =73 b, with b; Lot v({z;}). Then 0 = ®v — ®u® = 3. (b; — a;),, and linear independence
gives b = a, that is v = . O

Remark 3.1 (The hypotheses). (a) The proof does not assume that Py(yo) has a solution: the
certificate proves that u” is one. (b) Under (SC) alone, the first half of the proof still shows
that u is a solution. The strict inequality off the support and the linear independence give
uniqueness. Neither can be dropped (Exercise 3.1).

The next lemma gives the dual problem of Py(yg) and its solution of minimal norm. It
replaces strong duality, which Proposition 2.4 gives for A > 0 only.

Lemma 3.1 (Noiseless duality under the source condition). Let C = {p e H; ||®*p||,, < 1}
and assume (SC). Then sup,cc(p, yo)u = 1|ty = minPo(yo). The supremum is attained
exactly at the p with ®*p € 0||u°||tv. Among them there is a unique element py of minimal
def. * . . .
norm. We set ng = ®*pg, the minimal norm certificate.
Proof. All norms and scalar products are those of H.
Weak duality. Let p € C' and let v be feasible for Py(yp). By (2.8) and (2.5),

(P, yo) = (p, Pv) = (®"p, V) < [¥llTv- (3.2)

With v = u this gives (p, yo) < ||u°||lrv for all p € C.

Values. Let p € P, given by (SC). Then p € C and (p, yo) = (®*p, u®)ar = ||°||Tv. So the
supremum equals ||°||Tv and it is attained at p. By (3.2) with p = p, every feasible v satisfies
vty = ||| Tv. So u is a solution and min Py (yo) = ||u°|| v

Maximisers. Let p € C. By (2.8), (p, vo) = ||°||rv if and only if (®*p, u®)ap = ||p°|| v
Since ®*p € Cp(X) and [|[®*p||,, < 1, Proposition 2.3 says that this holds if and only if
®*p € 9||1°||rv. Hence the set of maximisers is P, and

P=Cn {p €H; (p, yo) = HMOHTV}-

The set C' is closed and convex (proof of Proposition 2.4), and so is the affine hyperplane. So P
is closed, convex and nonempty.

Minimal norm. Let m inf,cp [|p||. For p,q € P, the midpoint (p + ¢)/2 lies in P, so
l(p 4+ q)/2|| = m, and the parallelogram identity gives

2 2 2 2 2 2
lp = al* = 21lpl* + 2 lall” - 4]|252 | < 2lIpll” + 2 lq)> - 4m?. (33)

Let (pn) be a sequence of P with ||p,| — m. By (3.3), ||pn —pk|]2 — 0 when n,k — oo, so (pn)
is a Cauchy sequence. Since H is complete, it converges to some pg, which lies in P because P is
closed, and ||po|| = m. If ¢ € P also has ||q|| = m, then (3.3) gives |[po — q||> <0, s0 ¢ =po. O

Remark 3.2 (On the lemma). (a) On a grid, pp is the vector py of Exercise 1.4, and under the
assumption of Corollary 2.1 it is pr (Remark 2.1). (b) Lecture 4 uses three facts from the lemma:
po € C, pp maximises (-, yo)g on C, and pp has minimal norm among the maximisers. The dual
solutions py(yo) of the BLASSO converge to pg when A — 0 (Proposition 4.2). This is why 7 is
the certificate that governs the low noise regime. (c¢) Without (SC) the lemma says nothing, and
1o is not defined. For a general kernel the dual problem may then have no solution; we admit
this.
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3.2 The vanishing derivative pre-certificate

def.

From now on X = T or X =R and z — ¢, is €2. For x = (x1,...,75) let ®,b = 3, bips,,
b LS bidppe, and Ty = (d,, ®) : RS x RS — H.

Here T'y(b,c) = ®.b + ®’c, and R® x R® = R?® carries the Euclidean scalar product. As in
Lecture 2, xg = (r1,...,7,) denotes the positions of u°. By Remark 2.4, every ®*p is 42, and

<Fx(b’ C), p>H = Zz bi(@m’ p>H + Zz Ci<ax9096i7 p>H' So
Tip = ((®*p) (@) ,cp» (@*P) (w1)),,) € R* x R". (3.4)

The matrix I';I"; is the 25 x 2s matrix of the scalar products of the vectors ¢,, and 0,@.;. With
the notation K7 (z,2") = (0%ps, & )u of Remark 2.4, its blocks are

* (K(zi,l’j))” (K(OI)(xivxj))ij
Iy = <(K(10)($i,$j)3ij (K(n)(mi’xj))i’j) . (3.5)

Remark 3.3 (Certificates are flat at the spikes). Let n € €2(X) with ||n||,, < 1, and let x € X
with n(z) = £1. Set ¢ = n(z)n. Then ¢» <1 = ¢(z). On R, and on T seen as 1-periodic
functions on R, the point z is an interior maximum, so ¢'(z) = 0, as in item 1 of Lemma 2.1.
Then the Taylor-Young formula 9(z +v) = 1+ 34" (2)v? 4 o(v?) < 1 gives ¢ (2) < 0. Hence

every 1 = ®*p with p € P satisfies
n(z;) =sign(a;),  7'(zi) =0,  sign(a)n’(z;) <0, i=1,....s.
By (3.4), the first two conditions read I'; p = (sign(a), 0s).

Definition 3.2 (Vanishing derivative pre-certificate). ny et ®*py where py has minimal norm
among the p € H such that (®*p)(z;) = sign(a;) and (®*p)’(z;) = 0 for all 7, when such p exist.

The constraint set is A = {p € H; I'} p = (sign(a),0,)}. It is closed and convex, as the
inverse image of a point by a continuous linear map. When it is nonempty, the minimal norm
step of the proof of Lemma 3.1 shows that it has a unique element of minimal norm. The
name says that ny interpolates the signs with zero slope. The prefix “pre” says that nothing

guarantees ||y, < 1.

Proposition 3.2 (Closed form). If Ty, is injective, then py = Dgo(Ts Tay) ™ <s1g(r)1(a)>.

S
Proof. Write T € 'y, and u < (sign(a),05) € R25. If [*I'c = 0, then HFCH]?_H = (¢, I"T'¢)p2s = 0,
so I'e = 0 and ¢ = 0. Hence the 2s x 2s matrix I'*T is invertible, and ¢ “= T(I*I) 1w is well
defined. It satisfies I'""¢ = u, so ¢ € A by (3.4). Let p € A. Then I'™"(p —¢q¢) = 0, so p — q is
orthogonal to ImT', which contains ¢q. By Pythagoras, ||p|l& = ll¢ll& + lp — qllf- So ¢ is the
unique element of minimal norm of A, that is ¢ = py. O

This is the check of Definition 2.1 with I'y, in place of ®,,. The Fuchs pre-certificate only
asks @3 p = sign(a). The pre-certificate 71 also asks the zero slope that every certificate has
(Remark 3.3).

Remark 3.4 (Consequences of the closed form). Assume that I' “ ', is injective, and let
def.

u = (sign(a),05). (a) Let a = (a1,a2) = (I*T) " 'u € R® x R®. Then py = Ta = 205 1jP; +
22j @2,j0zps;. Since @y, = K(xj,-) and ®*0ppz; = (0rpu;, 0.)m = K (),-),

ny = Zalij(;Cj,') + ZagyjK(lo)(mj,-). (3.6)
j=1 j=1

27



So ny is computed from the kernel and its derivatives at the spikes only. (b) [lpy|g =
(Ta, Ta)y = (a, I"Ta) = (a, u) = (a1, sign(a))gs. (c) The map I'* : H — R?® is onto: for

e € R%, ¢, = ['(I*T") e satisfies I*q. = e. With e a vector of the canonical basis, this gives

functions ®*¢. that interpolate one value or one slope at one spike and vanish with zero slope at
the others. Appendix A uses them (Exercise 3.4). (d) ®,, is injective, since ®,,b =I'(b,0).

Proposition 3.3 (ny and the minimal norm certificate). Assume that 'y, is injective. Then
vl <1 if and only if (SC) holds and ny = no.

Proof. By Proposition 3.2, py exists. Assume ||y, < 1. Since ny (x;) = sign(a;) for all ¢ and
nv € Co(X), Proposition 2.3 gives ny € 9||u’|tv. So (SC) holds and py € P. By Lemma 3.1,
po exists, and pg € P. By Remark 3.3, pg € A, so |[pv|ly < |lpolly. Since py € P and py is the
unique element of minimal norm of P, this gives py = pg, hence ny = no.

Conversely, if (SC) holds and 1y = 79, then ||nv|, = |0l < 1, since py € P. O

The interior position of the x; matters. On an interval [0,1], a spike at 0 can have a
certificate with a nonzero derivative at 0. When |9y ||, > 1, either (SC) fails or ng # ny. The
non-degeneracy that Lecture 4 needs is a property of 7.

Definition 3.3 (Non-degenerate source condition). u satisfies (NDSC) if (SC) holds, |no(z)] < 1
for all x ¢ {z1,...,zs}, and sign(a;) ng (z;) < 0 for all 4.

By Remark 3.3, every certificate satisfies the two conditions of (NDSC) with non-strict
inequalities. (NDSC) asks them strictly. With the linear independence of the ¢,,, it gives exact
recovery by Proposition 3.1. The next remark turns (NDSC) into a computation.

Remark 3.5 (Checking (NDSC) with 7y/). Assume that I',, is injective. Then 1 satisfies (NDSC)
if and only if
Inv(z)] <1 forall x & {x1,...,xs} and sign(a;)ny (x;) < 0 for all 4. (3.7)

The recipe is: compute 7y with (3.6) and check these two conditions. In particular, if |9y ||, > 1,
then (NDSC) fails.

Proof. If (3.7) holds, then ||ny||,, <1, since |ny(z;)| = 1, and Proposition 3.3 gives (SC) and
1o = ny. So (NDSC) holds.

Conversely, assume (NDSC). It is enough to show py = pg. Let o; = sign(a;), q “ v — po
and ¢ < @*q, and assume ¢ # 0. By Remark 3.3, po € A, so I'; ¢ = 0, that is g(z;) = ¢'(2;) = 0,
and ||pv ||y < |Ipolly. For t € [0,1] let py = po + tq and n; = &*py = o + tg.

Let k < %mini(—amé’ (x;)) > 0. Since 7o and 7 are continuous, there is € > 0, smaller than

half the distance between two spikes and than % on T, such that on each interval I; e [x;—e, zi+e],
oing < —k and o;no > % Let U be the union of the open intervals (z; — ¢, z; + ). We claim

that r < 1 — supggy |mo(z)| > 0. On T, T\ U is compact and || < 1 there, so the supremum
is a maximum and it is less than 1. On R, the set L = {x 5 no(z)] = %} is compact since
1o € Co(R). The maximum of |no| on the compact set L\ U is less than 1, and |no| < 3 off L.

Let B sup, |0z |z, so that ||g]l., < B|lqlly, and let M ' max; maxy, |¢”|, which is finite
since ¢” is continuous. Choose t € (0,1) with tM < k, tB||q|y < r and tB|q|ly < 3. Of U,

Inel <1 —741tB||qllg < 1. On I, the function 1 = o;n; satisfies ¥(x;) = 1, ¢/(x;) = 0 and
V' =omi +toig” < —k+tM < 0. The Taylor formula with integral remainder, 1 (z; + v) =
1402 [ (1—0)¢" (2; +6v) dO for [v] < &, gives ¢ < 1on I;. Also > oymo—t]lgll, =1 —1=0
on I;. So || <1 on I;. Hence ||n|,, <1 and n:(x;) = oy, that is p; € P.

Last, lpo -+ al% = lpv I3 < Ipoll% gives 2(po, ahis < — lal2, 50

2 2 2 2 2 2
Ipellzr = Ilpollz + 2t{po, @) + % llallg < llpollzy — t(1 = #) llallg < llpollz -

This contradicts the minimality of pg in P (Lemma 3.1). So ¢ = 0. O
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Ezample 3.1 (One spike). Let s = 1 and K(z,2') = k(x — 2’) with & even, x(0) = 1, £”(0) < 0.
Then ny = sign(a1) K(z1,-), and (NDSC) holds if and only if |x(u)| < 1 for w # 0. This covers
Examples 2.1 and 2.2.

Here u # 0 means u € T\ {0} when X = T. Let o “ sign(ay) and g = —«”(0) > 0. By
Remark 2.4, K (z,2") = 0.7, w(x—a') = (—1)7k(H) (z—2'). Since & is even and differentiable,

#'(0) = 0. By (3.5),
* _ [r(0) —=K'(0)) (1 0
Fxorfo - (K/(O) —/<,;”(0)> - <O g) .

This matrix is invertible, so I', is injective (if I'zyc = 0 then I'; T';,c = 0). Proposition 3.2 gives
pv =Ty, (0,0) = 0@y, hence ny (z) = 0z, pz)u = 0K (z1,2) = ok(z — 1), since k is even.

By the Cauchy-Schwarz inequality, |x(z — 2')| < [|@z |l |¢a |y = £(0) = 1. So ||nv |l <
for every such kernel, and Proposition 3.3 gives (SC) and 79 = ny. The curvature condition
always holds: on((z1) = k”(0) < 0. The remaining condition, |no(x)| < 1 for x # x1, reads
|k(u)] <1 for u # 0, with u =2 — z7.

Weighted Fourier measurements (Example 2.1). Here r(u) = 3 ,<s. A(w) cos(2mwu), with
A > 0 symmetric of sum one and f. > 1. So x is even, x(0) = 1 and £”(0) = —47% >, w?A(w) < 0
All the terms below are nonnegative. Keeping the terms w = +1, then the term w = 0,

1 — &( ZA (1 — cos(2mwu)) = 2A(1) (1 — cos(27u)), 1+ k(u) = 2A(0).

For u € T\ {0}, cos(2mu) < 1. So |k(u)| < 1 and (NDSC) holds. With the Jackson weights,
no(z) = sign(a1)Jy, (x — x1) and sign(ai)nj(z1) = —%zfc(fC + 4) (Exercise 2.1): the curvature
grows like f2.

Gaussian mixture (Example 2.2). Here r(u) = e */67%) is even, ﬁ(O) = 1, k"(0) =
—1/(30%) < 0 and 0 < k(u) < 1 for u # 0. So no(z) = sign(a;)e~ @) /(65?) and (NDSC) holds.
The map z — ¢, is €2, as the section requires. Indeed, for k < 2 the map z (1w) Qg is

2
continuous from R to H by dominated convergence, since ’wkgow (w)‘ < C2w?F is integrable for

A. For k < 619—1—10’ <02/2 gives
(iw)k(¢m+t ‘Pm) s k41 2 C2t2 2k+4
— < —
H ; (10.}) ©Ox S, w dA(w) —)t 0 0.

S0 Opipr = iwp, and 2p, = —w?ep,.
For several spikes, 7y is no longer a translate of x, and the recipe can fail.

********************** 1 -3
AV A
T \/\,/ ,,,,,,,,,
—————————————————————— -1 -=3

Figure 3.1: The pre-certificate ny for r(u) = e**/2 (Example 2.2 with 02 = 1/3), a1 > 0 > as
and x2 — z1 = d, computed with (3.6). Left: d = 2. Numerically, |ny| < 1 off {z1, 22} and ny
curves at both spikes, so (NDSC) holds. Right: d = 1, with a compressed vertical scale. Then
vl =~ 3.18, and (NDSC) fails by Remark 3.5. The coefficients are those of Exercise 3.2.

3.3 Local positive curvature gives a certificate

Example 3.1 gives (NDSC) for one spike. For several spikes we need a quantitative argument.
If the spikes are far apart, the matrix I'; T';, is close to a diagonal matrix, and 7y is close to
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> sign(a;) K (i, -), a sum of one-spike certificates. To make this precise, the kernel must stay
below 1 away from the diagonal and curve near it, and its tails must be small. This section
follows [16], in dimension one.

Setting. In this section X = T or X = R, x + ¢, is €2, and the kernel of ® is K (z,2') =
k(x — 2') with k(0) = 1 and

def.

6= —#"(0) = K" (2, 2) = [|0upalif; > 0.
The function & is even, since K is symmetric, so #'(0) = 0. We use the distance d,(z,z') =
V8 |z — 2’|, where |z — 2/| is the distance on T when X = T. By Remark 2.4, K()(z,2') =
(=17 k) (z—2') for i, j < 2. A number ¢ that is a derivative of total order k, such as K (z, 2/)
with i + j = k or n®)(z), is measured in the metric: ||| = g~*/2|q|. So HK(U)(Lz’)

g (1+9)/2 ‘H(H—j)(l‘ - a:’)‘ depends only on i+ j and on |z — 2/|. In Example 2.2, g = 1/(3¢?) and

K(z,2') = e2a(@2)?/2, in the metric, the kernel is the standard Gaussian.

Definition 3.4 (Local curvature constants). For r > 0,

def

eo(r) = sup{e; K(z,2') <1— e whenever 0g(z,2") >},

ea(r) = sup {8 i —K (2! 2) > e g whenever 34(z,2') < r} ’

Since K (2/,2) = k" (2/ — z) and k" is even,

eo(r) = 1—sup{u(v); Vol =1},  er)=inf{-x"(v)/g; Valv| <r}.

A large €p means that the kernel is far below 1 outside the ball of radius r. A large €5 means
that it is strictly concave inside. These are plain suprema, as in [16]. Another convention in the
literature divides them by 2 and 4 [17].

Definition 3.5 (Kernel width). For h > 0 and s € N, A(h, s) is the infimum of the A such that
D k>2 HK(ij)(xl,xk)H < h for all (i,7) € {0,1,2} x {0,1} and all families of at most s points
with 0g(xy, 2¢) > A for k # £.

If the property holds for some A, it holds for every As > A, since a As-separated family is
A-separated. So it holds for every family of at most s points whose separations are all larger
than A(h, s). Here the six pairs (i, j) give four conditions, one for each order i + j € {0,1,2,3},
and any point of the family can be listed first.

Assumption 3.1 (Kernel assumption). For 4,5 < 2, Bjj; ot SUDg 4/

K9 (z, ")

def. -1/2 . def. def.
B; = By + Bii + 1. There are ryear < By '~ with 9 = €0(rnear) > 0 and €2 = e2(rnear) > 0,
an integer s, and h < gy min(eo/Bo, e2/Bs) with A(h,s) < co. The admissible separation is

Apam = 2A(h, s).

< oo, and

Remark 3.6 (Constants that are always known). By the Cauchy-Schwarz inequality in H,
K (2, < ol ol = 1, | K09 (@27 < /G and |[K0D (@, a)
first and last ones at = 2’. Since ‘K(Oz)‘ = || = ’K(H)‘, we get Bog = Bgs = 1 and Byg < 1.

So the condition rpear < Bo_21/ % reads Tnear < 1. Taking x = 2’ in the definition of e5(r) gives
g9(r) < 1. Hence By > 2 and h < e3/(64B32) < 1/128.

< g, with equality in the

Definition 3.6 (Near and far regions, non-degenerate certificate). Let AXPer <

{2 ; 0g(2, %) < Tnear} and X0 = X\ (J; AP, A function 77 € Tm(®*) is an (g9, £2, mear )-N0N-
degenerate certificate if n(x;) = sign(a;) for all 4, |n| < 1—e¢ on X™* and |n(z)| < 1—e2 04(z, 2;)?
on Xinear'
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Remark 3.7 (On non-degenerate certificates). (a) If 05(x;, %) = 2rpear for j # k, the near regions
are pairwise disjoint: a point z in X" N AP would give 0g(zj,2k) < 27near. This is the
assumption of item 2 of Proposition 4.1. (b) A non-degenerate certificate with g, 2 > 0 satisfies
7l <1, with |n(x)| = 1 only at the spikes, since X = X™ U(J, AP, So it lies in 0||u°| v,
and it is strict in the sense of Proposition 3.1, with explicit margins. Lecture 4 turns these
margins into error bounds.

near near
A7 Xtar A3

Figure 3.2: A schematic non-degenerate certificate for two positive spikes. In the near regions
(shaded), |n| stays below the parabola 1 — 204(z,2;)%. In the far region it stays below 1 — &.

The next lemma turns curvature into the quadratic decay of Definition 3.6.

Lemma 3.2 (Curvature gives quadratic decay). Let Assumption 3.1 hold, and let n: X — R
be €%. Leta € {—1,1},0< 0 < e2/2 and 0 < 7 < Tpear. Assume n(z;) = a, n'(z;) = 0 and
Han”(x) - K(OQ)(xi,x)H <6 forvog(x,x;) <r. Then |n(x)| <1 - #%(m,xi)Q on this ball.

Proof. Let & with L = 04(z,x;) < r. Write = 2; + v with v € R and |v| = L/yg. OnT, vis
the representative of x — z; of smallest absolute value, and we see n as a 1-periodic function on
R. For t € [0, 1], the point z 2 + to satisfies 04(2t, 23) < tL < r. On the ball, the hypothesis
on 1’ reads |an”(z) — k" (x; — z)| < dg, and, since r < Tyear, the definitions of e and By, give
—Bo2g < K (x; — 2) < —e2g. Hence

—(Boz +6)g < an’(z) < —(e2 — 0)g, t € [0,1]. (3.8)

The Taylor formula with integral remainder, with an(x;) = a?> = 1 and n/(z;) = 0, gives
1
an(z) =1+ v2/ (1 —t)an"(z) dt.
0
Since fol(l —t)dt = % and gov? = L?, (3.8) gives
1— Bt 12 < ap(z) <1— 2012

By Remark 3.6, Bos = 1 and e2 < 1, 50 § < § and L? < rpear? < 1. So B2H012 <3 anq
an(zxz) > 0. Hence, with § > 0, |n(z)| = an(z) <1 -— %LQ <1- @LQ. O

For real certificates in dimension one the proof gives the better constant (e — 6)/2. The

lower bound on an is where the condition rpe,y < Bo_zl/ 2 enters: without it, n could cross —a.
Now we build the certificate. We look for 7y in the form (3.6) and solve the interpolation
system directly.

Definition 3.7 (Certificate Ansatz). For aj,00 € R®, np(z) = YooK (g, ) +
> g ;K19 (z; x).  The coefficients solve the linear system Ya = (sign(a),0s) that
expresses n(x;) = sign(a;) and 7'(z;) = 0.
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Explicitly, since 9, K (zj,x) = KO (z;, x) and 8, K19 (z;, x) = K (z;, x), the matrix of
the system is, with ¢ the row index and j the column index,

,-r déﬂ (K(x]7 xl))l,‘] (K(lo) ('r.j’ xl))zh] c RQSXQS. (39)
(K(Ol)(gjjaxi))m (K(ll)(l'jazi))m

When 7Y is invertible, 7, denotes the Ansatz with o = Y~ !(sign(a),0s). The index oo comes
from the random measurement model of [16], where 7o is the limit of certificates built from m

random measurements when m — oo.

Theorem 3.1 (Existence of a non-degenerate certificate). Let Assumption 3.1 hold with s the
number of spikes of u°, and assume k > 0. Let A" > Auqm with Thear < A'/2, and assume
dg(xj, ) = A for j # k. Then the system Yo = (sign(a),0s) has a unique solution, with

2h 1 2h
— 7 < —5 < .
S el < iog v llaslle < o

lon —sign(a)|l, <
The Ansatz N is an (€0/2,€2/4, Mear)-non-degenerate certificate, and

s € near -
H81gn(aj)7]go(a:) - K(OQ)(xjvx)H < %7 re X, j=1,...s.

For s > 2, the condition Tpear < A’/2 follows from Assumption 3.1; we admit this. For s =1
there is no pair of spikes, and it only asks A’ > 2rpear. We write || M| ' max; >, | M;;| for
a square matrix M. It is the operator norm of M on (R", ||-|| ), so it is submultiplicative. If
|E| < ¢ <1, the Neumann series Y_,,5o(—E)™ converges to (Id+ E)~!, and ||(Id + E) 7| <

1/(1—q).

Proof, Step 3 admitted. Step 1, invertibility. Let D = diag(Id,, g~'/?1d,) and T < DYD.
By (3.9), the entry of T in row i and column /¢ of the block (p,q), with p,q € {0,1}, is
g~ PtD2 K@) (z,, 2;). Tts absolute value is | K@) (z,, z;)||.
blocks are #(0) = 1, +g7/24’(0) = 0 and —£"(0)/g = 1. So E = T — Idy, has a zero diagonal.
If s=1, E=0. Let s > 2. The separation min;z; d4(z;,xx) > A’ is larger than A(h,s): if
A(h,s) > 0 because A" > 2A(h, s), and if A(h,s) =0 because A’ > 2765y > 0. So Definition 3.5
applies to the family (xy), with x; listed first. Row i of the block row p of E has absolute

sum Y5, ( HK(OP)(;cg,xi) + HK(lp) (¢, ;)| ). These norms depend only on the order and on
‘K(po)(xi,mg)H and HK(pl)(xi,xg)‘ , with (p,0), (p,1) € {0,1,2} x {0,1}.
Each sum is at most h, so ||E||,, < 2h < 1/64. Hence T = Id + E is invertible, with

The diagonal entries of the four

|xy — x|, so they equal

1
< ——=,
o 1—2h

2h
1—2h

[T I W

So Y = D7!YD! is invertible, and the system has a unique solution a.

Step 2, coefficients. Let u " (sign(a),05). Since Du = u, the vector & = Dl = (o, Voa2)
solves Y& = u. Hence @ —u = (Y1 —Id)u and & = T~ u. Since ||ul|, = 1, this gives the three
bounds of the statement.

Step 3, far region (admitted). Let x € X far " The separation leaves at most one spike
with dg(z, z«) < A’/2. Its term in the Ansatz is at most |y i+ | K(zi+, x) < (1 —¢€9)/(1 —2h), by
k> 0 and Og(m, Zj*) = Tnear- The other value terms are bounded with the kernel width applied
to the family made of z and of the z;, j # ¢*, which is only A’/2-separated. The derivative
terms are bounded with Big + h. With h < g¢/(64By) this gives |7 (x)| < 1 —e0/2 [16]. This
is where the factor 2 in A, g4 is used.
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Step 4, near region. Fix i, let 0; = sign(a;) and x € X, With K10 (zj,y) =K'(z;—y) =
—K/(y — x;), the Ansatz reads .o (y) = 3, a1,jk(y — ;) — az jk'(y — x;). Since KO (z; z) =
K (x — x;),

o M "o o mioo oo me.. ..
Tileol) W (T = 1) _ (iar,—1) =1 @ xZ)JrUz‘Zal,jiﬁ @ x])—az'z\/ﬁawi (xg 2%)'
g g pr g ; g/

For j # i, 0g(x, ;) = 0g(wi, x5) — 0g(x, ;) > A — rpear = A’/2. So the family made of z and
of the x;, j # i, has at most s points and separations larger than A(h,s). Definition 3.5, with
x listed first, at the orders 2 and 3, bounds the sums over j # i of g~! |«"(z — x;)| and of
g7 3/2 |""(x — 2;)| by h. The term j = i of the last sum is bounded with Bjs. With the bounds
of Step 2,

where we used 1+ 2h < 2, h < 1/128 and h < e3/(64B2). By construction 1« (z;) = 0; and
nho(z;) = 0. Lemma 3.2 with a = 0y, § = £3/16 and 7 = ryear gives, on X2 |ny(x)] <
1— Leadg(x, ;)% < 1— 20g(w, ;)2

Last, 7o € Im(®*) since K(zj,-) = ®*¢,; and K0 (z;,.) = ®*0p:; (Remark 3.4). O

2hBos + h+ 2h(Bizy +h) _ 32
ainfle(w) = KO (ws, )| < =2 1_2h< 12 )<312h(302+B12+1)<4hB2<i2,

The Ansatz and the vanishing derivative pre-certificate solve the same interpolation problem.
The next proposition makes this precise and draws the consequences for Lecture 4.

Proposition 3.4 (The certificate of the theorem is ny). Under the assumptions of Theorem 3.1,
with K the kernel of ®:

1. T =T7% Ty, 50 Neo = nv and Ty, is injective;
2. Moo = Mo and u° satisfies (NDSC);

3. Moo = P*poo with ”poo”]%l = (o, sign(a)) < s/(1 —2h).

def.

Proof. Let T = T, and u < (sign(a), 05).

(1) By (3.5) and the symmetry K (z,2') = KUY (2/, ) of Remark 2.4, the entries of I'*T
are those of (3.9): for instance KOV (z;,2;) = K19 (x;,2;). So T = I*T. By Theorem 3.1, Y is
invertible. If T'c = 0, then Ye =I*T'c = 0 and ¢ = 0, so [ is injective. Then o = (I'*T") ~!u is the
vector of Remark 3.4 (a), and (3.6) is the Ansatz. So 7, = 7y, and we set po = py = la.

(2) Every z € X lies in X™ or in some A", By Theorem 3.1, || < 1 —¢9/2 < 1 on
X and |ne (2)] < 1— 204(z, 2;)% on AP which is at most 1, and less than 1 for = # z;. So
Invile < 1and |nv(z)] <1 for x ¢ {x1,...,25}. By (1) and Proposition 3.3, (SC) holds and
N0 = Ny = Noo- It remains to check the curvature. Fix ¢ and let et sign(a;)no. Then ¢(x;) =1,
¢’ (z;) = 0 (Remark 3.3), and ¥ (z; +v) < 1—2gv? for \/g|v| < Tnear- The Taylor-Young formula
gives 1(z; +v) = 1+ 39" (z;)v? + o(v?). Dividing by v? and letting v — 0 gives 3¢ (z;) < —2g,
that is sign(a;)ny(x;) < —%g < 0. So (NDSC) holds.

(3) By Remark 3.4 (b), |[psllZy = (e, sign(a)). This is at most Yojloal < sflanfl, <
s/(1 —2h) by Theorem 3.1. O

The same computation gives the lower bound |[puollf; = s + (a1 — sign(a), sign(a)) >
s(1 —4h)/(1 —2h), 50 ||psc ||y is of order /s. Item 3 is the constant of Corollary 4.3: ||peol/y <
V/8/(1 —2Rh). Since poo = po, every p with ®*p € 9||u°||Tv has ||p|lg = |[poo|lg- The proof of item

2 also gives the curvature sign(a;)nf(z;) < —e29/2, of order f? for the Fourier measurements.
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Proposition 3.5 (Constants for the two examples). Gaussian kernel: every 0 < rpear < 1 is
allowed, g > 1 — e"”nearQ/Q, gg > (1— rnearQ)e_’""eaf2/2, and for every h > 0 there is D(h) such
that A(h, s) < D(h) for all s. Jackson kernel with f. > 128 even: ryear = 1/(8v/2), g0 = 0.00097,
£9 > 0.941, A(h,s) = O(s'/*), that is a separation of order at most s*/*/f. on the torus.

The Gaussian kernel is that of Example 2.2, written in the metric: K(x,2') = e~ da(@a’)?/2

with 04(z,2') = |z — 2| /(v/30). Tts constants are proved in Exercise 3.3; there the two lower
bounds are equalities. In dimension one the width does not grow with s: it is enough to separate
the means of the mixture by a multiple of o that does not depend on the number of components.
The Jackson kernel is that of Example 2.1, with g = 7r;fc(fC +4) (Exercise 2.1), so /g > 1.81f,
and a separation A in the metric is a separation of at most 0.56A/f. on T. Both kernels are
nonnegative, as Theorem 3.1 requires.

Remark 3.8 (Unweighted Fourier measurements). For the plain low-pass operator, a certificate
exists for real amplitudes under the separation 1.87/f. when f. > 128 [18]. Nothing in these
notes shows that this certificate is 7, so this result does not give (NDSC) for s > 2.

The plain low-pass operator has ¢, = (e27* )jwl<s. and the Dirichlet kernel, with K(z,z) =
2f. + 1, so Section 3.3 does not apply as it stands. The certificate of [18] is the Ansatz of
Definition 3.7 built with the Jackson kernel J;, instead of the kernel of ®. It lies in Im(P*)
because Jy, is a trigonometric polynomial of degree f., and it is strict off the support. The
atoms ., are linearly independent: the separation gives s < f./1.87, and the coordinates
w=0,...,5s— 1 form a Vandermonde matrix in the distinct numbers e?"*i. So Proposition 3.1
gives exact recovery. For the weighted operator of Example 2.1 with the Jackson weights, (NDSC)
under the separation A.gqm follows from Proposition 3.4.

Exercises

Exercise 3.1 (A two-dimensional example). Let X = T, H = R? with the Euclidean scalar
def. .
product, and ¢, = (cos(27z),sin(27x)).

1. Compute K. For p = p(cosf,sinf) with p > 0, show that (®*p)(x) = pcos(2mz — 6).
Describe C = {p ; ||®*p||, < 1}.

2. Let 1% = adp with a # 0. Show that the set P of Section 3.1 is {(sign(a),0)} and compute
no- Show that —ady/, is also a solution of Po(®u”). Which hypothesis of Proposition 3.1
fails?

3. Let pu° = &g — 01 5. Find a certificate n with |n| < 1 off {0,1/2}. Show that 2d; is also a
solution of Py(®u"). Which hypothesis of Proposition 3.1 fails?

4. Let p° = 5o + d1/4- Show that (SC) fails. Show that \/551/8 is feasible and that u is not
a solution of Py(®uP).

5. In question 4, compute sup,cq(p, ®4°) and minPy(®u’). Is the supremum attained?
Compare with Lemma 3.1.

6. Replace ¢, by (cos(4nz),sin(4nz)) and let pu® = 6. Show that (SC) holds, that every
certificate equals 1 at 1/2, and that d,, is also a solution of Po(®p”). Which hypothesis
of Proposition 3.1 fails?

Exercise 3.2 (Two spikes of opposite signs). Let ® be as in Example 2.2 with 02 = 1/3, so
that r(u) = e */2 and g = 1. Let d > 0, 2, = —d/2, 23 = d/2, and a; > 0 > ay. Admit that
I'y, is injective.

1. Write the matrix I'y I'z, with &, £" and &” at 0 and d.
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. Show that a; = (¢, —¢) and ag = (b,b), with

B ck'(d) 1 def.
b——m, C—W, D(d) =1—-k(d) —

K ( d)2
1—k"(d)
Hint: first show that 1 — £”(d) > 0 and D(d) > 0, with the Cauchy-Schwarz inequality

for the vectors ¢z, — @z, and Oypz, + Ozpa,, which are linearly independent. Then check
that these values solve the system, and use injectivity.

. Show that ||py |3 = 2¢. Deduce that ||py ||z — 0o when d — 0.

. Let n = ®*p be any certificate of x°. Show that ||p|lg = ||pv g and ||pllg = 2/d. Hint: the

mean value theorem and |1/| < ||0z¢z ||y |P/lg-

. Assume the hypotheses of Theorem 3.1. Deduce from question 4 and from Proposition 3.4

that d > \/2(1 — 2h).

For d = 1, one finds ¢ ~ 39.08, b ~ 23.70 and ||nv ||, ~ 3.18 (Figure 3.1). What can be
said of (SC) and of (NDSC)?

Exercise 3.3 (The constants of the Gaussian kernel). Let X = R and s(u) = e **/2, so that
g=1and dy(z,2’) = |z — 2|.

1.

Compute #/, ¥” and . Show that Byy = Bge = 1 and Bjy = e /2. Deduce that
Assumption 3.1 allows every rpear < 1.

. Show that go(r) = 1— e /2 for 7 > 0 and that ea(r) = (1 —r2)e"""/2 for 0 < r < 1. Hint:

study u — (1 —u2)e"/2 on [0, v/3].

. Let A > 0 and let x1,...,x,, be points of R with |z — z¢| > A for k # £. Let g : [0, 00) —

def.

[0,00) and G(t) = supu>tg( u). Show that 3740 g(|z1 — zk|) < 230,51 G(jA). Hint: on
each side of x1, the j-th closest point is at distance at least jA.

. Show that ‘ﬁ(") (u) ’ <ude /2 for n < 3 and u > 2, and that u +— u3e —u?/2 ig decreasing

on [v/3,00). Deduce that for every h > 0 there is D(h) such that A(h,s) < D(h) for all s.

. In Example 2.2, show that 04(z,2") = |z — 2’| /(v/30) and that the constants above are

those of the kernel of this example. Give a separation of the means, in units of o and
independent of s, under which Theorem 3.1 and Proposition 3.4 apply.

Exercise 3.4 (Secondary certificates). Assume that I’ et I';, is injective, and let (eq, ..., eas)
be the canonical basis of R?*.

1.
2.

Show that I™*T is symmetric positive definite, and that I'* is onto.

For ¢ € R?, show that ¢ = I'(I*I')~!e is the element of minimal norm of

{g e H; T'*q = e}, and that ||qe||[2HI = (e, (T*T) " le).

. Let u; = ¢, and v; = Qesrir & = < pry; and ¢ = d*v;. Show that &i(z) = by,

E(z;) =0, G(z;) =0 and /(z;) = 513 These are the functions of Appendix A. Show that
| H < sup, |05 ¢q

. l|wi|gy for k <

. Assume the setting of Theorem 3.1, and let Y = DYD be the matrix of its proof. Show

that |lui||5 = (T~")i and |Joil|z; = ¢~ 1Y) ssisvs. Deduce that [Jugl|z; < 1/(1 — 2h) and
lvillf < 1/(8(1 = 2h)).

. Show that py = >, sign(a;)u;. Compare with item 3 of Proposition 3.4.
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Chapter 4

Noise: prediction, localisation,
support stability

Throughout, u® = 3% ; a;0,,, y = ®u’ + w, and fi is any solution of Py (y).

As in Lecture 3, s > 1, the points x; are pairwise distinct, a; # 0, A > 0, and the assumption
of Proposition 2.1 holds. So Py(y) has a solution (Proposition 2.2), ®*p € Cy(X) for every
p € H, and (2.8) holds. We write Jj (1) = LI®p — y|lF + Mty for the objective of Py (y).

The lecture has two parts. Sections 4.1 and 4.2 hold at any noise level: a certificate of ;°
bounds the prediction error and the mass of ji away from the spikes. Section 4.3 holds at low
noise only: under (NDSC), /2 has exactly s spikes, close to those of 1.

4.1 Prediction and localisation

The first result is Proposition 1.3 on measures, with the same proof. Only the last step
changes. The margin of the certificate is no longer a constant off the support: it is quadratic
near each spike and constant far from the spikes (Definition 3.6).

def.

Proposition 4.1 (Stability away from the support). Let n = ®*p € 9||u°||rv and p =
[wller + Al -
Lo @(h — p1°)ly < 20 and ||@llvy — [ndi < p?/(2)).

2. Assume the setting of Section 3.53. If 0 is (€0, €2, Tnear)-non-degenerate and the near regions
X are pairwise disjoint, then

(xfer) / )2d |l (z) < & 4.1
o 1) 223 [ vulo il o) < G (4.1)

near

Corollary 4.1 (Choice of the regularisation parameter). If |w||y < § withd > 0 and A =/ ||p||g,
then || ®(f — p°)||y < 46 and the left-hand side of (4.1) is at most 25 ||p||y.

def. def.

Proof. All norms and scalar products are those of H. Let h = ®(j — u°) and D = ||fi||rv —
(n, iy m. By Proposition 2.3, |0, < 1 and (n, u°)p = ||1°[|Tv. So D >0 by (2.6).

Compare with p¥. Since ®fi —y = h — w and <I>u0 —y = —w, the inequality Jy(2) < Jy(u")
reads

3 Ih = wl® +Xlalry < g ol + M1k lrv,  thatis 5 [A)7 = (b, w)+ A (1Al v = 6]l rv) < 0.

Use the certificate. By (2.8), (n, i — u®)p = (p, ®(4 — u°)) = (p, h). Hence
Al = 16°llry = D+ (n, o = 1®)aa = D + (p, h).
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With the Cauchy-Schwarz inequality,
3 1017+ AD < (hy w = Ap) < ||R]| (Jw] + Alpll) = oAl - (4.2)

Item 1. Since )\D 0, (4.2) gives 3 LA p||h|| hence ||h|| < 2p (divide by ||| if h # 0).
Then AD < p||h| — Hh|| < maxy>o (pu — %uQ) = 1p%

Item 2. The sets X" are open and X far i5 closed. Since the X' are pairwise disjoint,
Xfar ypear  xnear jg g partition of X' into Borel sets. By (2.6),

D> [ A—phdlal= [ @~ d\m+z/ (1= ln il

By Definition 3.6, 1 — 1| > go on X™ and 1 — |n(z)| > e204(x, 7;)? on XP®2T. So D is at least
the left-hand side of (4.1), and item 1 concludes. O

Proof of Corollary 4.1. Since s > 1, |n(z1)] = 1, so n # 0 and p # 0 (Remark 1.6 (b)). So
A >0, A|plly =6 and p < 26. Item 1 gives ||@(2 — p0)||gy < 46, and p?/(2X) < 46% ||plly /(26) =
26 [|plgs- -

Remark 4.1 (On the proof). (a) No optimality condition is used, only Jy(f1) < Jx(1%). So the
bounds hold for every measure with this property, and for every certificate p, not only for pg.
No uniqueness, no separation and no bound on the noise are used, and the dimension of H
plays no role. (b) The quantity D = |||ty — [ ndj is the Bregman divergence of the total
variation at u° for the subgradient 7. Item 2 bounds it from below. Lecture 5 recovers (4.2)
from Fenchel-Young losses (Theorem 5.3), and Appendix A uses the bound D > [(1 — |no|) d |/
(c) If 0g(xj, x)) = 2rpear for j # k, the near regions are pairwise disjoint (Remark 3.7). Without
disjointness the sum in (4.1) could count the same mass twice. (d) Item 1 controls ®fi, not fi.
Item 2 controls where the mass of i lies, but not its sign.

The bounds use ||p||y in a monotone way. So an upper bound on the norm is enough to
choose .

Remark 4.2 (A bound on the norm is enough). Let B > ||p||y with B > 0, |Jw||y < 0 with 6 > 0,
def.

and A = 6/B. Then \||p|ly < 0,50 p < 26, || ®(2 — p°)||y < 46 and p?/(2X) < 46°B/(26) = 26B.
So Corollary 4.1, and Corollary 4.2 below, hold with B in place of ||p||y.

Exercise 4.1 treats a model error: the data are y = ®(u® + fig) + w with a small measure jig.

The left-hand side of (4.1) is a transport cost. To read it as a distance between |fi| and a
measure supported on {z1,...,zs}, we use a distance that moves mass at a quadratic cost and
creates or destroys mass at a linear cost.

Definition 4.1 (Partial optimal transport). For positive measures u,v on X,
def. ~
T2 (1, ) me{Wa fi, 7) + | — Al (X) + [v = 7| (X)},

where the infimum is over positive measures of equal mass and W5 is the Wasserstein-2 distance
for the metric 0.

For positive measures ji, 7 of equal mass, a coupling is a positive measure v on X x X with
first marginal i and second marginal 7, and WDQg(ﬂ, ) is the infimum of [94(z,2)? dy(z, ')
over the couplings. We only use that one coupling gives an upper bound. If both measures are
zero, the coupling v = 0 gives WDQg = 0.

Corollary 4.2 (Localisation in transport distance). Under the assumptions of Proposition 4.1,
item 2, with €9, e2 > 0, and of Corollary 4.1, with A; = || (xPear),

26
T2<|:u| Zz lA (5 ) =~ mln(Hfo”]gg)
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Proof. Let L be the left-hand side of (4.1), N = (J; X" and v = ¥, A;8,,. We bound the

infimum of Definition 4.1 by its value at one pair. Discard the mass of |fi| on X™": let ,& = u|| N

and 7 = v. Since the X are pairwise disjoint, i(X) = 3; A; = #(X). Also || — i = = | 1] o tar
and v — 7 = 0.
Move the mass on X" to z;: the positive measure y = Y, | il gnear @ 05, has first marginal

i |l omear = ji and second marginal 3, Aib,, = v. So it is a coupling, and

W2 () < [ og(aa)? dy(aa) Z/ (202 d i ().

Adding the cost |fi| (Xf) of the discarded mass,

L _ %l
min(egg,€2)  min(eg, e2)’

Talw) < Jal () + 3 [ ogwa?d il (@) <
i=1 i

by Corollary 4.1. O

The proof gives 7'02El < L/min(eg, e2) < p?/(2A min(eg, e2)) for every A > 0. With Remark 4.2,
it gives 20 B/ min(egp,e2) for A = §/B.
Remark 4.3 (Mass far from the spikes). Assume the setting of Proposition 4.1, item 2, with
0,62 > 0. Let t > 0 and By = {x € X ; d4(x, ;) >t for all i}. A point of E; lies in X™ or in
some X with 4(x, x;) > t, and there 1 < d4(x, x;)?/t2. This is Markov’s inequality. With L
the left-hand side of (4.1),

) . 1 1
‘,LL‘ (Et) | Xfa t22/n6ar :L' :L‘Z d|,u|( ) max( )L

€0 62t2

Under the assumptions of Corollary 4.1, L < 20 ||p||: for every fixed t, the mass at distance at
least ¢ from the spikes is O(9).

Remark 4.4 (Amplitudes, admitted). The bounds above say where the mass of /i lies, not that
the near region X7 receives the signed mass a;. Under the assumptions of Proposition 4.1,
item 2, assume that for some j there is n; = ®*p; with n;(z;) = 1, n;(z,) = 0 for £ # j,
11 —n;(z)| < bog(x,z;)? on X7 for some b > 0, [n;(z)] < &2 0g(z, 2¢)? on AP for £ # j, and
In;] <1 on X% If £,e9 > 0, then

N 1
(X)) — CL]" < 20 |Ipjllyg + (max (1, 81’2) + —)p—.

The proof is Exercise 4.2.

4.2 The two examples

We apply Section 4.1 with the certificate 1o, = ®*pso of Proposition 3.4. The only new input
is the bound ||p|y < v/s/(1 —2h). For the Gaussian mixture we also bound the noise wy,
which comes from the sampling.

Corollary 4.3 (Weighted Fourier measurements). In Ezample 2.1 with the Jackson weights, let
Assumption 3.1 hold for the kernel Jy,, with s the number of spikes of 10, Assume that the x;
are Nyam-separated, that is 0g(x;, x) = ANadm for j # k, and that ||w||y < 6 with 6 > 0. With
the certificate 1o = ®*pos of Proposition 3.4 and X\ = 6/ ||pss|ly, Corollaries 4.1 and 4.2 hold
with constants (€0/2,e2/4) and ||poc|ly < V/$/(1 — 2h).
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Proof. The setting of Section 3.3 holds: X =T, z — ¢, is €, and the kernel is Jy (z — 2’)
with Jf,(0) = 1. The kernel is a fourth power, so k = Jy, > 0. If s > 2, let A’ ' Apdm; then
Tnear < A’/2, as noted after Theorem 3.1. If s = 1, let A’ et max(Aadm, 2Tnear): there is no pair
of spikes to separate. In both cases Theorem 3.1 and Proposition 3.4 apply. So 7eec = @*poo
is a (0/2,€2/4, Tnear)-non-degenerate certificate, ||pooly < v/8/(1 —2h), and 1 € 9% Tv
(Remark 3.7 (b)). For j # k, 0g(xj, 1) = A’ > 2rpear, so the near regions are pairwise disjoint.
So Proposition 4.1 and Corollaries 4.1 and 4.2 apply with p = ps, and the constants (9/2,e2/4).
Since 1/ min(gg/2,e2/4) < 4/ min(eop, €2),

2( |1~ 4 s
755 ( ’M’ 72 A 6-771) = mln(geg e2)\/ 1-2h" =

By Proposition 3.5 (admitted), Assumption 3.1 holds for the Jackson kernel when f. > 128 is
even, with ryear = 1/(8v/2). Since h < 1/128 (Remark 3.6), \/s/(1 — 2h) < 1/645/63. In torus
units, 0g(z, ;)% = g |z — 24)* with g = %zfc(fc +4) (Exercise 2.1). So item 2 of Proposition 4.1
gives 3 [ynear |7 — 2i|* d |fi] () < 86 ||[poollg /(€28): the spread around the spikes, in squared
torus diStaI;CG, is of order §+/s/f2.

Remark 4.5 (The plain low-pass operator, slide). (a) The factor /s cannot be removed with
another certificate. Since p,, = po has minimal norm among the p with ®*p € 9||u°||Tv,
every such p satisfies |[p|| > ||poolliz = s(1 — 4h)/(1 — 2h), by the lower bound that follows
Proposition 3.4. (b) For the plain low-pass operator of Remark 3.8, with ¢, = (621““"’)|w|< 7., the
characters are orthonormal in L?(T). So the certificate of Remark 3.8 satisfies |[p||, = ||7[|;2 m <1

for every s. We admit that this gives localisation bounds of order §, with no factor /s, under the
separation 1.87/f.. The two noise levels are not on the same scale: the plain atoms have norm
V2f. + 1, the weighted atoms have norm 1. For the weighted operator, the same computation
only gives |[n|[;2(r) < maxy, /A(w) [[p[ly, which bounds n by p and not p by 7.

For the Gaussian mixture the noise w, is random. We avoid the expectation of a random
vector of H: we compute expectations frequency by frequency, then integrate in w.

Lemma 4.1 (Noise of the empirical characteristic function). In Ezample 2.2 let w, = UYn —

®u0. Then E||lw,|f < C?/n. For all ¢ € (0,1), with probability at least 1 — ¢, |jwy|g <
c/(1+1og(1/C))/n for a numerical constant c.

Corollary 4.4 (Gaussian mixture). In Ezample 2.2, let Assumption 3.1 hold for the kernel
e*(’”*x/)Q/(&’Q), with s the number of components. Assume that the means x; are Aadm—sepamted,
that is |xj — x| = V30 Agam for j # k. Let ¢ € (0,1), ¢ the constant of Lemma 4.1, &, =

e/ +10g(1/0))/n and X = 6,/ (1 = 2h)/s < /(1 +1og(1/C))/(ns). With probability at least
1 — ¢, every solution fu of Px(yn) satisfies ||®(f — p°)||y < 40, and

(1+log(1/¢)) « \/W
(|/"L| ZZ 1 A 5 \ min 50,62 \/T ~ min 50,52

Proof of Lemma 4.1. Here H = L?(A) with the real scalar product, so || f||5 = fg |f|* dA, and
A is a probability.

Variance. Fix w € R and let Zj, ' Celws . The Zy, are independent complex random variables
with the law of Z1, |Zyx| = C, and EZ), = (®4°)(w) by Example 2.2. So wy(w) = 1 3,(Zy —EZy).
For k # ¢, independence gives E[(Z, — EZy)(Z; — EZ;)] = 0. Hence

C? — (@) w)[*

1 & 1
E [w, (w)|* = o} ZE|Zk ~EZ | = E(E|Zl‘2 —[EZiP) =
k=1
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The function (w, z1, ..., 2,) — |w,(w)|? is continuous and nonnegative. So Fubini’s theorem for
nonnegative functions lets us exchange E and the integral in w:

2 0|2 2
el = [ E () arw) = S 100 < & V8 (43)
R n n n
Only expectations of real variables are used.

Bound in probability (admitted inequality). We admit the following form of Pinelis’ inequality
[19], a Hoeffding inequality in Hilbert spaces. Let W1,...,W,, be independent random vectors
of a separable real Hilbert space, with ||Wy|| < b and E(W}, g) = 0 for every vector g. Then, for
t>0,

n 2
(354 51) < 2000 (- 51).

Let Wy be the function w — Cel*? — (®4°%)(w), so that w, = + >, Wj. The map z — Ce'*
is continuous from R to H by dominated convergence, so W}, is a random vector of H. Since
|Ce#||y = C and || @40y < X5 aill@ally =1 < C, we get Wiy < 2C. For g € H, the
integrand of (Wy, g)m = R [ Wi gdA is bounded by 2C'|g|, which is integrable for P ® A. So
Fubini’s theorem and E[Ce“?*] = (®u°)(w) give E(Wy, g)u = 0. Apply the inequality with
b=2C and t = 2C/2n(1 + log(1/()). Then t2/(2nb?) = 1 +log(1/¢), and the probability is at
most 2e ¢ < ¢. So, with probability at least 1 — ,

vz LT os1/0)

<
HwnHH X n

)

SEES

and ¢ = 2¢/2C = 2v/2 - 31/4 < 3.73 works. O

Proof of Corollary 4.4. The setting of Section 3.3 holds for Example 2.2 (Example 3.1), the
kernel is positive, and dq4(z,2') = |z — 2’| /(v/30) (Section 3.3). So the assumption on the means
reads 0g(2j, 2%) = Aadm. As in the proof of Corollary 4.3, Theorem 3.1 and Proposition 3.4 give
a (€0/2,€2/4, rnear)-non-degenerate certificate 1o, = ®*poo € 9||u°||Tv, With pairwise disjoint
near regions and ||paoly < B = /s/(1 — 2h). By definition A = 8,,/B.

By Lemma 4.1, the event {||wy||y < 0,} has probability at least 1 — . On this event, apply
Proposition 4.1 with p = po and w = w,,, and Remark 4.2. This gives H@(ﬂ — uO)HH < 46, and,
as in the proof of Corollary 4.2,

2( 1A i 26,8 86,8
759 ( ‘:U" 721‘ Az(sxz) < min(eg/2,e2/4) S min(eg,e2)

This is the bound of the statement. The event does not depend on ji, so the bound holds for
every solution. By Remark 3.6, h < 1/128, so 63/64 < 1 —2h < 1. This gives the last inequality
of the statement and A < /(1 +log(1/¢))/(ns). O

By Proposition 3.5, for the Gaussian kernel the width A(h, s) is bounded independently of s.
So the separation of the means, in units of o, does not grow with the number of components.
The factor /s comes from ||pso|/y. Here all the frequencies are kept, while a sketch keeps only
m random frequencies [10].

4.3 Support stability at low noise
In this section X = T, H = L%(T) and ®u = ¢ » p with ¢ € €2(T). We write yo = ®uP,
Pa(y) for the dual solution of Proposition 2.4, and Dy, ), for the low-noise regime of (2.1).

This is the convolution of Remark 2.5, with ¢ real and H the real space LQ(T). So @, =
¢(- — x), and the assumption of Proposition 2.1 holds (Remark 2.7). The definition of Dg ),
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in (2.1) does not use the grid: it is the set of (A\,w) with 0 < A < A¢ and |w||y < aA. Let
C {p e H; ||®*p|,, < 1}. By Remark 2.8, p)(y) is the projection of y/X onto C, and by
Proposition 2.4, Apy(y) = y — @[ for every solution i of Py(y). The section follows the route of
Remark 2.1 (¢): the dual solution is non-expansive in the data, and it converges to py when the
noise vanishes.

Regularity. Let M o ‘cp(k)

Oor = (—1)k®) (- — z). Indeed, let k € {0,1} and u # 0. For each t, the mean value theorem
gives 6 € (0,1) with

L2 for k < 2. The map = — ¢, is €? from T to H, with

P Bt =z —u) — p¥)(t — )
u

+ et —2) = oVt — ) — "V — 2 — u).

Since p*+1) is uniformly continuous on T, the right-hand side tends to 0 uniformly in ¢ when
u — 0, hence in L2(T), since T has measure one. The continuity of z — ¢®) (- — z) in H follows
in the same way from the uniform continuity of o). If ¢ € ¥*(T), the same argument shows
that z — @, is €. By Remark 2.4, for p € H, ®*p € €*(T) and, since the norm of L?(T) is
invariant by translation,

|@ @] <sup |0k

o Pl = M |lpllg, k€ {0,1,2}. (4.4)

In particular I'y, ny and (NDSC) of Lecture 3 are defined in this setting. The mean value
inequality for the ¢! map = — ¢, also gives ||py — @olly < M1 |u — v| for u,v € T.

The projection inequality. Let A > 0 and y € H. The proof of Proposition 2.4, item 2, gives,
for all ¢ € C,

(y/X—Dx(y), ¢ — Paly))m < 0. (4.5)

Lemma 4.2 (The dual solution is non-expansive). For A > 0 and y,y’ € H, ||px(y) — pr(¥)) g <
1y — ¥/ llg /A

Theorem 4.1 (Convergence of the certificates in 62). Assume (SC). Let iy = ®*py(yo + w)
and My < || o®) Lo For k € {0,1,2},

~(k k A
[ = 1P| < Me(119r(0) = pollis + 1wl /3)-

Proof of Lemma 4.2. By Proposition 2.4, item 2, py(y) and py(y') are the projections of y/A
and y'/\ onto the closed convex set C. We admit that the projection onto a nonempty closed
convex subset of a Hilbert space is 1-Lipschitz [14]. Hence ||px(y) — Pa(v)|lg < lly/A — ¥/ /Ay =
1y — o/l /A O

The 1-Lipschitz property also follows from (4.5): write it for y with ¢ = py(v') and for ¢’ with
q = pr(y), add, and apply the Cauchy-Schwarz inequality. This is question 1 of Exercise 1.4.

def

Proof of Theorem 4.1. By (SC) and Lemma 3.1, pp and ny = ®*py are defined. Let ¢ =
A . . ~(k k . ~(k k

Pr(yo +w) — po. By lineanity, i\ = = (2*9)®), so (4.4) gives 7" —ng”| < My llal-
By the triangle inequality and Lemma 4.2 with y = yg +w and y’ = o,

N “ “ w “
lall < 16230 + ) — 520 g + 162 (30) — pollss < FUE 4 sw) = poll. O
A

The bound holds for all A > 0 and w € H. The second term is the effect of the noise. On
D, », it is at most . The first term is a bias at noiseless data. The next proposition shows that
it tends to zero.
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Proposition 4.2 (The dual bias vanishes). Assume (SC). For all A > 0, ||pA(v0)|lg < |lpollg,
and px(yo) — po strongly in H when A — 0.

Proof. All norms and scalar products are those of H. Write p) = Pa(yo). By Lemma 3.1, pg € C,
po maximises (-, yp) on C, the set of maximisers is P, and pg is the unique element of minimal
norm of P.

Norm bound. By (4.5) with y = yo and g = pp, multiplied by A,

0 < (Yo, o — Pr) < A(Pr, Po — DA)s (4.6)

where the first inequality holds because py € C. So |Ipall*> < (pr, po) < |lpall llpol|, and
Ipall < [lpol- Also, since u ||po|l — u? < ||pol|* /4 for u € R, (4.6) gives

A
0 < (W0, po — a) < A(lIpall llpoll = llpall?) < 1 Ipoll? - (4.7)

Monotonicity. Let 0 < X < X and d = py — py. Write (4.5) at A with ¢ = py, and at X
with ¢ = p,, multiplied by A and \:

(Yo — Apx, d) <0, (yo — Npy, —d) <O0.

Adding gives (Npy — Apa, d) < 0. With py = py + d, this reads X [|d||* < (A — X)(px, d), so
(px, d) = 0. Hence

2 2 2 2 2
oA )™ = llpall™ 4 2(pa, d) +[1d]I” = |lpall” + llpar — pall” (4.8)

def.

Convergence. By (4.8), N()) [pall? does not increase with A, and N < ||po®. So
N(A) has a limit £ when A — 0, and N(\) < £ for all X. For 0 < X < A, (4.8) gives
oy — all> < N(X) — N(A) < £ — N(\), which tends to 0 when A — 0. So (py) satisfies the
Cauchy criterion when A — 0. Since H is complete, p) converges strongly to some ¢ € H, and
q € C because C' is closed.

Identification. Letting A — 0 in (4.7) gives (yo, ¢) = (Y0, po). So ¢ maximises (-, yo) on C,
that is ¢ € P. Also ||q|| = lim ||px]| < ||po||- Since pg is the unique element of minimal norm of
P, g = po. O

Remark 4.6 (On the bias). (a) With Apx(yo) = yo — Pfiy for every solution fiy of Px(yo), the
norm bound gives || ®fix — yolly < Al|pollg- (b) Under (SC) alone the proof gives no rate. For
the projection onto a closed convex set of R? that is not of the form of C, the convergence can
be slower than any power of A given in advance; we admit this. Under (NDSC), with T',
injective and ¢ € €3(T), we admit that ||px(yo) — pollg = O(N), from the regularity of the path
of Theorem 4.2. We do not use a rate. On a grid, under the assumption of Corollary 2.1,
the bias is zero for small A (Remark 2.1 (b)), and Exercise 4.3 gives a case where it is zero
on measures. (¢) The proof does not use X = T or the convolution: it holds in the setting of
Lecture 3.

With Theorem 4.1 and Proposition 4.2, the certificate 7, of the noisy problem is uniformly
close to 1o, with its first two derivatives, on D, ), for o and Ay small. The main theorem turns
this into a statement on the solution.

Theorem 4.2 (Support stability, Duval and Peyré). Assume that I'y, is injective and that u°
satisfies (NDSC). Then there are o, A\g > 0 such that, for all (A\,w) € D, ,, the solution of
Pa(yo + w) is unique and has exactly s spikes, fix = > 7_1 Gx 0z, ,, with sign(ay;) = sign(a;).
With = [[ully /o

[xi — @il = O(Jwllg)  and |ax; — ail = O(wllg)-

If o € €F(T) with k > 2, the map (\,w) — (ay,@y) is €F1L.
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The spikes are labelled so that &, ; is close to z;, and |Z); — x;| is the distance on T. The
rates hold for 0 < ||w||y < a)o, so that (||wl||yg /a,w) € Dq.z,, and the constants in O depend
on p® and ¢. The regularity means that the map is the restriction to Dy, 5, of a €*~1 map
defined on a neighbourhood of (0,0) in R x H.

o = sign(a). Under (NDSC), (SC) holds, and
po and 79 are defined. For (A, w) € Dy »,, let P palyo + w) and 7y = ®*p. Then 1Al <1
since p € C.

Step 1, convergence of the certificates. Let b(\g) = SUPg< <A, [1PA(%0) — pollgz. By Proposi-

Outline, Step 3 admitted. Let o; = sign(a;) an

tion 4.2, b(Ag) = 0 when A\g — 0. On D, 5, ||wl/g /A < @, so Theorem 4.1 gives Hﬁg\k) - n(()k)H <
o

M (b(Xo) + «) for k < 2. So, for every 7 > 0, there are o, \g > 0 with Hﬁg\k) - nék)H < 1 for
k € {0,2} and all (A\,w) € D, ,. Smaller values of a and Ay keep this property. >

Step 2, at most one spike near each z;, none elsewhere Let k< 3 min; | (2;)|, positive
by (NDSC). Since oyno(z;) = 1, omfy(2;) < —2k, and 1,7 are continuous, there is € € (0, 1),
smaller than half the distance between two spikes, such that oiny < —k and ony = % on
I; et (x; —e,x; +€). Every smaller € has the same properties. The set T \ \U; 1; is compact and
Ino| < 1 there, so rg = 1 — maxr\, 7, [70] > 0. Step 1 with 7 = min(rg, & 3, k) gives a, A\g such
that, on Dy )., [7a] < 1 off U; I;, and 047, > 0 and o7y < 0 on each I;. If |7y (u )| =m)| =1
with u # v in I, then o3\ (u) = 0375 (v) = 1, and strict concavity gives oyijy (“5%) > 1, which
contradicts [|7z|l,, < 1. So {z; |7a(z)| = 1} has at most one point in each I and no point
elsewhere. Let i be a solution of Py(yo + w). By Proposition 2.4, item 4, and Remark 2.6 (i),
L =) ;a;0z, with &; € I;; we set a; <0 and Ty et x; if 1 has no mass in I;. By item 1 of the
same proposition and Proposition 2.3, sign(a;) = i (#;) = o; when a; # 0, and then Remark 3.3
gives 7} (#;) = 0. This is Proposition A.1.

Step 3, implicit function theorem (admitted). For a € R*, x € T*, A € R and w € H, let

Ela, 2, \w) Z A (Bpa — yo — w) + A (g) € R,

For A > 0 and p = (yo + w — ®,a)/A, (3.4) shows that E = 0 if and only if (®*p)(z;) = o;
and (®*p)’(x;) = 0 for all i: these are the optimality conditions at the points of the support.
If ¢ € €*(T) with & > 2, the map E is €% !, since z — ¢, is €*. Let ag ' ¢. Then
E(ap, x0,0,0) = 0, since ®5,a0 = yo. In the partial derivative in (a,z) at this point, the terms
where I'; is differentiated are multiplied by the residual ®,,ap —yo = 0, and amj (Pra) = a; 8rg0$j.
So

OF

d(a,x)

This matrix is invertible because I'; 'z, is (proof of Proposition 3.2) and a; # 0. The implicit
function theorem gives open neighbourhoods V' of (ag,zp) and W of (0,0) in R x H, and a
€+ map f : W — V, such that for (a,2,\,w) € V x W, E(a,z,\,w) = 0 if and only if
(a,x) = f(A,w). In particular f(0,0) = (ag,zp). We admit the regularity of E and the implicit
function theorem in R?* x (R x H) [9].

Step 4, the solution is on the branch. The sets V' and W depend on ¢, ag and xq only.
Fix ry € (0,min; |a;]] such that V' contains the points (a/,2") with |a’ — agl, < v and
|z, — x;| < ry for all i. Since ®,, is injective (Remark 3.4 (d)) on a space of finite dimension,
there is # > 0 with 00|, < || Pxb|ly for b € R®. Let i be as in Step 2, with o, g < 1.
By Proposition 4.1, item 1, with p = po, |8t — golly < 2(lwls, + A lpolli) < 2(1 + [poll)do.
The inequality Jx(a) < Jx(u®) gives [|allry < pllvv + llwllg /(23) < [|u°]lvv + 1. Since
P —yo = Pyo(@ — ao) + 22; 4ips, — ¢a,) and ||z, — @a,llg < Mie,

0la— aolls < 21+ llpollg) Ao + Mie (lnllTv +1).

_ T / : - T Id, 0
(a0, 20,0,0) = T% (P, ¥, diag(ag)) = I Ty ( 0 diag(ao)> '
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Now choose, in this order: ¢ as in Step 2 with ¢ < ry and Mye(||u°||rv + 1) < 0ry/2; then
a, Ao < 1 as in Step 2 for this €; then a smaller Ag with 2(1 4 ||pol|) Ao < Orv /2 and D\, C W.
Then ||a — aoll,, < rv < min;la;|. So all a; are nonzero, i has exactly s spikes, one in
each I;, with sign(d;) = oy, and (a,&) € V. By Step 2, 7x(&;) = o; and 7,(&;) = 0. Since
AP = yo + w — Pza, this is F(a,#, \,w) = 0. Hence (a,2) = f(A\,w). This holds for every
solution, so the solution is unique, and (A, w) — (@, ) is the restriction of f.

Rates. Since k > 2, f is €. Near xy we see T* as an open set of R®. Reduce \g so that D 5,
lies in a ball of R x H centred at (0,0) on which the differential of f is bounded by some L. The
mean value inequality gives |f(A\, w) — f(0,0)| < L(A+|w||y), which is at most L(1+1/c) ||w||y
for A = ||wl|g /o O

Remark 4.7 (What each assumption does). (a) The curvature 7 (z;) # 0 is used in Step 2 only:
it gives at most one spike near each z;. The condition |ng| < 1 off the spikes gives no spike
elsewhere. The injectivity of I';, is used in Steps 3 and 4. (b) The Jacobian of Step 3 does not
involve 7], because the residual vanishes at (ag, zo,0,0). (¢) The order of the choices in Step 4
matters. The neighbourhoods V' and W come first, then ¢, then a and Ag. (d) Here A > 0 in
Dz, since Py(y) is not defined for A = 0; the map f is still defined at (0, 0).

Remark 4.8 (A proof without the implicit function theorem). Appendix A gives a complete
proof of the first two conclusions and of the rates, without Step 3. It does not give the regularity
of the path.

Remark 4.9 (Where (NDSC) comes from). For the weighted Fourier measurements of Example 2.1,
(NDSC) follows from Proposition 3.4. For the Gaussian mixture, which lives on R, the same
conclusion is a special case of Theorem 5.4 with a quadratic fidelity. We admit it.

For the weighted Fourier measurements, H = C2/¢*! and not L*(T). Exercise 4.4 shows that
this model is a convolution on T with the same kernel. Proposition 3.4 gives (NDSC) and the
injectivity of I';, under the separation A,qm, so Theorem 4.2 applies under the assumptions
of Corollary 4.3. For the Gaussian mixture, Theorem 5.4 asks |wy|y < aX and A < Ag. By
Lemma 4.1, both hold with probability at least 1 — ¢ for A = §,,/«, as soon as d,, < a)g, that is
for n large (Exercise 4.5).

Under ¢ € €3(T), the constants of the proof can be tracked, with o = min (r/(2Mp), min; |[n§ (x;)| /(4M2)),
where 7 is the margin of 7 off the intervals I;. The constants of the rates involve H(F;ofzo)_ln,
and also 1/ min, |a;| for the positions. We admit these values. A converse holds [9]: if ',
is injective and, for some Ay > 0, the solutions of Py(yo) for 0 < A < Ao, and of Py(yg) for
A =0, follow a € path of s spikes defined on [0, \), then [[ny |, <1 and gy =no. So the test
mvle <1 of Remark 3.5, in its non-strict form, is necessary for such a path.

Exercises

Exercise 4.1 (Model error). Let y = ®(u® + fig) + w with | fio[lTv < 5. Show that the bounds
of Proposition 4.1 hold with an additional term controlled by 9.

ef. — def. ~ 7 def. N — ef.
Let n = ®*p € 9|1’llrv, p = |lwlly + Aplg: &= 10 + fio, h = (i — jz) and D =
lallrv = [ ndfi.

1. Show that ||a|rv — [nda < 26.
2. Compare Jy (1) with Jy(i2), and show that

LA~ w2} + AD < §llw — AplE + 25,

3. Deduce that D < p?/(2\) + 26 and that ||®f — yl|y < [l + 2\ |[plly + 2VA. Bound

19(A — 10)l5z with B sup, g |55
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4. Under the assumptions of Corollary 4.2, show that
2 (1x A 26|l +26
Tag(lul s D=1 Ai5:ci) S Tinzo) "

Compare with Corollary 4.2. Can the term in é be made small by the choice of A?

def. A 0

Exercise 4.2 (Amplitudes and positions). Assume the setting of Remark 4.4. Let v = i — p
and let L be the left-hand side of (4.1).

1. Show that z, ¢ X7 for £ # j, and that MO(XJ-Hear) = a;.

2. Show that

far

(X ) —a; = /m dv + (1 —nj)dﬂ—Z/nm n; df — T dji.
127X

Jnear
J

3. Show that |[n;dv| < 2p||pjl|y. Bound the three other terms with L, and prove the
inequality of Remark 4.4.

—  def.

4. Let X =R, assume A; = |7 (A7) > 0, and let z; = flj_l fXJpear xd|p| (x). Show that
04(75, xj)2 < Aj_l fx;ﬁear 0y (, xj)2 d |l (z).

5. In question 4, assume ’ﬂ(X;‘ear) - aj‘ < |a;| /2. Show that 04(7;, ;)% < 2L/(e2|a;]). With
Corollary 4.1, what is the order of |Z; — z;| in terms of 67 Compare with the rate of
Theorem 4.2. Which result needs a small noise?

Exercise 4.3 (One spike at low noise). Assume the setting of Section 4.3 with [|¢||;2 = 1, and
def.

let k(u) = [3o(t)p(t +u)dt. Assume |k(u)| < 1 for u # 0 and £”(0) < 0. Let u° = ad,, with
a# 0, and 0 = sign(a).

1. Check that K (z,2') = k(x—1'), that & is even and that x£(0) = 1. Deduce from Example 3.1
that (NDSC) holds and that py = o¢y, .

2. Let 0 < X\ < |a]. With Exercise 2.5, show that py(yo) = po- What is the dual bias of
Proposition 4.27

3. Let t € R and w = ty,,. For 0 < A < |a 4 t| and sign(a + t) = o, compute the solution of
Pa(yo + w).

4. Take t = —o [t| with |¢| small, and A\ = [Jw||g /a. Show that |ay —a| = (14 1/a) ||w|ly-
What does this say about the constant in the rate of Theorem 4.27

Exercise 4.4 (Fourier measurements as a convolution). Let ®, H = C2/<*! and A be as in
Example 2.1, and let Sp(t) def. Z|w|gfc A(w) e2i7rwt'

1. Show that ¢ is real, even and ¢ on T.

2. For u € H, let (Uu)(t) = Y, u_e?™* a complex function on T. Show that U is a linear
isometry from H onto the trigonometric polynomials of degree at most f., with the scalar
product R [ fgdt. Show that U®u = ¢ x u for every real measure p.

3. Let y € H. Show that ||®u —yll5; = [lo*p—R(Uy)|iz2 + [Im(Uy)|[72 for every real
measure p. Deduce that Py(y) and the BLASSO with the convolution by ¢ and the data
R(Uy) have the same solutions, and that |[R(Uw)]| 2 < ||w||y-
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4. Show that the kernel of the convolution by ¢ is the kernel K of Example 2.1. Deduce
that I'; T'z,, nv and the test of Remark 3.5 are the same for both operators. Conclude

that Theorem 4.2 applies to the weighted Fourier measurements under the assumptions of
Corollary 4.3, with the noise R(Uw).

Exercise 4.5 (Noise level and regimes for the Gaussian mixture). Let w,, be as in Lemma 4.1.

1. Show that ||@MO||§H = 3, azaje=@=%)*/(60%) and that 1/s < H<I>,u0{|§_ﬂ < 1. Deduce
from (4.3) that (v/3 —1)/n < E|lw,|f < (V3 —1/s)/n.

2. With Markov’s inequality applied to ||wnHIQHI, show that |lw, |y < 3'/4/v/nC with probability
at least 1 — (. Compare the dependence on ¢ with that of Lemma 4.1.

3. In Corollary 4.4, show that ||wy||y < o\ on the event of the proof, with o = /s/(1 — 2h).
Why does this not place (A, wy) in a low-noise regime D, », with o small?

4. Let n = ®*p be a certificate, ||w||y < 0 and A = §/a with a > 0. Compute the bound
p?/(2X) of Proposition 4.1. Compare it with 28 |[p|| when « is small, and explain the
price of the low-noise regime for the localisation bound.
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Chapter 5

The generalised BLASSO and
Fenchel-Young losses

Lectures 2 to 4 use the quadratic fidelity % || P — y||[2HI In this lecture we keep the measures,
the total variation and the operator ®, and we change the fidelity. The certificates keep their
form n = ®*p. What changes is the link between the dual vector and the prediction ®pu: it
becomes the gradient of the fidelity. The main tool is an identity. The duality gap is the sum of
two nonnegative losses, one for the fit and one for the regulariser. The bounds of Lectures 2 and
4 are special cases of this identity.

Throughout, X', H and & are as in Definition 2.2, and the assumption of Proposition 2.1
holds. So ®*h € Cy(X) for every h € H, and (®u, h)yg = (P*h, u)p for all p € M(X) by (2.8).
The letter h now denotes a vector of H that plays the role of a dual variable. It is not the error
® (1 — pu°) of Lecture 4.

5.1 Beyond the quadratic fidelity

The quadratic fidelity is the negative log-likelihood of a Gaussian noise. Other data call for
other fidelities. Take H = R™ and data y € R™.

« Photon counts, y; € N with a Poisson law of mean e(®#")i: F(h) = (el —yihy).

o Outliers: F(h) = 3, ps(hi — y;) with the Huber function ps(t) = t?/2 for |t| < § and
ps(t) = d |t| — 62/2 otherwise.

o Labels y; € {—1,1}: F(h) = Y, log(1 + e~¥"4), the logistic loss.
In each case the estimator minimises F'(®u) + A||pf/Tv.

Definition 5.1 (Generalised BLASSO). Let F': H — R be continuously differentiable, strictly
convex and bounded from below. Let R : M(X) — R U {400} be proper, convex, weak-

lower semi-continuous, with sublevel sets bounded in total variation. For A > 0 the generalised
BLASSO is

fix € argmin J(p),  J(p) = F(®p) + AR(u). (5.1)
HEM(X)
In this course R = || - [|rv. The BLASSO is the case FI(h) = 3 ||h — yllE-

Proper means that R is finite at some measure. We write dom R = {1 ; R(p) < +o0} and
b for a lower bound of F. The total variation satisfies the assumptions on R: it is finite and
convex, it is weak-x lower semi-continuous (first step of the proof of Proposition 2.2), and its
sublevel sets are balls. The quadratic fidelity is 4* with VF(h) = h — y, nonnegative, and
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strictly convex. The Poisson and logistic fidelities satisfy the assumptions on F' (Section 5.5).
The Huber fidelity is not strictly convex (Exercise 5.4).

In general R is bounded from below. Let v € dom R and S % {1 ; R(u) < R(p)}. The set
S lies in a ball of M(X), which is a compact metric space for the weak-+ topology (Theorem 2.2).
Let (pn) be a sequence of S with R(uy,) — infg R. A subsequence converges weak-x to some fi,
and lower semi-continuity gives R(p) < infg R. Since R(j1) > —o0, infg R is finite. Outside S,
R > R(vy). Hence inf R = infg R > —o0, and J > b+ Ainf R. So inf J is finite.

Remark 5.1 (Existence of a solution). Problem (5.1) has a solution. The proof is that of
Proposition 2.2, with two changes. First, if J(u) < ¢, then R(u) < (¢ —b)/A, so the sublevel sets
of J are bounded in total variation. Second, the fidelity term is weak-* lower semi-continuous.
Let g, = pu. By Proposition 2.1, ®u, — ®u weakly in H. The gradient inequality (5.2)
below gives F(®u,) > F(Pu) + (VF(Pu), Pu, — g, and the last term tends to 0. So
F(®u) < liminf,, F(®u,). Strict convexity is not used.

5.2 Fenchel-Young losses

The conjugate of a convex function describes it by its affine minorants. The Fenchel-Young
loss measures how far a primal point and a dual point are from being paired by the gradient. In
machine learning these losses are used as prediction losses [20]. Here they are the two halves of
a duality gap.

Definition 5.2 (Conjugates and Fenchel-Young losses). For h,h' € H, f € Co(X) and p €
M(X),

F*(h) = sup (h, Wy — F(W), Lr('|| h) = F(W) + F*(h) — (h, I)m,

R*(f)= sup (£, i) = R(w),  Lrul f) = R(p) + R*(f) — {f, 1w

Both losses take their values in Ry U {+o00}.

The conjugates never take the value —oo: F*(h) > (h, 0)g — F(0) and R*(f) = (f, vo)m —
R(vp) for vy € dom R. So Ly and Ly are well defined in R U {+0c0}. We have Lp(h' || h) = 400
if and only if F*(h) = +o00, and Lr(u || f) = +o0 if and only if R(u) = +o00 or R*(f) = +oo. For
every I/, the definition of the supremum gives F*(h) > (h, h')y — F(h'), that is Lp(h’ || h) > 0.
This is the Fenchel-Young inequality. The same argument gives Lr > 0.

Subdifferentials are defined as in Proposition 2.3. For ' € H, h € OF (h') means F(u) >
F(W)+ (h, u—h')g for all u € H. For p € M(X), f € OR(p) means f € Cy(X), R(p) < oo and
R(v) > R(n) + (f, v — u)pm for all v € M(X). For F* : H — RU {400}, ' € 9F*(h) means
F*(h) < oo and F*(k) > F*(h) + (I, k — h)y for all k € H.

Lemma 5.1 (Zero loss). Lp(h'||h) =0 if and only if h € OF (k') if and only if k' € OF*(h).
In the same way Lr(p| f) =0 if and only if f € OR(u).

Since F is differentiable, OF(h') = {VF(h')} (see the proof). So Lg(h'||h) = 0 if and only
if h=VF(h'). The map VF is called the mirror map.
Ezample 5.1 (Least squares and total variation). For F(h) = 5 ||h — yl|?, F*(h) = i [R]1*+ (h, y)
and Lp(W |[h) = S ||W —y — h||*>. For R = |- ||y, R* is zero on the unit ball of Cy(X) and +oo
outside, so Lr(u || f) = llullrv — (f, ) when || fll o < 1.
Remark 5.2 (Bregman divergence). If h = VF(h") then Lp(h'||h) = F(') — F(h") —
(VE"), W' — h" ).
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Proof of Lemma 5.1. All scalar products are those of H.

Zero loss and subgradient. Assume Lg(h'||h) = 0. Then F*(h) is finite and equals
(h, b’y — F(h'). By definition of F*, (h, u) — F(u) < (h, h') — F(}') for all u € H, that
is F(u) > F(h') + (h,u — h'): this is h € OF(h'). Conversely, if h € JF(h'), the same
inequality says that b’ attains the supremum that defines F*(h). So F*(h) = (h, b') — F(I)
and Lp(h'||h) = 0.

The subgradient is the gradient. Let u € H and ¢ € (0,1]. Convexity gives F/(h/+t(u—h')) <
(1—t)F(h)+tF(u), so (F(W +t(u—n"))—F(h))/t < F(u)— F(h'). When t — 0 the left-hand
side tends to (VF(h'), u — h'). So

F(u) = F(W)+ (VE), u—n) for all u,h’ € H, (5.2)

that is VEF(h') € OF (h'). Conversely, let h € OF(h') and v € H. For t > 0, F(h' +tv) — F(I') >
t(h, v). Divide by ¢ and let t — 0: (VF(h'), v) = (h, v). With —v in place of v we get equality
for every v, so h = VF(R').

The conjugate. Assume Lp(h'||h) = 0. For k € H, the definition of F* gives F*(k) >
(k, W\—=F(h') = F*(h)+(N, k=h), so h' € OF*(h). Conversely, let h’ € OF*(h) and k = VF(I/).
By the first two points, Lp(h’ || k) = 0, that is F*(k) = (k, h’) — F(h'). The subgradient
inequality at this k reads (k, h') — F(h') > F*(h) + (I, k — h), that is F*(h) < (h, ') — F(}/).
So Lrp(h'||h) <0,and Lp(h'||h) =0.

The regulariser. If R(u) = 400, then Lr(p || f) = 400 and OR(p) is empty. If R(p) < oo,
the first point holds word for word with R, (-, -) o and M(X) in place of F, the scalar product
and H. O

The proof of the equivalence with h' € 9F*(h) uses the differentiability of F, and no
biconjugation theorem. For R, the equivalence Lr(u|| f) =0 < p € OR*(f) also holds, where
OR*(f) is a set of measures. Its proof uses the biconjugation theorem R** = R on M(X’), which
we admit [15]. We do not use it.

Computations of Ezample 5.1. Conjugate. With u = W —y, (h, B') — Sn - yl? = (h, v) +
(h, u) — % ul® = (h, y) + L (|n| 2 lu— h||>. The supremum over u is attained at u = h, so
F*(h) = 5 |b|* + (b, ).

Loss. Expanding, Ly (/|| 1) = § [ = yl> + § [hl2 = (b, & =) = § [0 =y — .

Total variation. The conjugate of the total variation is computed after the proof of Propo-
sition 2.3: R*(f) = 0 if ||f||,, < 1 and +oo otherwise. So Lr(p| f) = |plltv — (f, ) m if
| fllo < 1, and 400 otherwise. O

The example agrees with Lemma 5.1. The quadratic loss vanishes if and only if h =
h' —y = VF(I'), the residual. The total variation loss vanishes if and only if | f[|,, < 1
and (f, pypm = ||p|lrv, that is f € 9|p|lrv by Proposition 2.3. By (2.6), for || f||., < 1,

Lr(pll f) = J(A=1f]) d]ul.

Proof of Remark 5.2. By Lemma 5.1, Lp(h” || h) =0, so F*(h) = (h, h"yg—F(h"). Substituting
in the definition, L (R || h) = E(R')+(h, h"Yu—E(R")—{(h, B} = F(K)—F(K")—(VE(h"), h'—
R ). O

The right-hand side is the Bregman divergence of F' between h’ and h”. Strict convexity
makes the mirror map injective. If VF(u) = VF(v) = h, then u and v both maximise the strictly
concave function (h, )y — F (first point of the proof), so u = v. Hence h” is determined by h.
The loss Lp(h'|| h) is also defined when h is not a gradient, for instance for the dual vectors
h = —Ap of Section 5.4. This is why we work with Lr and not with the Bregman divergence.
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5.3 The duality gap

The dual problem below is the Fenchel-Rockafellar dual of (5.1) (Remark 2.9). We do not
use the Fenchel-Rockafellar theorem. We only use the next identity, whose proof is algebra, and
the weak duality that follows from it. For the BLASSO the dual vector is h = —Ap, where p is
the dual variable of Proposition 2.4.

Theorem 5.1 (Duality gap identity). The dual problem of (5.1) is

sup Ju(h),  Ju(h) = —F*(h) — AR*(—®*h/)). (5.3)

For all ju with R(i) < 0o and all b with F*(h) < co and R*(n) < oo, where n = —®*h /),
J(p) — Ju(h) = Lp(®p || h) + ALr(n | 1) = 0. (5.4)

Corollary 5.1 (Stopping criterion). 0 < J(u) — infJ < Lp(®u | h) + ALg(p||n). If the
right-hand side is at most € at an iterate (ug, hy) of an algorithm, then py is e-optimal.

In the corollary, p € M(X) and h € H are arbitrary, n = —®*h/\, and e-optimal means
J(p) < inf J +e. If (pu, h) is not as in the theorem, the right-hand side is +0o0 and the bound
says nothing. The right-hand side involves p and h only, not the unknown value inf J: it can be
computed.

Proof of Theorem 5.1. All the terms are finite. Indeed F'(®u) € R, R(u) € R by assumption,
and the conjugates F*(h) and R*(n) are finite by assumption and larger than —oo (Section 5.2).
So J(u) and Jyg(h) are real numbers, and

J(p) — Ju(h) = F(@u) + F*(h) + AR(k) + AR*(n).

By (2.8) and the definition of n, (h, Pu)yy = (P*h, u)p = —A(n, p)pm. So we can subtract
(h, ®u)g from the first two terms and add it, in the form —\(n, p) ¢, to the last two:

J(p) — Ju(h) = [F(®p) + F*(h) — (h, ®u)u] + A[R(1) + R*(n) — (1, pym]-

The two brackets are Lp(®u || h) and Lr(p||n). Both are nonnegative by the Fenchel-Young
inequality, and A > 0. O

Proof of Corollary 5.1. Since inf J is finite (Section 5.1), J(u) —inf J > 0 is well defined. If the
right-hand side is 400, there is nothing more to prove. Otherwise R(p) < oo, F*(h) < oo and
R*(n) < 0. Let v € M(X). If R(v) = 400, then J(v) = 400 = Jyg(h). Otherwise Theorem 5.1
applied to (v, h) gives J(v) > Jy(h). This is weak duality: inf J > Jg(h). Hence

0< J(u) —inf J < J(p) = Ju(h) = Lp(®p | k) + ALr(1 || n).
If the right-hand side is at most € at (ug, hx), then J(pug) < inf J + . O

The proof uses weak duality only. Strong duality, inf J = sup Jy, says in addition that the
bound can be made as small as we wish by the choice of h. Remark 5.4 below proves it in our
setting.

Remark 5.3 (The BLASSO gap). Let F(h) = L ||h —y|j3, R=] - |lrv and h = —\p with p € H.
Then n = —®*h/\ = ®*p. By Example 5.1, if ||®*p|| , < 1,

Ja(=xp) = Ao, v)u — 5 Ipl%,  Le(@u| —Ap) =3 ®p—y+ Ml%,

and Lr(p || @*p) = ||pl|rv — (2*p, ). So Ju(—Ap) is the dual function D(p) of Proposition 2.4,
and (5.4) is the identity (2.10). If ||®*p||, > 1, then Jy(—Ap) = —oo: the constraint p € C' of
Proposition 2.4 is the domain of R*. This is the gap used as a stopping test in Section 6.1.
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Definition 5.3 (Source condition for the generalised BLASSO). A function n € Cp(X) is a dual
certificate of y if there is h € H with n = —®*h/\ € OR(u).

For R = | - ||rv and h = —Ap, the condition reads ®*p € 9|u||Tv. So n is a dual certificate
in the sense of Definition 2.5, and for u = u° this is the source condition (SC) of Definition 3.1.
The condition does not involve F': the certificates built in Lecture 3 serve for every fidelity. The
fidelity enters through the second condition of the next theorem, which links A to the prediction
Dpu.

Theorem 5.2 (Certificate and mirror alignment). Let p have a dual certificate n = —®*h/\.
Then 0 < J(p) —inf J < Lp(®pu || h). If in addition h = VF(®pu), then p is a solution of (5.1)
and h is a solution of (5.3). Conversely every solution fi has a certificate with h = VF(®f).

The condition h = VF(®pu) is called mirror alignment. By Lemma 5.1, it is equivalent to
Lp(®p| h) =0 and to ®u € OF*(h).

Proof. Bound. Since n € OR(u), Lemma 5.1 gives Lr(u||n) = 0. Corollary 5.1 gives 0 <
J(p) —inf J < Lp(®u || h).

Mirror alignment. Let h = VF(®u). By Lemma 5.1, Lp(®u || h) =0, so F*(h) < oo, and the
bound gives J(u) = inf J: p is a solution. Also R(u) < oo and R*(n) = (n, pym — R(p) < oo,
so Theorem 5.1 applies to (i, h) and gives J(u) = Jy(h). For every k € H, weak duality (proof
of Corollary 5.1) gives Jy(k) < inf J = J(u) = Ju(h); this is clear if Jy(k) = —co. So his a
solution of (5.3).

Converse. Let 2 be a solution, h L VF(®p) and
J(vp) for vy € domR, R(ji) < oco. Let v € M(X)
convexity of R, R(j + 7(v — ji)) — R(f) < 7(R(v) — ). Since F is differentiable at ®fi,
F(®p+7®(v — p)) — F(®p) = 7(h, ®(v — fi))u + 7e(7) with e(7) — 0 when 7 — 0. The
optimality J(i+ 7(v — 1)) = J(f1) gives, after division by 7,

7= —®*h/\ € Co(X). Since J(fi) <
with R(v) < oo, and 7 € (0,1]. By
R(

0 < (h, ®(v = 2)m + () + A(R(v) — R(R)).

Let 7 — 0 and use (2.8): R(v) > R() — (®*h, v — i) pm/\ = R(f1) + (), v — iy m. This also
holds when R(v) = 4+o00. So /) € OR(j1): it is a certificate of fi, with h = VF(®). O

For the BLASSO, h = ®ji — y = —Apy and /) = ®*p, with py = (y — )/ A: the converse is
item 1 of Proposition 2.4. The theorem splits the first order condition 0 € ®*VF(®f) + AIR(ji)

into a half for the regulariser, the source condition, and a half for the loss, mirror alignment.
def.

Remark 5.4 (Consequences). Let /i be a solution, which exists by Remark 5.1, and h = VF(®p).
(a) Strong duality. By Theorem 5.2, h is a solution of (5.3) and minJ = J(2) = Jg(h) = max Jy.
(b) The dual solution is unique. Let h be a solution of (5.3). Then Jg(h) = J(f) is finite, so
Theorem 5.1 applies at (fi, k), and the right-hand side of (5.4) is a sum of two nonnegative terms
equal to zero. So Lp(®f||h) =0, and h = B by Lemma 5.1. (c) The prediction is unique. Let
fi' be another solution. By (b) applied to i/, VF(®f/) = h = VF(®i). Since VF is injective,
@' = ®fi. This is the only use of the strict convex1ty of F. (d) For R =|| - ||rv, Remark 2.6 (ii)
applied to 7 gives supp(f1) C {z € X' ; |(x)| = 1}. For the BLASSO, (a) to (d) are items 2 to 4
of Proposition 2.4.

5.4 FError bounds

In this section we fix a measure p* with a certificate, in practice the target u°, and we
compare every candidate p with it. The regulariser loss becomes a Bregman divergence, and the
duality gap becomes an error bound.
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Proposition 5.1 (Source condition and Bregman divergence). Let n* = —®*h*/\ € OR(pu*).
For all pi, Lr(p||n*) = R(p) — R(p*) — (0", o — ") m.

Theorem 5.3 (Fenchel-Young error bound). Let n* = —®*h*/\ € OR(u*) with F*(h*) < oo,
and let u satisfy J(pu) < J(pu*). Then

Lp(p |l h*) + AMR(p) — R(1*) — (0", b — p*)m) < Lp(@p* || 7). (5.5)

Proof of Proposition 5.1. By Lemma 5.1, Lr(p* [|n*) = 0. So R(p*) is finite and R*(n*) =
(n*, wHYm — R(w*) is finite. Substituting in the definition of Lp,

Lr(plln®) = B(w) + (0" p)m — R(p") = (0", pha = R(p) = R(w™) = (0", p = ") m-
Both sides are 400 when R(u) = +o0. O

The right-hand side is the Bregman divergence of R between p and p*, for the subgradient
n*. It is nonnegative by the subgradient inequality. For R = || - ||rv, (n*, #*)m = ||*|lTv, so
it equals ||u||Tv — (n*, p) m. This is the quantity D of Proposition 4.1 and Remark 4.1 (b). It
vanishes exactly on the measures that n* certifies, and by (2.6) it is at least [(1 — |n*|)d |y

Proof of Theorem 5.3. By the proof of Proposition 5.1, R(u*) and R*(n*) are finite. So J(u*) <
oo, and J(p) < J(p*) gives R(u) < oo. Theorem 5.1 applies to (i, h*) and to (p*, h*):

J(p) = Ju(h*) = Le(@u | h*) + ALr(pln®),  J(u") = Ju(h®) = Lr(®u® || A7),
where Lr(p* || n*) = 0 by Lemma 5.1. All terms are finite. Subtracting, the dual value cancels:
J(p) = J(u*) = Le(®pu || B*) + ALr(p | n7) = Lr(@p” || h7). (5.6)

The left-hand side is nonpositive. Proposition 5.1 replaces Lr(u || n*) by the Bregman divergence,
and (5.5) follows. O

The identity (5.6) holds for every p with R(u) < co. Both terms on the left of (5.5) are
nonnegative, so each of them is at most Ly (®p* || h*). This is the fit loss of p* against the dual
vector h* of its certificate. It is zero if and only if h* = VF(®u*). Every solution [ satisfies
J(f1) < J(p*), whatever p*. The theorem is also in [21].

Remark 5.5 (Least squares: Proposition 4.1 again). Let F'(h) = % A — y||1251 with y = ®u°® + w,
R=|-|v, g* = 60, n* = @*p € 9][u¥]| vy and h* = —Ap. Let fi be a solution, u X & (4 — )
and D = |gllrv — (0%, g)m. By Example 5.1, Lp(®p| — Ap) = §[lu— (w—Ap)|lf and

Lp(®ul || —Ap) =2 lw— Apll%. So (5.5) reads
Ullu— (= Ap) 2+ AD < S llw - dplE, thatis L lulld +AD < (u, w— Ap),

the first inequality of (4.2). More directly, the two nonnegative terms give ||u — (w — Ap)||yy <
lw = Apllg, so [lullsr < 2w = Apllg < 2p, and AD < § [lw = Mpllf < p?/2, with p = [Jw]|g +
AIpllg- These are the bounds of item 1 of Proposition 4.1.

The choice h* = VF(®u°) would make the right-hand side zero. For least squares it is
h* = —w, and ®*w/\ has no reason to be a certificate of . The theorem separates the two
roles: the certificate is chosen for R, through p, and h* = —\p is in general not mirror aligned.
The price is the fit loss of %, which measures the distance between —Ap and VF(®u). For a
general fidelity it is not a norm of ®(fi — u®). Strong convexity gives such a norm.

A function F' is o-strongly convex, for some o > 0, if

F(u) = F(v)+ (VF@),u—v)g+ §lu—v|f  forall u,v € H (5.7)
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The quadratic fidelity is 1-strongly convex, with equality in (5.7). A strongly convex function
is strictly convex: for u # v, t € (0,1) and z = tu + (1 — t)v, apply (5.7) at z to u and to v,
and add t times the first inequality to 1 — ¢ times the second; the gradient terms cancel and
tF(u) + (1 = t)F(v) = F(2) + $(t|lu— 2|5 + (1 = t)|Jv — 2[5) > F(2). It is bounded from
below: by (5.7) with v = 0 and the Cauchy-Schwarz inequality, F(u) > F(0) — |VF(0)|3 /(20).
So a €' and o-strongly convex F satisfies Definition 5.1.

Proposition 5.2 (Strongly convex fidelity). Let R = || - ||ty and let F' be o-strongly convex.

def.

Let n = ®*p € 9||u°||tv and g = VF(®u®). Every solution ji of (5.1) satisfies

o), < wﬂ and Allley — [ ndn) < Hg*;ipll%

Assume in addition the setting of item 2 of Proposition 4.1: 0 is (€g, €2, Tnear)-non-degenerate
and the near regions X" are pairwise disjoint. Then the localisation bound (4.1) holds with
p?/(2X) replaced by |lg + Apllf /(20X).

The sign is that of Definition 5.3: the certificate ®*p has dual vector h* = —Ap, and
g+ Ap =g — h* is the gap between the mirror image of the target and this dual vector. If it
vanishes, ¥ is mirror aligned with h*, so 10 is a solution (Theorem 5.2), and both bounds are
ZEro.

Proof. All norms and scalar products are those of H. Let u = ®(i — p0) and D <= ||a]lpy —
(n, @) m. By Proposition 2.3, |0, <1 and (n, u®) pm = ||¢°||ITv, so D = 0 by (2.6).
Compare with 10, Since fi is a solution, J(71) < J(u"), that is

F(@a) — F(2u°) + A(llallry — ln°llrv) < 0.

By (5.7) with ®4 and ®u° in place of u and v, F(®4) — F(®u°) = (g, u) + § ).
Use the certificate. By (2.8), |allvv — [|#°]lvv = D+ (n, i = p°)m = D + (p, u). Hence,
with the Cauchy-Schwarz inequality,

S llull® +AD < —(g+ Ap, u) < ||g + Ap|| |lul|. (5-8)

Bounds. Let ¢ = g + Apl||. Since AD > 0, g ul|® < ¢llul], so |Ju]] < 2¢/o (divide by |ul| if
u #0). Then AD < c|luf — § [Jul]* € maxg (ct — §t%) = ¢?/(20), the maximum being attained
at t =c/o.

Localisation. As in the proof of item 2 of Proposition 4.1, the non-degeneracy of n and the
disjointness of the near regions show that D is at least the left-hand side of (4.1). Divide the
bound on AD by A. O

Remark 5.6 (On the proposition). (a) For least squares, 0 = 1 and g = ®u® — y = —w. Then
llg + Apllg = llw — Ap|lg < p, and the proposition gives Proposition 4.1, with the slightly better
quantity ||w — Ap||y in place of p. Inequality (5.8) is then (4.2). (b) As in Remark 4.1 (a),
the proof uses only J(i1) < J(u°). It uses (5.7) for the pair (®f, ®u®) only. If F is strongly
convex on a convex set K C H only, the conclusions hold with the modulus on K as soon as
@, and ®uP lie in K (Exercise 5.3). (c) The vector g plays the role of the noise. For a fidelity
F = Fy + (w, )y with VFy(®p®) = 0, as in Section 5.6, g = w. With |Jw|lz < 6, p # 0 and
A =6/ ||pllg, the bounds read ||®(i — u°)||y < 46/0 and AD < 26%/0, as in Corollary 4.1 with
an extra factor 1/0. (d) The second bound also follows from Theorem 5.3 with h* = —Ap: for a
o-strongly convex F, Lp(®u° || — Ap) < |lg + Apllf; /(20) (Exercise 5.2).
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5.5 Examples

In the three examples H = R™ with the Euclidean scalar product, and the fidelity is a sum
F(h) =321 fi(hi) of functions of one variable. Then F*(h) = >, f7(h;), since the supremum
over ' € R™ separates, and Lp(h'||h) = >; Ly, (h; || hi). We use the convention 0log0 = 0.
The certificate n = ®*p of ¥ is the same for all fidelities. What changes is the dual vector given
by mirror alignment, the loss L, and the vector g = VF(®u°) of Proposition 5.2.

def.

Ezample 5.2 (Poisson counts). Let y € N™ and f;(t) = e — y;t, the negative log-likelihood of a
Poisson count of mean e?, up to a constant. Then VF(h) = (e? — y;); and

fi(w) = (v+wy)log(v+y) — (v+uy)ifv+y >0, 17 (v) = 400 otherwise.

With d(a,b) < alog(a/b) —a+bfor a >0 and b> 0, for h+y > 0,

m

Lp(h k) =3 d(h; + yi,e™),

=1

the generalised Kullback-Leibler divergence between the intensities h; + y; and ehi. Mirror
alignment reads h; + y; = e(®"i: the dual vector is the residual on the scale of the intensities.

Computations. The function f; is €>° with f/ =e' > 0, so F is strictly convex. It is bounded
from below: by 0 if ¢; = 0, and by its value y; — y; logy; at t = logy; otherwise. For v € R, the
function ¢t — vt — fi(t) = (v + y;)t — €’ tends to —oo at +oo. If v+ y; < 0, it tends to +oo at
—00, 80 f¥(v) = +oo. If v +y; = 0, the supremum of —e is 0. If v +y; > 0, it is attained where
el = v+ y;, with value (v + y;) log(v + ;) — (v + v;). For the loss, let r; o+ y; = 0. Then
Ly (R || hi) = ehi — yihl + rilogr; — ri — hih, = r;logr; — rihl — r; + ehi = d(r;, eh;). d

The gradient e — y; is not Lipschitz, and fI" = €' tends to 0 at —oo. So F is not strongly
convex on R™. On the cube {h ; ||k, < M}, f' > e and the Taylor formula along segments
gives (5.7) with 0 = e™™ for u,v in the cube. If the y; are independent with Poisson laws of
means e(*#")i | then g = e’ — y is centred and E HgH2 o e(®1)i | Exercise 5.3 turns this into
a bound.

Ezample 5.3 (Logistic labels). Let y € {—1,1}™, ¢(t) = 1/(1 + ™), ¥(s) = log(1 + ¢°) and
fit) = log(1 +¢7) = (~yif). Then VF(h) = (= yis(~yihi)),, and F*(h) = ¥ILy o* ()
with v; Lt —y;hi, where

def.

P*(v) =vlogv + (1 —v)log(l —v) if v € [0,1], 1™ (v) = 400 otherwise.

With z; < —y;h) and KL(a || ¢) = alog® + (1 —a)log =2 for a € [0,1] and ¢ € (0,1),

m

Lp(h'|[h) = Y _KL(v; || s(=1)),

=1

a sum of Kullback-Leibler divergences between Bernoulli laws. Mirror alignment reads v; =
¢(—yi(Pp);), the probability that the model gives to the label —

Computations. We have ¢/ = ¢ and ¢" = ¢(1 —¢) € (0, %], an even function. So F is €°°,
nonnegative and strictly convex, with VF(h); = —y;c(—y;h;) and V2F(h) = diag(s'(h;)).

Conjugate of ¢. For v < 0, vs — 1(s) — 400 when s — —oco. For v > 1, vs — ¢(s) >
(v—1)s — log2 for s > 0, which tends to +o0o. For v = 0 the supremum of —1 is 0, and for
v = 1 the supremum of s — ¢ (s) = —log(1 + e~*) is 0. For v € (0, 1) the supremum is attained
where ¢(s) = v, that is s = log %, and its value is vlog - + log(1 — v) = ¥*(v). Since y? = 1,
ut = (—yu)(—yt), so fF(u) = P*(—yu), and h;h] = v;z;.
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(L(;ss. So Ly, (h; || hi) = ¥(zi) + ¥*(v;) — viz;. Since logs(z) = z — ¢(2) and log(1 —¢(2)) =
—¢ Z)s
KL(v | s(2)) = ¢"(v) = v(z = 9(2)) + (1 = v)¢(2) = ¥(2) + ¢"(v) — vz [

The gradient of F is ;-Lipschitz. Since ¢(s) decreases with |s|, F' is ¢/(M)-strongly
convex on the cube {h; |||, < M}, and not on R™. The range of VF is the open cube
{h; —yih; € (0,1)}, while dom F* is the closed cube.

Remark 5.7 (The naive certificate vanishes). Mirror alignment at the target gives the candidate
—®*VF(®u®)/\. In general it is not a certificate of u°. Two cases make it vanish. (a) Least
squares without noise: VF(®u’) = ®u® —yo = 0. (b) Logistic regression in mean. Let the labels
be independent with P(y; = 1) = ¢; = ¢((®u°);). Since log(1 + e~¥*) = () — 1,-1t, the mean
fidelity is F(h) = EF(h) = Y; (¥(hi) — gihi), and VE(h); = (hi) — ¢i. So VE(®u®) = 0. In
both cases the candidate is n = 0, and (0, u%) o = 0 < ||p°|| v when u® # 0, so 0 ¢ 0||u°||Tv.
This is the noiseless mirror alignment VFy(®u’) = 0 of Section 5.6. The certificate must be
chosen for R, as ®*p with h* = —Ap. For least squares, the rescaled dual solutions p(yo) converge
to po (Proposition 4.2). For a general fidelity, [22] describes the certificate 7§ of Theorem 5.4
as the limit of —®*hy/\ along the noiseless path. For the empirical fidelity, F = F + (w, -)
with w; = ¢; — 1,21, so g = VF(®u®) = w is centred, with |w;| < 1: this is the form of
Remark 5.6 (c).
def.

Ezample 5.4 (Kullback-Leibler with a linear link). Let y € (0,00)™ and f;(t) = t — y; logt +
yilogy; — y; for t > 0, fi(t) = 4oco for t < 0. Then F(h) = KL(y| k) is the generalised
Kullback-Leibler divergence, VF(h) = (1 — y;/hi); and V2F(h) = diag(y;/h?) for h > 0, and
f(v) = —y;log(1 —v) for v < 1, +oo for v > 1. For h < 1 and A’ > 0,

hz‘ def.
r(h || h) = Z%@ﬁs( )), Pis(t) = t—1—logt > 0.

Mirror alignment reads 1 — h; = y;/(®u);: the dual vector is a ratio residual.

Computations. Forv > 1, vt— f;(t) > y; logt—y; log y;+y; for t > 0, so the supremum is +oo. For

v < 1, the concave function t — (v — 1)t + y; log ¢t is maximal on (0,00) at t = y;/(1 —v), and the
def.

supremum is —y; +y; log £+ —y;log yi +y; = —yilog(1 —v). For the loss, with t = hj(1—h;) /y;,
Ly, (h; | hi) = I} — yilog hi + yilog yi — yi — yilog(1 — hy) — hih = yit — yi — y; logt. O

This fidelity is finite only on the open orthant, so it is outside Definition 5.1. The proofs of
Theorems 5.1 and 5.3 are algebra, and they hold unchanged when F(®p) and F(®u*) are finite.
Existence and strong duality need a qualification condition, a measure vy € dom R with &1y > 0
coordinatewise [15]. The curvature y;/h? tends to 0 when h; — 0o. So F is strongly convex on
(0, M]™, with o = min; y;/M?, and not on the orthant.

5.6 Support stability for the generalised BLASSO

Theorem 4.2 says that, at low noise, the BLASSO recovers exactly s spikes. The same holds
for the generalised BLASSO. The noise now enters through the fidelity: we consider a family
(Fw)wem, where Fj is the fidelity without noise. For least squares, Fy,(h) = % Hh —opd — wHIQHI.
For the logistic model of Remark 5.7, F, = F' + (w, -)m. The low-noise regime D,, ), is that
of (2.1). In this section R = | - ||y, X =T or X is a closed subset of R, and T, is the operator
of Section 3.2.

Theorem 5.4 (Support stability and rate). Let u® = >i=1aj6z; with a; # 0 and pairwise
distinct xj in the interior of X, and let (Fy)wem be a family of fidelities. Assume:
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1. Fy is €3, coercive on H, op-strongly convex on a neighbourhood of ®u for some or > 0,
and VFo(®pu®) = 0. The map (w, h) v VE,(h) is €% on a neighbourhood of (0, ®u°), and
s0 is (w, k) — V% (k) on a neighbourhood of (0,0). There are neighbourhoods U of ®u°
andV of 0 in H and L > 0 such that, for every w in a neighbourhood of 0,

sup IVEw(h) = VEy(h)|lg < Lwlly  and sup IVEG (k) = VEG(B) |l < L flwllg;

2. T+ g is €3 and Ty, is injective;

def.

3. with Hy = V2Fy(®u®), the certificate n§ = ®*pfy, where p§ is the unique minimiser of
(p, Hy'p)m among the p € H with ®*p € 9||u°||pv, ewists, |ni(x)| < 1 forx & {a1,..., 24},
and sign(a;) (n5)"(x;) < 0 for all j.

Then there are o, Ao, ¢ > 0 such that, for 0 < A < Ao and |w|ly < o, the generalised BLASSO
with fidelity F\, has a unique solution. It has s spikes G;0z; with sign(a;) = sign(a;) and

S S
> lag —ajl+ > 125 — x5 < e (A + [lwllg).
j=1 j=1

The conditions on the family (F,,) in assumption 1 are a regularity condition taken from
[22]. The condition VFy(®u’) = 0 is the noiseless mirror alignment: ®u° minimises Fy. The
same preprint also states that (A, w) — (a,%) extends to a > map on the closure of D, »,,
with value (a,zo) at (0,0). The point pj is the certificate of minimal norm for the norm

||pHH51 = (p, lrlro_lpﬁﬂ/2 (Remark 5.9).
Remark 5.8 (The mechanism and the quadratic case). (a) Let 3°; bj5x;_ be a solution with

sign(b) = o < sign(a) and pairwise distinct points 2, in the interior of . By Theorem 5.2,
n L —P*VE,(Byb)/) lies in 9 >, bjéx;_ |Tv. So n(z}) = 0, and the argument of Remark 3.3

gives 1'(z}) = 0. By (3.4) these conditions read E(b, 2, \, w) = 0 with
E(b,z' A\, w) = T%VFy(Ppb) + A (5’ ) .

For Fy,(h) = 1 |h—yo —w||Z, VFy(®pb) = ®pb — yo — w, and E is the map of Step 3 of
Theorem 4.2. Since VFy(®u’) = 0, the terms where I'%, is differentiated vanish at (a,zo, 0,0),
as in Lecture 4, and the chain rule gives

OE
(b, x)

N _ Id, 0
(a,x0,0,0) = Iy, Ho (@9:07(1’;0 dlag(a)) = F::OHOFm ( 0 diag(a)) .

Since Hy = orld, (2, I'; Hol'zy2) > oF T2zl for z € R?®, which is positive for z # 0 by
injectivity. With a; # 0, the Jacobian is invertible, and the implicit function theorem gives a
branch of candidate solutions. The kernel K is replaced by the reweighted kernel (v, How )m,
and assumption 3 is (NDSC) for this kernel. As in Step 2 of the proof of Theorem 4.2, the two
conditions on 7 in assumption 3 exclude spurious spikes. (b) For F,,(h) = 3 ||h — ®u° — w||112HI,
Fy is €, coercive and 1-strongly convex, VFy(®u’) = 0, VF,(h) — VFy(h) = —w and, by
Example 5.1, VF* (k) = k + ®u° 4+ w. So assumption 1 holds with L = 1 and &/ = V = H. Here
Hy =1d, so p§ = po and n§ = no (Lemma 3.1), and assumption 3 is (NDSC) of Definition 3.3.
The theorem gives the first conclusions of Theorem 4.2, without the convolution structure, on
X =Tor X CR, for x + ¢, of class €3. (c) For the Gaussian mixture of Example 2.2, X = R
has no boundary. If 2 +— ¢, is €2 (one adapts the computation of Example 2.2; we admit it),
I'z, is injective and (NDSC) holds, then (b) applies with w = w,,. This is the use made in
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Remark 4.9. (d) The population logistic fidelity on L2 is not covered: it is neither coercive nor
strongly convex on any ball of L2, and the domain of its conjugate has empty interior. A version
of the theorem on bounded sets of predictions is given in [22].

As in Lecture 3, assumption 3 can be tested on a pre-certificate with a closed form.
Remark 5.9 (The weighted pre-certificate). Let Hy be a bounded self-adjoint operator on H
with (Hov, v)g > o ||[v||7 for all v, let T = T, be injective, and u = (sign(a), 05). (a) Hp is
invertible, HHO_ !
If (SC) holds, pj exists and is unique. (b) The vector pi = Hol'(T*Hol')~tu is the unique
minimiser of (p, Ho_lp)H among the p with I™p = u. (c) If H@*p{/IHOO < 1, then plf = p§. For

< 1/op, and (p, Hy 'q)m is a scalar product whose norm is equivalent to [|-||y;-

Hy = Id these are Lemma 3.1, Proposition 3.2 and one direction of Proposition 3.3.

Proof. All norms and scalar products are those of H. (a) For v € H, o ||v]|*> < (Hov, v) <
|Hov|| [|v||, so [[Hov|| = oF ||v||. Hence Hy is injective and its range is closed. The orthogonal

of the range is the kernel of Hy = Hy, which is {0}. So Hy is onto, and HH61H < 1/op. With
v =Hy'p, (p, Hy'p) = (Hov,v) > op|lol|* > or p|* /| Holl*, and (p, Hy'p) < [Ipl|* /o
So the norms are equivalent. The set P {p; ®*p e d||p’|Tv} is closed and convex, and
nonempty under (SC). The minimal norm step of the proof of Lemma 3.1, for this scalar
product, gives a unique element of minimal norm. (b) For ¢ € R2, (¢, T*HoI'¢) > o ||T¢|?,
so I*Hol is invertible. Let ¢y = (I*Hol')~'u and ¢ = p‘l}[ = Hol'cg. Then I'q = u. Let p
with I*p = w and d = p — ¢. Then I'*d = 0 and (d, H0_1q> = (d, T'cp) = (I'*d, ¢p) = 0. Hence
(p, Hy'p) = (g, Hy'q) + (d, Hy'd), and the last term is positive if d # 0 by (a). (c) Since
[*pi = u, (3.4) gives (®*pi)(z;) = sign(a;). With H<I>*p{}'”oo < 1, Proposition 2.3 gives pif € P.
Every p € P satisfies ["*p = u by Remark 3.3, since the x; are interior points. So p{/l minimises
the weighted norm on a set that contains P, and it lies in P. Hence it is the minimiser on P. [

Exercises

Exercise 5.1 (One atom). Let X be compact, H = R, and ¢ € C(X) with ¢(z¢) = 1 for some
20 € X and |p(z)] < 1 for = # 9. Let ®u 2 [@du, R=| - ||y, and let F : R — R be as in
Definition 5.1.

1. Show that ®*h = he and that the assumption of Proposition 2.1 holds. Show that 0 is a
solution of (5.1) if and only if |F'(0)] < .

2. Assume F’(0) < —\. Show that F” is strictly increasing and that lims_, o F'(t) > 0.
Deduce that there is a unique  with F'(f) = —\, and that £ > 0.

3. Compute / and 7] for fi = t0.,, and show with Theorem 5.2 that /i is a solution.
4. Show that { is the unique solution. Hint: Remark 5.4 and Remark 2.6.

5. Logistic loss with one label y = 1, F(h) = log(1+e~"): show that 0 is a solution if and only
if A > 1/2, and compute  for A < 1/2. Poisson loss with a count y € N, F(h) = " — yh:
when is 0 a solution? Compute  when y > 1+ \.

Exercise 5.2 (Strong convexity and the conjugate). Let F be ¢! and satisfy (5.7) with o > 0.

1. Let v,h € Hand ¢ X VF(v). Show that (h, u) — F(u) < (h, v) — F(v) + (h— g, u — v) —
g llu — v||? for all u. Deduce that F*(h) < oo and Lp(v | k) < ||h — g||* /(20).

2. Let n = ®*p € 9||u°||rv and h* = —Ap. With Theorem 5.3, recover the second bound of
Proposition 5.2.

o7



3. Let u,v € H. With Remark 5.2, show that Lg(u| VF(v)) > & |ju—v|>.

4. Assume that —Ap = VF(v*) for some v* € H. Deduce from Theorem 5.3 a bound on
| @i — v*|| for every solution fi. For least squares, what is v*, and what bound do you get?

5. For F(h) = L ||h —y||%, show that the inequalities of questions 1 and 3 are equalities.

Exercise 5.3 (Poisson counts). Let F' be as in Example 5.2, R = | - ||rv, p° € M(X),
n=®pc |||y, g = VF(@u°), B sup, |l¢z|ly, and let i be a solution of (5.1).

1. Show that F' is not o-strongly convex on R™ for any o > 0.

2. Let K C R™ be convex with (VZF(u)v, v) > o|jv||* for all u € K and v € R™. Show
that (5.7) holds for u,v € K. Deduce that the two bounds of Proposition 5.2 hold if ®°
and ® lie in K.

3. Let Lo = F(®u°) — inf F. Show that Lo = 3, d(y;, e(q)"o)i) with d as in Example 5.2, and
that Lo = Lp(®u°]/0). Show that ||allrv < [|ul||rv + Lo/

def.

4. Let M = B(||u°|ltv + Lo/)). Show that ||®u||, < Bllp|Tv for every u. Deduce that
12(a = 1)l < 2™ l|g + Mplly and A(Al ey — [ndR) < eMlg +Apl3 /2.
5. Assume that the y; are independent with Poisson laws of means e(@1%)i, Compute Eg and

E|lg|l5. How does M behave when A — 0? Why does this call for a local result such as
Theorem 5.47

Exercise 5.4 (Huber fidelity). Let 6 > 0, ps be the Huber function of Section 5.1, H = R™ and
F(h) =32, ps(hi — yi)-
1. Show that ps is ¢! and convex, with pj(t) = max(—d, min(8,¢)), and that it is not strictly

convex. Which assumption of Definition 5.1 fails?

2. Show that p}(u) = u?/2 for |u| < § and +oo otherwise. Deduce F*(h) = 3 [h]1 + (h, y)
on {h; |||l <0}, and 400 outside.

3. Show that Lr(h' || h) = 3 ||h' —y — h||* when ||h' — y||, < J and ||h, < 4.

4. Show that Lemma 5.1 and Theorems 5.1, 5.2 and 5.3 hold for this F'. Which statement of
Remark 5.4 uses strict convexity?

N

5. Let /i be a solution and h = VF(®fi). Show that |h;

how much can one outlier move the certificate —®*h JA?

=0 when |[(®f); — yi| = J. Interpret:

Exercise 5.5 (A computable stopping test). Let F' be as in Definition 5.1 and R = || - ||py. For

def. def. def.

p € M(X)let u, = VF(®pu), ¢, = min (1, A/ [|[®%u,|| ), with ¢, = 1if Oruy, = 0, by = cuuy
and 7, = —®*h,/\.
1. Show that F™* is convex, that F*(0) = —inf F' is finite and that F*(u,) = (uu, Pu)m —
F(®u). Deduce that F*(h,) < co.

def.

2. Let A(p) = Lp(®ul|lhy) + A||ulltv — [nudp). Show that A(w) is finite and that
J(p) —minJ < A(p).

3. Show that A(j1) = 0 for every solution ji.

4. For F = 1| —yH]%I, show that h, = —Ap,/max(1,|®*p,| ) with p, = (y — ®u)/A
Compare with Remark 6.1.

5. Let fi be a solution and (ux) a sequence with ®py — @4 in H and ||pg|rv — ||| Tv. Show
that ¢,, — 1 and that A(p) — 0. Hint: F*(cu) < cF™*(u) 4+ (1 — ¢)F*(0) for ¢ € [0,1].
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Chapter 6

Algorithms for the BLASSO

This chapter is a reading guide for the projects. For each method it gives the principle, the
iteration in pseudo-code, the convergence statement with its hypotheses, and the source. The
convergence results are admitted. The only proof is that of the stopping test, which takes a few
lines from Lectures 2 and 5. Throughout, the setting is that of Definition 2.2, X is compact,
and the assumption of Proposition 2.1 holds. So ®*p is a continuous function on X for every
p € H, and |®*p| attains its maximum.

Each method computes the certificate of its iterate: it says where to put mass, and the duality
gap of Lecture 5 says when to stop. For a measure u, let p, = (y — Pup)/A and 1, ot ®*p,. By
item 1 of Proposition 2.4 and Proposition 2.3, p solves (Px(y)) if and only if |,[| < 1 and
(M, k) m = ||p]|Tv. For a discrete measure, the second condition says that 7, equals the sign of
& on its support. On non-negative measures the first variation of the objective is J, = A(1 — n,)
(Exercise 6.3): mass is missing where J!, < 0, that is where 7, > 1.

The methods differ in the way they find this missing mass. The global search is the
maximisation of |n,| over all of X'; on a net, its cost grows exponentially with the dimension d

of X.

Method Measures Global search ~ Guarantee Section
Frank-Wolfe signed every step O(1/k) on the objective 6.2
Sliding Frank-Wolfe signed every step exact after finitely many steps 6.2
CPGD non-negative none linear rate, spread start 6.3
FastPart non-negative none no statement here 6.4
FS&P non-negative none rate in expectation, sparse start 6.5

6.1 The duality gap as a stopping test

None of the methods knows the optimal value. The duality gap bounds the excess objective
by a number that depends on the iterate and on a dual vector only. The dual vector must be
feasible, and feasibility is a bound on ®*p over all of X.

Let £(p) < 3 |1®p— yllZ + Al|plltv and £* = min L.

Definition 6.1 (BLASSO duality gap). For p € M(X) and p € H with ||®*p|| < 1,

Al p) < L) — Mp, v)u — 2 [pl%) = 3 1@ —y + MollE + A(|lullvy — (@*p, whaq). (6.1)

The function £ is the objective of Proposition 2.2, so the minimum exists. The term in
brackets is the dual function D(p) of Proposition 2.4. The second equality is the identity (2.10),
which holds for every p € H. By Remark 5.3, the two terms on the right are the two Fenchel-Young
losses Lp(®u || — Ap) and ALg(u || ©*p).

Corollary 6.1 (Stopping criterion). Let an algorithm produce p € M(X) and py € H with
|®*pill o < 1. Then L(ur) — LY < Ak, pr). The test Ak, pi) < € certifies e-optimality.

29



Proof. Norms and scalar products are those of H. Let p € H with ||®*p[| < 1, and let
v € M(X). By (2.10), L(v) — D(p) = 5 [|[®v —y+ Mp|* + A(|v[lrv — (2*p, v)m). By (2.5),
(®*p, v)m < ||v]|Tv, so both terms are nonnegative and £(v) > D(p). This holds for every v,
so L* > D(p). With p = p,

0 < L(pk) — L7 < L(pk) — D(pr) = Ak, Pr)-
If A(pg,pr) < e, then L(ug) < L* +e. O

The proof uses weak duality only. Strong duality says more: the gap vanishes exactly
at optimal pairs. If A(u,p) = 0, then L(u) = D(p) < L* < L(p), so p is a solution and p
maximises D on C, hence p = py by item 3 of Proposition 2.4. Conversely, the same item gives
A(fi, px) = 0 for every solution fi. The gap bounds the objective, not the error on the measure.
Error bounds follow all the same. The identity (5.6) holds for every p with R(p) < oo. So, if
J(pu) < J(p*) + e, it gives the bound (5.5) of Theorem 5.3 with € added to the right-hand side.
The test of Corollary 6.1 gives this with p* = u°, since £* < L(uP).

Remark 6.1 (Choice of dual variable). Take pp “= Py, / max (1, [[®*py, || ), the sup norm being
bounded by its maximum on a fine net of X’ plus the covering radius times a Lipschitz constant
of ®*p,, . The global search over X is thus needed at stopping time.

The bound on the sup norm reads as follows. Let N;, C X be a finite net with covering
radius h: every € X has a point z € Nj, with ||z — z|| < h. If  — ¢, is L,-Lipschitz, then
|®*p(x) — ®*p(2)| < Ly ||z — 2| ||p||g by the Cauchy-Schwarz inequality, so

‘ def.

127l < max |®*p(z)| + Lok ||plly = s(p).
zENp,

Dividing p,, by max(1,s(p,,)) keeps py feasible. A maximum on the net alone can be smaller
than the supremum, and then Corollary 6.1 does not apply. The net has of order =% points.

Two facts tell what the test can do. First, with the exact sup norm, the gap tends to
zero along every sequence with ®u; — @4 and ||pklltv — ||al|tv (Exercise 5.5, questions
4 and 5). This holds as soon as L(ug) — L£*: by (2.9), ®ur — Pf, and then A||pglrv =
L(pk) — 5 || Pk — ylZ — AlallTv. So the test fires after finitely many steps, for every & > 0.

Second, with the bound s, the gap does not vanish at a solution. Let s = s(px) > 1. Since

pp = P and (PP, ) m = ||l v,
~ A ~ 2 20~ 112
A, pa/s) = A1 = D) [|allry + 5 (1= 2)7 Il

and 1 —1/s <s—1< Lyh|[pr|lg. The net must be fine enough for this floor to be below e.

Remark 6.2 (Gap on non-negative measures). Let £ = inf L(x) £, so that £ > L. Let
v e My(X) and g € H with only ®*¢ < 1 on X. Then the right-hand side of (6.1) at (v, q)
is at least L(v) — £%. Indeed, for v/ € M (X), ||[V|tv = V' (X), so ||V|1tv — (P*q, V)M =
J¢(1 —®*q)dv’ > 0. The proof of Corollary 6.1, run over v/ € M (X), gives L% > D(q), and
L(v) — L% < L(v) — D(q), which is the right-hand side of (6.1) by (2.10). No dual problem
on M (X) is needed. This allows the one-sided normalisation g, = p,, / max(1, maxy ®*p,, ),
with the same net bound without absolute value. The sup norm normalisation of Remark 6.1
is also valid on M (X), since L% > L*, but it compares v, with the signed problem: its gap
can stay away from zero at the minimiser on M, (&X'), while the one-sided gap vanishes there
(Exercise 6.2).

The test, in pseudo-code, for a measure p given by its spikes (a;, ;)i<nN:
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Duality gap test.
Input: spikes (a;, z;)i<n, data y, penalty A, net Nj, of radius h, constant L, tolerance
e > 0.

1. Residual: r <y — 3, ajpy, and p < r/A.

2. Upper bound: M <« max.cn, [(©z, p)u| + Loh||p|ly. For a measure in M (&),
one may drop the absolute value.

3. Feasible point: p < p/ max(1, M).
4. Gap: A 5 [|Ap = rlliy + A% (Jas| = ailpa,, p)u).

5. If A < g, return “e-optimal”.

Line 4 is (6.1), with & —y = —r and (2.7). Lines 1 and 4 cost O(N) evaluations of the
features; line 2 costs O(h™9).

6.2 Frank-Wolfe and sliding Frank-Wolfe

Frank-Wolfe adds one spike where the optimality test fails most. In optimisation terms it
is the conditional gradient method. The gradient of the data fit at py is @*(Pux — y) = — .
On the ball Br of Theorem 6.1, the linear form g — —A(ng, p)r has minimum —AR |9l
by (2.5), attained at the signed Dirac R sign(nx(z*))dz+, where x* maximises |n|. So the linear
oracle is the maximisation of |ng|.

Definition 6.2 (Frank-Wolfe iteration). Starting from po = 0, iterate:

1. Form the dual variable py = %(y — ®puy) and the certificate n o

2. Locate the worst constraint violator, by a global search over X, 2* < argmax [nk ()]
reX

3. If |np(2*)] < 1, stop. Otherwise add a Dirac ppe1 = i + 0 sign(n(z*)) 0z« for an
optimally chosen 5 > 0.

Let ¢ = sign(ng (z*)). If | (2*)] > 1, then @g+ # 0. When ¢ g ({2*}) > 0, the optimal step is
Or = M|k (2*)] = 1)/ || @2+ |5 In all cases each step decreases £ by at least M (el oo — 1)/ (2B?),
with B = sup, ||¢.|lg (Exercise 6.1).

Step 3 tests only the first optimality condition, |||, < 1. When it fires, py, is feasible, the
first term of (6.1) vanishes, and A(ug, pr) = A(||pxllrv — (M, p)m). Since py = Py for every
solution f[i, ug is a solution if and only if this number is zero. In the plain iteration the old
amplitudes are never optimised again, so the test of step 3 alone is not an optimality test; the
gap decides, at no extra cost. In the fully corrective form, step 3 is followed by a LASSO on
the finite set Sgy1 = supp(pg) U {z*}: pg41 minimises £ among the measures supported in
Sk+1. Item 1 of Proposition 2.4 and Proposition 2.3, applied with the finite set Sy in place of
X, give np11(x) = sign(ug+1({x})) at every atom x of pgiq. So, in this form, when the test of
step 3 fires, the iterate is a solution.

Theorem 6.1 (Vanilla FW convergence). The Frank- Wolfe iteration, run in its fully corrective
def.

form on the ball Br = {u; ||plltv < R}, produces measures uy such that L(p;) — L* <
SLR?/(k +2), where L = || ®||3,_p and R = L(0)/X = |lyll5; /(2)).

Three remarks help to read the constants. First, L = B?: ||®pu|y < Bllu/|Tv (Section 2.5),
with equality at a Dirac mass where ||p.|ly = B. Second, the radius comes from the iter-
ates. The objective decreases from g = 0, so A||lug|rv < L) < L£(0) = %||y||]%I Every
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solution fi satisfies A||fi][Tv < £(0) too, so the minimum of £ on Br is £*. Third, the it-
eration is the conditional gradient method for (u,t) — 3 ||®p — y||]%I + At on the convex set
{(,t) 5 |lpellrv <t < R}. Its extreme points are (0,0) and (£R0,, R), where the linearised ob-
jective takes the values 0 and AR(1Fnx(x)). So the oracle is step 2. The curvature constant is at
most sup,, e, [[P(1 — 1|5 < B2(2R)? = 4LR?, and Jaggi’s rate 2C/(k + 2) with C' = 4LR?
is the bound of the theorem. The fully corrective iterate is at least as good as the convex
combination step of that analysis.

The rate is slow in practice: the method adds new spikes near the true ones instead of moving
the old ones. The sliding step corrects this. It moves the spikes and refits their amplitudes, with
the number of spikes and their signs fixed.

Definition 6.3 (Sliding Frank-Wolfe iteration). After step 3 of Definition 6.2, run a non-convex
local solver on

Nk 2 Nk
: 1
i, 35w o S
(ai,i); =1 i—1

seeded at the post-insertion measure (the current support together with the spike just added in
step 3, so N counts it), until convergence. Replace p41 by the resulting discrete measure.

With the signs frozen, |a;| = sign(a;)a; near the seed, and the objective is a smooth function
of (a,z) € RV x XNt when x — ¢, is smooth. Gradient or quasi-Newton steps apply. A spike
whose amplitude reaches zero is removed.

Sliding Frank-Wolfe.
Input: data y, penalty A, tolerance € > 0.
Set ug < 0. For k=0,1,2,...

1. Certificate: py < (y — Pug)/A and ny < P*py.

2. Global search: z* < argmax |ng(z)| (a net, then a local refinement).
TEX

3. Test: if |ng(x*)| < 1, return py.
4. Insertion: ppyq/9 < pg + OkSdy+, with 0 as in Exercise 6.1.

5. Sliding: run the local solver of Definition 6.3 from the spikes of i3, /2; remove the
spikes of zero amplitude; call the result pigy1.

6. Optional: run the duality gap test on pgy1 and stop if A <e.

Without step 5 this is vanilla Frank-Wolfe. Replacing step 5 by a refit of the amplitudes
with the positions fixed gives the fully corrective form of Theorem 6.1.

Theorem 6.2 (Finite-time convergence of SFW). Let X be compact and ¢ € €*(X,H).
Let i = 3754 a0z, be the unique solution of the BLASSO at A > 0, with dual certificate

m = %@*(y — ®f1). Assume that ny is non-degenerate:
Im(z)| <1 VaeX\{Z1,...,8s}, V2na(#;) invertible, j=1,...,s. (6.2)

Then SFW recovers fi after finitely many outer iterations: there is k* € N with ui« = i, and the
stopping test of Definition 6.2 then fires.

The mechanism of the proof has four parts. The iterates converge weak-x to . The
certificates 1 then converge to 7, in €?(X). Non-degeneracy then leaves, for k large, exactly
one spike near each Z; and none elsewhere. At that point 7, certifies ux, so py, is the solution.
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Remark 6.3 (Hypotheses left implicit). (a) The proof uses that each Z; is an interior extremum
of my, so that the invertible Hessian is definite. Read the theorem with X = T¢, or with the Z;
in the interior of X C R%. (b) Uniqueness of /i is a hypothesis; it does not follow from (6.2). (c)
Each sliding problem is solved exactly. Its output is then a critical point, so nx(x;) = sign(a;)
and Vng(z;) = 0 at every spike z; of g, which the proof uses. With an inexact sliding solve,
the theorem does not apply: use Corollary 6.1. (d) The first step of the proof applies the
rate of Theorem 6.1 to SFW. The rate needs each SF'W iterate to be at least as good as the
convex combination step of that analysis. The fully corrective iterate is. A local solver seeded
at the post-insertion measure only guarantees L(jx41) < L(ft5+1/2), and fig41/2 keeps the old
amplitudes. The LASSO refit of the amplitudes before sliding, as in the algorithm of [23], gives
the required inequality. (e) No bound on k* is known. The frequent claim of s outer iterations
is an observation.

To stop SFW: when step 3 fires, py is feasible and A(pg, pi) = A||pellTv — (M k) M) costs
nothing more, since step 2 has computed ||7 || .-

6.3 Conic particle gradient descent

Frank-Wolfe needs a global search at every step. Particle methods remove it. They start from
many particles, and the first variation moves them and changes their masses. In the particles
the problem is non-convex. On measures, the dynamics is a gradient flow of a convex objective
for the Wasserstein-Fisher-Rao metric: the Wasserstein part transports mass, the Fisher-Rao
part creates and destroys it [24].

Let © be a d-dimensional Riemannian manifold, compact and without boundary, such as T¢.
We minimise over v € M (0)

Judéf'F/ 0)dv(0)) + Av(©), T inf 6.3
()= F( ] #(0)du(0)) +21(O) ot (6.3)
with F' > 0 convex, ¢ and F' twice Fréchet differentiable with locally Lipschitz second derivatives,
and VF bounded on sublevel sets; the BLASSO is F(f) = % | f — y||12HI. The first variation is
J(0) = (p(0), VF([ ¢dv))m+ A. The continuous-time limit of CPGD is the Wasserstein-Fisher-
Rao flow

Oy = —dan J, + Bdiv (46VJ),), a, 3> 0. (6.4)

Here R is the regulariser of Lecture 5, and the data fit is F'. For the BLASSO, VF(f) = f—y
and J, = \(1 —n,). Since F > 0, v(0) < J(v)/\. The first term of (6.4) removes mass where
J}, > 0 and adds mass where J), < 0, at places where v; already has mass. The second term
transports mass along —V.J),. A solution of (6.4) is understood in the weak sense; the existence
of a solution is not asserted here, and the statements below hold for every solution. On a
domain with boundary, such as a box of R?, the results below need in addition that the support
of the minimiser lies in the interior. Signed measures enter through the doubled dictionary

{p(0)} U {—-p(0)} [24, App. A].

Definition 6.4 (Conic Particle Gradient Descent). Given step sizes «, § > 0, initial particles

©0) pO)ym

(r; i, and a cone-compatible retraction Ret, iterate

(r 00D = Ret o o (= 20r(0 7, (00), =59, (61)). (6.5)

(k+1)

i

(k) ,—2a}, (60"))

where vy, = % Zj(r§k))25 ot With the mirror retraction, r =7, : mMass grows

where 7, > 1 and decays where 7,, < 1.
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A retraction maps a point and a tangent step to a new point; it is the manifold version
of x 4+ v. The mirror retraction is Ret, g)(d7r, 66) = (re9r/7 Retg(66)), with a retraction Ret
of ©. On T¢, take Retg(60) = 0 + 60 modulo Z?. The masses (r;)2/m are then multiplied by
6_40“]{’k(6i), a multiplicative weights step. It never creates mass where there is none. This is why
the global result below asks for a spread initialisation.

CPGD on T?, mirror retraction, BLASSO data fit.
Input: data y, penalty A, steps a, 8 > 0, number of particles m, period ngap.

1. Initialise: #; ~ uniform on T (independent), r; ¢~ rq > 0, fori =1,...,m.

2. For k=0,1,2,...:

(a) v+ L >, 7”]259]. and residual u < ®v — y.

(b) For each i: g; < (p(6;), u)ym + X and G; < (V(0;), u)m.

(¢) For each i: r; + 7;e72%% and 6; + 6; — fG; modulo Z¢.
)

d) Every ng,, iterations, run the duality gap test (one-sided form) on v.
gap

Line (b) computes J), and its gradient at the particles. One iteration costs O(m) evaluations
of ¢ and V¢, plus the residual.

Assumption 6.1 (Non-degeneracy of v*). v* = Zi";*l r?égz is the unique global minimiser of J,
and, with f* = [ odv*:

(nd1) V2F(f*) is positive definite;

def.

(nd2) the matrix K with entries K(; j) @ ) = (riVp(07), ri/@jzap(ef,))vzp(f*), where Vi =
(2¢, V), satisfies omin(K) > 0;

(nd3) H; et V2J..(07) satisfies opmin(H;) > 0 for all 4

(nd4) J). vanishes only at the 67, and every other local minimum 6 of J). satisfies J},.(0) > v

for some v* > 0.

For the BLASSO, (nd1) holds and H; = —AV?7,+(0}); we read (nd2) to (nd4) as full rank of
I';, and the NDSC (Theorem 4.2) at the working .

The scalar product in (nd2) is (u, v)y2p(f+) < (u, VZF(f*)v)m, and j runs over the mass

coordinate and the d position coordinates, so K has size m*(1 + d). The weights 7? of v* are
not divided by m. On © = T, (nd2) is the injectivity of the operator I' of Section 3.2 at the
points 67, and (nd3) with (nd4) say that 7,~ < 1 outside the spikes and 7/, < 0 at the spikes:
the one-sided form of (6.2) for the certificate of v*. The bound 7,~ > —1 is not required on
non-negative measures.

*

def.

Theorem 6.3 (Sharpness / PL inequality). Let ||g,,||%2(y) = o (a2 +8(VILS ). Under
Assumption 6.1, there are Jy > J* and cpr, > 0 such that, for every v € M, (©) with J(v) < Jo
and every o, > 0, %Hg,,H%g(V) > cppmin(a, B)(J(v) — J*). cpi and (Jo — J*)~* depend
polynomially on the problem characteristics.

The quantity || ngig (v) 1s the squared norm of the gradient of J for the cone metric. The
theorem is a Polyak-Lojasiewicz inequality: near v*, the gradient controls the excess objective
without convexity in the particles. The problem characteristics are A, the smoothness of ¢ and
F, the ratio max; 7;/ min; r;, the inverses of owmin(V2F(f*)), omin(K) and omin(H;), and 1/v*.
Since Assumption 6.1 is stated with unit weights, Jy and cpy, do not depend on («, 3).

A descent lemma [24] gives, for every level Jpax = J*, a threshold 7ax > 0 such that, if
J (1) € Jmax and max(«, §) < Tmax, the iterates (6.5) are defined for all & and J(vg11)—J(vg) <
— 2 119, H%Q(uk)‘ The lemma gives no value of Tyax.
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Corollary 6.2 (Exponential local convergence). Let Jy, cpr, be as in Theorem 6.3 and Tymax =
Tmax(Jo) the step-size threshold of the descent lemma at Jyax = Jo. Under Assumption 6.1,
if J(no) < Jo, every solution of (6.4) satisfies J(v;) — J* < (J(vp) — J*)e 2eprmin(@B)t for g
a,B >0, and, if max(a, 8) < Tmax, the iterates of (6.5) satisfy J(vi) — J* < (J(vp) — J*)(1 —
cpr, min(a, B))F.

Both dynamics decrease J, so they stay in the sublevel set where the PL inequality holds.
Along the flow, $J(1) = — ||g,,t||%2(w), and Gronwall’s lemma gives the first bound. For the
iterates, the descent lemma and the PL inequality give J(vg41)—J* < (1—cpp, min(«, 8))(J (vg)—
J*). If J(vp) > J*, this forces 1 — cpr, min(c, ) > 0.

The local result needs a start in the sublevel set {v; J(v) < Jo}, which is not known in
practice. The global result replaces it by a start close to a reference measure v, with full support,
and a small ratio §/«, so that the Fisher-Rao part dominates. The lower star marks this
smooth reference, the upper star the minimiser v*. Let Woo(p, v) L inf, m-esssup dist(0,6"),

the infimum being over the couplings 7 of p and v; it is the co-Wasserstein distance.

Theorem 6.4 (Global convergence of WFR gradient flow). Under Assumption 6.1, let v, €
M (O) have a smooth positive density with logv, Lipschitz. There are constants, polynomial in
the problem characteristics, such that if W (v, vx) < ew and B/« is small enough, then J(vy) —
J* < (Jo— J*)e2epumin(@B)(t=to) fort >ty = 1/\/af. For CPGD: if Weo (o, 1) < (Jo—J*)/C,
a < (Jo—J)HE2)C, B < (Jo—J*)a?/C", for a fived € € (0,1/2] and constants C, C" increasing
in 1/e, then J(vg) — J* < (J(vg) — J*)(1 — cpp min(a, B))50 for k > ko = C(Jy — J*)~ 3+,

Remark 6.4 (Reading the global theorem). (a) The flow has two phases. Before ¢y, an entropic
mirror descent estimate brings v into the sublevel set {v ; J(v) < Jp}; then the PL inequality
takes over. (b) Couplings of vy and v, exist only if 19(0) = v,(©). This equality is implicit in
(0)

the statement. In practice, draw the 6, ' independently with law v, /v, (©), for instance uniform

on T? and set (7'1(0))2 = 14(0). The condition Wus (19, v4) < cw then asks for m of order c;[,d
particles, up to logarithmic factors [25]. This number grows exponentially with d. It is the price
of dropping the global search. (¢) The constants ¢y, C, C" and the condition on 3/« are not
explicit. (d) The bound for CPGD is written with J(vp) — J*. The contraction starts at step
ko, where J(vg,) < Jo; the factor J(vp) — J* uses in addition J(vg,) < J(vp), the decrease of J

along the first kg iterates.

To stop CPGD, use the residual p,, normalised as in Remark 6.1, or by the one-sided
normalisation of Remark 6.2, which bounds J(v;) — J* with J* = £7.

6.4 FastPart: stochastic particle descent

CPGD evaluates J,, and V.J!, exactly at each particle. When the scalar product of H is an
integral, as in H = L?(A) for the Gaussian mixture of Example 2.2, one replaces these values by
unbiased mini-batch estimates, for instance by sampling frequencies w ~ A (random features).
This section gives the setting and the stochastic update that FastPart and Fast Spawn and
Prune share.

Here X C R? is compact and convex, K (s,t) = (¢, ©;)m, the BLASSO is posed on M, (X),
and J)(t) = (¢, Pv — y)m + A [26]. The kernel K is the kernel K of Definition 2.2; in this
section and the next one, the letter K never denotes the matrix of (nd2). We write J for the
restriction of £ to M4 (X). By [26], v € M4 (X) minimises J if and only if J;, > 0 on X and
J}, =0 on supp(v).

Assumption 6.2 (Kernel and observation regularity). There are Ky, Cp > 0 such that
19llg < Cp and

1 max(([K [ VoK o [V2E]|) < Cr and [V2VEK ]|, < C3:

oo’”
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2. K(s,t) 2 Kmin > 0 and K(t,t) =1 for all s,t € X.

Since K(t,t) = 1 < [|K]|,, the assumption forces Cp > 1. The lower bound holds for
the Gaussian kernel of Example 2.2 restricted to a compact X: K(s,t) = e=(s=1)?/(6%) >
e~diam(X)?/(60%) Tt fajls for Example 2.1: with uniform weights the kernel is a multiple of the
Dirichlet kernel and takes negative values; with the Jackson weights it vanishes at u =1/ (% +1).
There the domain T is not a convex subset of R? either. It also fails for signed measures: on the
doubled dictionary the kernel between the two copies is —K. SFW and CPGD need no sign
condition on the kernel.

Assumption 6.3 (Stochastic unbiased gradients). There is a random variable Z with I’,(t, Z) =
J'(t) 4+ &,(t, Z) and D, (t, Z) = VJ,(t) + C(t, Z), where &,,(, have zero mean, and constants
H,G, M > 0 such that almost surely |, |V [[¢,[| < M and J(t,Z) = G||lv|rv — H + . Also,
t— J(t, Z) is £-Lipschitz almost surely.

Remark 6.5 (On the stochastic assumption). (a) The lower bound comes from the positivity of
the kernel. For v € M4 (X) and t € X, since ||¢t|g =1, J,,(t) = [ K(t, s)dv(s)—{(ot, y)m+A >
Kninl[v|ltv — |lyllg + A With noise of amplitude at most M, the bound holds with G = Kyin
and H = |ly||y+ M. So M is chosen first, then H. (b) The constants are uniform in v, which is
too strong on all of M (X): the Lipschitz constant of J}, is only bounded by /Cp(Cp + ||| TVv)
[26]. The analysis uses the assumption along the iterates, which stay in {v ; ||v|Tv < C1v} by
Proposition 6.1. Read the assumption on this set. (¢) The bounds are assumed almost surely.

Definition 6.5 (Stochastic Push-Forward update). Let 0y = ?’;1 wfét;?, and let jl’,\k and Dy, be
J
the averages of Jgk (,Z) and Dy, (-, Z) over my, independent copies of Z. Set D+ et gk:l wf+ O, xt
with N ’
T (+k —~ 2
W T =k e T < argmin {(u, Dy(th) + & |u— e[ }-
ueX

The position step projects tg? —BDy, (tf) onto X'; a step costs O(prmy). With exact J' and V.J',
this update decreases J under (6.6) below while |||y < Cry [26]. FastPart (arXiv:2312.05993)
iterates this update on a fixed number of particles, from a spread initialisation, with no birth
and no death.

The projection claim follows by completing the square: (u, v) + % lu—t]? =
% |u— (t—Bv)||* + ¢, where ¢ does not depend on u, and X is closed and convex.
The weight step is the mirror step of CPGD written on the masses: CPGD multiplies the

mass r2/m by e~4/ ', FastPart multiplies w by e=®/". So the letter o does not have the same
meaning in the two sections.

FastPart (stochastic weight and push-forward).

Input: steps «, 8 > 0, batch sizes (my), initial particles (w?, t?) j<p spread over X, with
w? > 0.

For £k =0,1,2,...:

1. Draw my, independent copies Z1, ..., Zy,, of Z.
2. For each j: g; <+ mik Yo jg\k(tf,Zg) and G mik oo l/),;\k(t?, Zy).

k+1

3. For each j: wi™" « w}“e*agf and t?“ +— pron(té? — BG).

4. From time to time, run the duality gap test (one-sided form) with the exact residual.

As for CPGD, no mass appears away from the initial particles and their trajectories.

To stop FastPart, use the exact residual pp, , not its estimate, normalised as in Remark 6.1
or Remark 6.2. The estimate J’ has noise of amplitude up to M, and a normalisation by an
estimated maximum does not guarantee feasibility.

66



6.5 Fast Spawn and Prune

The weight step never puts mass where there is none, so the stochastic update can stall
at a measure whose first variation is negative away from its support. Fast Spawn and Prune
(FS&P) adds two random moves to each iteration. A birth samples one point uniformly on
X and puts a small mass there if the estimated first variation is nonpositive, up to the noise
level. A death samples one particle and removes it if its weight is small and its estimated first
variation is nonnegative. In optimisation terms, FS&P is a stochastic Frank-Wolfe method: the
birth replaces the global search by one uniform sample, the death plays the role of a drop step,
and the update of Definition 6.5 plays the role of sliding.

Definition 6.6 (FS&P iteration). Fix «, 8 > 0, batch sizes my, weights e > 0, a > 0, and let

def.

Cq = M+/2a. From vy:

1. apply Definition 6.5, which gives 7+, and let J’ be the mini-batch estimate of ng;
2. death: sample Vj41 uniformly on supp(#,+); remove the particle at Vi1 if J’ (Vk+1) =0
and its weight is at most v/2ey;

3. birth: sample Uy uniformly on X; add &0y, ., , if j’(UkH) < cg/1og(my) /my.

The threshold ¢, +/log(my)/my is a noise margin. At a point drawn independently of the mini-
batch, the average of mj independent centred terms bounded by M exceeds cqv/log(myg)/my
in absolute value with probability at most 2exp ( — mgc2log(my)/(2mpM?)) = 2m;®, by
Hoeffding’s inequality. So a point where J], < 0 passes the birth test with probability at least
1 —2m,; . Births also occur where Jj, is slightly positive. If 7+ = 0, for instance at the start
Dy = 0, the death step is skipped. One step needs the O(pymy) evaluations of Definition 6.5 and
two more mini-batch evaluations, at Vi41 and Ug4.

Fast Spawn and Prune.

Input: steps «, 3, horizon T, batch sizes (my), birth masses (g), a > 0, an initial
measure ¥y with few particles (possibly none).

For k=0,1,...,7T —1:

1. Push-forward: compute 7+ by lines 1 to 3 of FastPart.

2. Fresh estimate: let J’ be a mini-batch average of size my, for ng.

3. Death: draw a particle V' of 0+ uniformly. If J’ (V) = 0 and its weight is at most
V2 e, remove it.

4. Birth: draw U uniformly on X. If J'(U) < cq+/log(my)/my, add the particle e,07.

5. Call the result 71;. From time to time, run the duality gap test (one-sided form).

Output: the iterate with the smallest gap.

Proposition 6.1 (TV-norm boundedness). Let RS eH /G + /3]G + 1. If sup e < o <
(149R) 7! and a( H—\) 4 < 1/10, then almost surely, for all k > 0, ||| tv < RV||Po]|rv = Crv.

The mechanism is a balance. When ||0g||Tv > R, the lower bound of Assumption 6.3 makes
the estimated first variation positive on all of X, so the weight step shrinks every mass. The
position step keeps the total mass, a death removes mass, and a birth adds at most ¢, < a.
Below, p* is a minimiser of J on M (X). It exists: the sublevel sets of £ are weak-* compact
(Proposition 2.2) and M (X) is weak-* closed.
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Theorem 6.5 (Global convergence of FS&P). Assume Assumptions 6.2 and 6.3, the step-size
conditions

1 < 1
(1 + Crv +Cp + )\)(1 V CT\/)7 = QCP(CP + 30’["\/)61/57

a<ig (6.6)
the four empirical birth and death hypotheses of [26, §4.1], and the hypotheses of Proposition 6.1.
Take o < /8log8/M, B < a~ ¥4 T2 g =T-Y2 my, =T and a > d/(2(2 + d)). Then for
every horizon T > 1/0?, pr = minicper J(0) — J(u*) satisfies
) 179/ (log T)?\ 1/(2(2+d))

E[pr] < Ca / (711 ) )
Remark 6.6 (Reading the theorem). (a) The first of the four empirical hypotheses is a stochastic
descent inequality for the update of Definition 6.5; the other three are conditions on the birth
and death steps, with J/ replaced by its estimate. (b) The schedule fixes g, = T—'/2 for the
whole run, and T > 1/a? gives &5, < «, as Proposition 6.1 requires. The constant C' depends on
the problem constants, not on 7". (c) The bound concerns the best iterate in expectation, not the
last iterate. The gap test with the exact residual identifies a good iterate, at the cost of a global
search on a net. (d) No non-degeneracy and no spread start are assumed, unlike Theorem 6.4:
the start can be sparse, for instance 79 = 0. The price is the exponent 1/(2(2 + d)). If J/, has a
negative minimum —ov and is £-Lipschitz, the set {J], < 0} contains the intersection of X with
a ball of radius v/£; a uniform birth must hit this set, whose volume is of order (v/£)?. (e)
Reaching E[p7] < € with this bound takes 1" of order e=22*9) up to logarithms and constants.
For d = 2 and € = 1073, the sample complexity bound is of order 10*® evaluations. The bound
is a worst case.

To stop FS&P, use the exact residual py, , with ®*py, = 1— Jli,k /A, normalised as in Remark 6.1
or Remark 6.2. The global search that FS&P avoids comes back each time the gap is evaluated.

Exercises

def.

Exercise 6.1 (The Frank-Wolfe step). Let B = sup, |||z > 0. Let p € M(X), r = y — oy,
n < &*r/X and x € X with |n(z)| > 1. Let ¢ < sign(n(x)) and, for 6 > 0,

F0) = L(u+0s6:),  g(0) = 5 r — Oz + Al mv + 6).

1. Show that f < g on [0,00), with f(0) = g(0), and that f = g if cu({z}) > 0.

 def.

2. Show that o, # 0 and that g is minimal at 6 = \(|n(z)] — 1)/ |||z, with g(0) — g(f) =
N ()] = 12/(2 o).

3. Show that f is convex and has a minimiser 6* > 0 on [0, c0). Deduce that the iteration of
Definition 6.2 with 6, = 0* satisfies £(pps1) < L£(ux) — N (|Inkllo — 1)%/(2B?) as long as
it does not stop, and that . (||mk/l., — 1)* < B? Hy||]%l/)\2

4. Let s = ||n||,, > 1. With question 3 and Corollary 6.1, show that

A2(s—1)2

S <L) = £ < Anr/(As)).

5. One spike. Let X =T, K(z,2') = k(z — 2’) with £ continuous, £(0) = 1 and |s(u)| < 1
for w # 0. Let y = apy, with |a] > A. Run Definition 6.2 from pp = 0. Show that
x* = x9, that p; = (a — Asign(a))d,,, and that the iteration stops at k = 1. Compare with
Exercise 2.5.
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Exercise 6.2 (Duality gap on the cone). Let H = R, ¢, = 1 for all z € X, y = —1 and
0<A<1. So®u=pu(X)and ®*p is the constant function p.

1.

Show that £* = A — A\2/2 and that £* = %, attained at v = 0 only.

2. At v =0, compute p,. Show that the sup norm normalisation of Remark 6.1 gives p = —1

and A(0,—1) = 2(1 — A)? > 0. Is the bound £(0) — £* < A(0, —1) tight?

. Show that the one-sided normalisation of Remark 6.2 gives ¢ = —1/\, and that the

right-hand side of (6.1) at (0,—1/A) is 0. Which conclusion does this give on v = 07?

. General case. Let v* minimise £ on M4 (X). By [26], J,. = A(1 — ®*p,+) > 0 on X and

J.« = 0 on supp(v*). Show that the one-sided normalisation leaves p,~ unchanged, and
that the right-hand side of (6.1) at (v*,py,+) is 0.

Exercise 6.3 (Non-degeneracy of the particle problem). Let © = T, F(f) = 1| f -yl

2

0 — o(6) of class €2, and v* = Y7, r?égi* a minimiser of J on M (T) with ; > 0 and distinct

de

07. Let n* .

1.

Let v, v+0 € M (T). Show that J(v+0)—J(v) = (J}, o) pm+3 |®o |3 with J, = A(1—7,).
Deduce that J),. > 0 on T and J,.(6F) = 0 for all i. Hint: take 0 = 7y and o = —TT?(S@;,
7€ (0,1].

. Let I' L 'y« be the operator of Section 3.2 at the points 0r. Show that K = AI"T'A with

A< diag(2ri, ..., 2rmx, 1, ..., "m*), after a permutation of rows and columns. Deduce
that (nd2) holds if and only if T is injective.

. With question 1, show that (nd3) holds if and only if (n*)"(6F) < 0 for all i.

. Assume (nd3) and n*() < 1 for 6 ¢ {07}. Show that there is p > 0 such that J. is strictly

convex on each interval (87 — p, 87 + p). Deduce (nd4).

. Conclude that, for the BLASSO on T, (nd2) to (nd4) hold if and only if T is injective,

n* < 1 outside {0} and (n*)"(0}) < 0 for all i. Compare with (6.2): which condition of
the signed problem is not needed?
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Appendix A

Support stability without the implicit
function theorem

The proof of Theorem 4.2 in Lecture 4 admits the implicit function theorem (Step 3) and
uses it for uniqueness and for the rates. This appendix proves uniqueness, the number of spikes,
the signs and the rates with the tools of Lectures 2 to 4 only. Proposition A.1 is Step 2 of that
proof, with all details. Proposition A.2 tests a solution against the minimal norm certificate g
and against the secondary certificates of Remark 3.4 (c). It gives explicit rates. It does not give
the regularity of the path.

The setting is that of Section 4.3: X = T, H = L*(T) real, ®u = ¢ * u with ¢ € €(T),
20 = ®ul, 1% = 3% | a;6,, satisfies (NDSC) and T, is injective. We write o; = sign(a;), as in

def.

the proof of Theorem 4.2, and M}, =
index are those of H, and |u — v| is the distance on T. Near a point, we see a function on T as a
1-periodic function on R, as in Remark 3.3.

By (NDSC), (SC) holds. So py and 19 = ®*pg are defined (Lemma 3.1), and 1o € 0||u°||rv
since pg € P. As in Section 4.3, Remark 2.4 gives 79 € ¢*(T). By Remark 3.3, no(z;) = o;
and nj(x;) = 0. For (\,w) € Dq.x, We write p = px(yo + w) and 7y = &*p, as in Theorem 4.1.
Since p € C, [|7x]l,o < 1. Let

o) H , for & < 2. All norms and scalar products without
L

= g min g ()]

By (NDSC), oing (z;) = — [nf(x:)| < —2k < 0 for all 4.

Lemma A.1 (Choice of ). There is ¢ € (0,3) with 2c < |z; — x;| for all i # j such that, with

I < (x; — e,z +¢€),
omy < —k and oo = % on I; 1=1,...,s. (A.1)
Every smaller positive number has the same properties. For such an €:
(a) the intervals I; are pairwise disjoint;
(b) 1—|no(zi +t)] = 52 for all i and |t] < e;
(¢) ro = 1 —max{|no(z)| ; 2 € T\U; i} >0, with ro = 1 if T\ U; I; is empty.
These are the conditions on ¢ in Step 2 of the proof of Theorem 4.2.

Proof. Existence. The functions 7y and 7 are continuous, o;no(x;) = 1 and oyng (z;) < —2k.
So (A.1) holds on a neighbourhood of each z;, hence for all small e. The two other conditions
also hold for € small. All of them are kept when ¢ decreases.
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(a) This follows from 2¢ < |z; — ;| for i # j. Since £ < 1, each x € I; reads x = z; + ¢ with
a unique t € (—¢,¢), and |z — x;| = |t].

(b) Let ¢ L gymo and |t| < e. Then ¢ (x;) = 1 and ¢/(z;) = 0. The Taylor formula with
integral remainder and (A.1) give

1

¢(:L‘¢+t)=1+t2/0 (1—0) ¢ (z; + 0t)df < 1 — 5,

Since 9 > % on I, |no| = % there, and (b) follows.

def.

(c) The set K = T\ |, I; is closed in T, hence compact, and it does not contain the z;. By
(NDSC), |no| <1 on K. If K is not empty, the continuous function |ng| attains its maximum on
K, and this maximum is less than 1. ]

Proposition A.1 (Structure of the solutions). Let € and I; be as in Lemma A.1. There are
a,\g > 0 such that, for all (A\,w) € Dg,»,, with Z = {x eT; |nn(z)] =1}

1. Z has at most one point in each I; and no point outside |, I;;

2. every solution of Px(yo + w) is of the form = >"7_ a;0z, with &; € I; N Z when a; # 0,
and then sign(a;) = oy, Mx\(&;) = o; and 7)\(&;) = 0.

If /i has no mass in I;, we set a; <0 and T; = x;, as in Step 2 of the proof of Theorem 4.2.
So z; € I; for all 7.

Proof. Choice of o and A\g. Let 7 = min(ro,%,n) > 0. Since no(x1) = o1 # 0, np # 0
and ¢ # 0, so M ot max(My, Ma) > 0. As in Step 1 of the proof of Theorem 4.2, let

b(Mo) 2 supgsex, II5a(10) — poll- By Proposition 4.2, (yo) — po strongly, so b(Ao) — 0 when

def.

Ao — 0. Let o = 7/(4M) and choose \g > 0 with b(\g) < 7/(4M).

Uniform closeness. Let (A, w) € Dq 5,. Then ||px(yo) — poll < b(Ao) and |Jw|| /A < a. By
Theorem 4.1, for k € {0,2},
_(k T

’m ) - U(()k)HOO < Mi(b(Xo) + @) < 5 (A-2)

Item 1, far from the spikes. Let x ¢ U; I;. By Lemma A.1 (c) and (A.2), |[7x(z)] < 1-ro+%3 <
1. Sox ¢ Z.
Item 1, near the spikes. Fix ¢ and let f ot oifix, a l-periodic €2 function on R. On the
interval (z; —e,z; +¢) of R, (A.1) and (A.2) give f > 1 — 1 >0and f < —k+ % <0. Assume
de

that u < v in this interval lie in Z. Since f > 0, f(u) = f(v) = 1. Let m = (u + v)/2 and
d= (v —u)/2 > 0. The Taylor formula with integral remainder gives

f(m=£d) = f(m)=£ f'(m)d+ d> /01(1 —0)f"(m £0d)do < f(m) =+ f'(m)d,

since the integrand is continuous and negative on [0,1). Adding the two relations gives 2 =
f(u) + f(v) <2f(m), so |fia(m)| > 1. This contradicts ||7x]|, < 1. So Z has at most one point
in IZ

Item 2, form of the solutions. Let i be a solution of Py(yo + w). By Proposition 2.4, item 2,
(yo +w — ®f1) /A = P, so the function 7, of item 4 is 77y, and item 4 gives supp(f1) C Z. By item
1, Z is finite, and Remark 2.6 (i) gives ft = >, c, fi({2})d.. If ZN1; = {z} and f({z}) # 0, let
#; = zand a; = f({z}); otherwise 2 has no mass in I;, and we use the convention above. Since
Z C Uz I;, ﬂ = ZZ &25@

Ttem 2, signs. Let E ot {i; a; #0}. Then i = > ;cp Gidz,, and these points are pairwise
distinct, since the I; are disjoint. By Proposition 2.4, item 1, 7, € 9||/i|]|Tv, and the last sentence
of Proposition 2.3 gives 7)(Z;) = sign(a;) for i € E. Since o7y > 0 on I, sign(a;) = o;. Last,
iy is €2 (Remark 2.4), ||7]|, < 1 and 7jx(#;) = £1, so Remark 3.3 gives 7}, (2;) = 0. O
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The curvature of 7y at the spikes gives at most one point of Z in each I;. The margin rg
gives no point elsewhere. The first derivative of 7, is not controlled, and the injectivity of I, is
not used. The proposition does not exclude a; = 0, nor two different solutions. The amplitudes
below settle both points. Smaller values of o and A\g keep the conclusions, since D, ), only
shrinks.

Proposition A.2 (Rates and uniqueness). Let €, a and Ao be as in Proposition A.1. After
reducing Ao, there is ¢ > 0 such that, for all (A\,w) € Dy »,, the solution of Px(yo +w) is unique
and has exactly s spikes, L = > i 4;0z, with &; € I; and sign(a;) = o4, and

2c A

|ai|

la; —a;l <cA  and

| A

&y — ] <

With XA = ||w||y /o and 0 < ||w||g < aXo, both errors are O(||w]|y)-

Proof. Secondary certlﬁcates Let I’ dif 'z, and let (eq,...,eas) be the canonical basis of R?*.

By Remark 3.4 (c), u; = qei and v; = qes+i satisfy T™u; = e; and I™v; = eg4. By (3.4), the
functions & = ®*u; and ¢; = d*v; satisfy, for all 4, j,

&i(zj) = dij, &i(zy) =0, Gi(zj) =0, Gi(xj) = dij.

By (4.4), ||l < M2 |lus| and [|¢]'|| o, < M2 ||vs|. These are the functions of Exercise 3.4. We
use the Taylor formula with Lagrange remainder: for g € %2(’]1‘), z €T and |t| < 3,

9+ 1) — g(x) — g'(@) 1| < 5 l9" ] (A.3)

Injectivity near xo. The map ®,, is injective (Remark 3.4 (d)). The function b — || Pz, b| is
continuous and positive on the compact set {b € R®; ||b]|,, = 1}, so its minimum @ is positive,
and [|[®@4,b| = 0])b]|, for all b € R®. Let z = (21,...,25) € T and b € R®. Since |, — @yl <
M; |u — v| (Section 4.3),

1@:0] > [@agbll = > Ibil ez — prll > (6 — sMymax |z — ail ) [[Bll
)

So @, is injective as soon as sM; max; |z; — z;| < 6.
Constants. Let

def.

B atlpl, Q™ maxmax (il o), Q20+

M;f). (A.4)

These numbers do not depend on Ag, and ¢ > 0. Reduce Ay so that
chy < %min la;] and 2sMjchg < @ min |a;].
1 K3

Proposition A.1 still holds. Fix (A\,w) € Da,, and a solution i = }7;a;dz,, written as in
Proposition A.1. By Lemma A.1 (a), £; = ; + t; with a unique ¢; € (—¢,¢), and ¢; = 0 when
a; = 0.
Basic inequality. Apply Proposition 4.1, item 1, with p = pg. Here p = ||w| + X ||po|| < B\
So ﬁQ
A
PO _ N
[0 - <28% and ey = [moan < 5 < 5
By (2.6), the left-hand side of the second bound is at least [(1 — |no|) d|f|. By (2.7), applied to
the nonzero terms of fi, and Lemma A.1 (b),

(A.5)

/(1 —Inol)dlal =" lajl (1 — |no(z; +t5)]) = 52 ;] 3.
=

j=1
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With (A.5), ,
S R IB )\
> lajlty <=, (A.6)
j=1

Amplitudes. Fix i. By (A.3), &(x; +tj) = & + Ry with Ry < $Mo ||| t3. By (2.7),
ffl duo = Zj ajfi(:pj) = Qaq, and

S S
/& d(a— %) = Y ai(e; +t) —ai = ai —ai + ) a;Ryj.
= j=1

By (2.8), the left-hand side is (u;, ®(ft — u°)), of absolute value at most 28 ||u;|| by (A.5).
With (A.6),

M 32
2K

S
a5 — ail < 28X uil| + 3 Mo [lus|| Y 10516 < il (28 +
j=1

)AgcA.

Number of spikes and signs. For all i, |a;| > |a;| — cAo > % |a;| > 0. So each I; carries one
spike of i, fi has exactly s spikes, and sign(a;) = o; by Proposition A.1.

Positions. Fix i. By (A.3), ¢i(z; +1t;) = 04t; + R}, with ’R;j < 3 Mo ||vg| t?, and [ ¢;dp® = 0.
So

(vi, ®(p — p°)) = /Ci d(p — p%) = aiti + )y a; Ry,
j=1

and the computation of the amplitudes, with v; in place of w;, gives |a;| |t;| < c¢A. Since
|&z| > % \ai|, |£i’z — 1'Z| = |t2| < 26)\/ |CLZ‘

Uniqueness. By item 2 of Proposition A.1 and the step above, every solution has exactly one
spike in each I;, at a point of Z. By item 1 of the same proposition, Z has at most one point
in I;. So Z ={%1,...,%s}, and all solutions have the same positions Z et (Z1,...,2%s). By the
bound on the positions, sM; max; |#; — z;| < 2sMicAg/ min; |a;| < 6, so ®; is injective. Write
two solutions as »; ;0z, and >, a;0z,. By Proposition 2.4, item 2, they have the same image by
®, that is ®;(a — a) = 0. Hence @ = a. This is the argument of Remark 2.8 (d).

Rates in the noise. If 0 < ||w|| < @l and A = [Jw|| /o, then 0 < A < A¢ and ||w|| = @), so
(A, w) € Dqy »,, and cA = (c/a) ||w]|. O

The proof never solves the optimality conditions. It uses them to locate the support, in
Proposition A.1, and, for uniqueness, through the fact that all solutions have the same image by
®. The amplitudes and the positions come from the basic inequality of Proposition 4.1, tested
against 19, & and ;. The curvature of 1y enters twice: in the structure, and in the quadratic
bound (A.6), which makes the Taylor remainders of order .

Remark A.1 (Comparison with Theorem 4.2). (a) Hypotheses. They are those of Theorem 4.2
with k = 2: ¢ € €%(T), 'y, injective and (NDSC). No ¢ assumption and no rate for the dual
bias are used. As in Theorem 4.2, A > 0 on D, ), (Remark 4.7 (d)).

(b) What is proved. All the conclusions of Theorem 4.2 except the regularity of the path: on
D, », the solution is unique, it has exactly s spikes, one in each I;, with sign(a;) = sign(a;), and
the errors are O(||w||y) when A = ||w||y /. The spikes are labelled by the intervals I;.

(c) What is more precise. The bounds |a; — a;| < cA and |2; — x;| < 2¢)\/ |a;| hold on all of
Dy »,- The order is the same as in Theorem 4.2: its proof gives L(A+|lw|ly) < L(14+a)A on Dy, z,,
and Exercise 4.3 gives a case with |ay — a| = (1+a)A. The constant c in (A.4) is explicit, and so
is a = min(rg, 3, k) /(4 max (Mo, M>)), of the same type as the value of o admitted in Lecture 4

under ¢ € €3(T). With G = I} Ty and g = Ty G le, lgell? = (G te, GG le) = (G le, e).
So ||u;||* and |jv;]|? are diagonal entries of G, and Q2 < HG*1||OP, the quantity that enters the
constants of the rates admitted in Lecture 4. The factor 1/ |a;| of the positions is also there. No
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neighbourhoods V' and W appear, so the order of the choices of Remark 4.7 (c) disappears:
first, then « and Ay, and )\ is reduced once at the end.

(d) What is weaker. The map (A, w) ~ (&, #) is not shown to be €*~1 for p € €*(T), nor
even continuous, and it is not extended to a neighbourhood of (0,0). This regularity gives the
rate of the dual bias admitted in Remark 4.6 (b). The number )y is not explicit: it depends on
b(\o), for which these notes prove no rate. Under o € €3(T), with this rate for the dual bias, Ao
can be made explicit; we admit this.

(e) Where the assumptions enter. The curvature o;n)(z;) < 0 gives at most one spike in
each I; and the quadratic bound (A.6). The margin off the spikes gives no spike elsewhere. The
injectivity of I';, gives the secondary certificates §; and (;, and the injectivity of ®; used for
uniqueness.

74



Bibliography

Gaspard Riche de Prony. “Essai expérimental et analytique sur les lois de la dilatabilité
des fluides élastiques et sur celles de la force expansive de la vapeur de ’eau et de la vapeur
de l'alkool, a différentes températures”. In: Journal de I’Ecole Polytechnique 1.2 (1795),
pp. 24-76.

Ankur Moitra. “Super-resolution, Extremal Functions and the Condition Number of
Vandermonde Matrices”. In: Proceedings of the Forty-Seventh Annual ACM Symposium
on Theory of Computing (STOC). 2015, pp. 821-830. DOI: 10.1145/2746539.2746561.

Scott Shaobing Chen, David L. Donoho, and Michael A. Saunders. “Atomic decompo-
sition by basis pursuit”. In: SIAM Review 43.1 (2001), pp. 129-159. por: 10. 1137/
S003614450037906X.

Robert Tibshirani. “Regression Shrinkage and Selection via the Lasso”. In: Journal of
the Royal Statistical Society: Series B (Methodological) 58.1 (1996), pp. 267-288. DOTI:
10.1111/7.2517-6161.1996.tb02080. x.

Emmanuel J. Candeés and Terence Tao. “Decoding by linear programming”. In: IEEE
Transactions on Information Theory 51.12 (2005), pp. 4203-4215. pO1: 10.1109/TIT.2005.
858979.

Emmanuel J. Candes, Justin K. Romberg, and Terence Tao. “Robust uncertainty principles:
Exact signal reconstruction from highly incomplete frequency information”. In: IEEE
Transactions on Information Theory 52.2 (2006), pp. 489-509. DOI: 10.1109/TIT.2005.
862083.

David L. Donoho. “Compressed Sensing”. In: IEEE Transactions on Information Theory
52.4 (2006), pp. 1289-1306. DOI: 10.1109/TIT.2006.871582.

Vincent Duval and Gabriel Peyré. “Sparse regularization on thin grids I: the Lasso”. In:
Inverse Problems 33.5 (2017), p. 055008. poI: 10.1088/1361-6420/aabe12.

Vincent Duval and Gabriel Peyré. “Exact Support Recovery for Sparse Spikes Deconvolu-
tion”. In: Foundations of Computational Mathematics 15.5 (2015), pp. 1315-1355. DOI:
10.1007/s10208-014-9228-6.

Nicolas Keriven et al. “Sketching for large-scale learning of mixture models”. In: Information
and Inference 7.3 (2018), pp. 447-508. DOI: 10.1093/imaiai/iax015.

Walter Rudin. Real and Complex Analysis. 3rd. McGraw-Hill, 1987.
Walter Rudin. Functional Analysis. 2nd ed. McGraw-Hill, 1991.

Tuomas Hytoénen et al. Analysis in Banach Spaces. Volume I: Martingales and Littlewood—
Paley Theory. Vol. 63. Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge.
Springer, 2016.

Heinz H. Bauschke and Patrick L. Combettes. Conver Analysis and Monotone Operator
Theory in Hilbert Spaces. 2nd ed. Springer, 2017.

Ivar Ekeland and Roger Temam. Convex Analysis and Variational Problems. Vol. 1. Studies
in Mathematics and Its Applications. Reprinted by STAM, 1999. North-Holland, 1976.

75


https://doi.org/10.1145/2746539.2746561
https://doi.org/10.1137/S003614450037906X
https://doi.org/10.1137/S003614450037906X
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1109/TIT.2005.858979
https://doi.org/10.1109/TIT.2005.858979
https://doi.org/10.1109/TIT.2005.862083
https://doi.org/10.1109/TIT.2005.862083
https://doi.org/10.1109/TIT.2006.871582
https://doi.org/10.1088/1361-6420/aa5e12
https://doi.org/10.1007/s10208-014-9228-6
https://doi.org/10.1093/imaiai/iax015

[16]

[17]

Clarice Poon, Nicolas Keriven, and Gabriel Peyré. “The Geometry of Off-the-Grid
Compressed Sensing”. In: Foundations of Computational Mathematics 23.1 (2023).
arXiv:1802.08464, pp. 241-327. DOI: 10.1007/s10208-021-09545-5.

Yohann De Castro, Rémi Gribonval, and Nicolas Jouvin. “Effective regions and kernels in
continuous sparse regularisation, with application to sketched mixtures”. In: Information
and Inference: A Journal of the IMA (2026). Forthcoming (August 2026); arXiv:2507.08444.
Pinpoints follow the journal version.

Emmanuel J. Candés and Carlos Fernandez-Granda. “Towards a Mathematical Theory of
Super-Resolution”. In: Communications on Pure and Applied Mathematics 67.6 (2014),
pp- 906-956. DOI: 10.1002/cpa.21455.

Tosif Pinelis. “Optimum bounds for the distributions of martingales in Banach spaces”. In:
The Annals of Probability 22.4 (1994), pp. 1679-1706. DOI: 10.1214/aop/1176988477.

Mathieu Blondel, André F. T. Martins, and Vlad Niculae. “Learning with Fenchel-Young
losses”. In: Journal of Machine Learning Research 21.35 (2020), pp. 1-69.

Pierre-Cyril Aubin-Frankowski and Yohann De Castro. “Fenchel-Young Duality Gaps:
Certified Early Stopping for Regularized Inverse Problems”. Preprint. 2026.

Pierre-Cyril Aubin-Frankowski and Yohann De Castro. “Fenchel-Young Duality Gaps:
Localization and Exact Support Recovery for the Generalized Beurling—Lasso”. Preprint.
2026.

Quentin Denoyelle et al. “The Sliding Frank—Wolfe Algorithm and Its Application to Super-
resolution Microscopy”. In: Inverse Problems 36.1 (2020), p. 014001. por: 10.1088/1361~
6420/ab2a29.

Lénaic Chizat. “Sparse Optimization on Measures with Over-parameterized Gradient
Descent”. In: Mathematical Programming 194.1-2 (2022), pp. 487-532. DOI: 10.1007/
s10107-021-01636-z.

Nicolas Garcia Trillos and Dejan Slepcev. “On the Rate of Convergence of Empirical
Measures in oo-Transportation Distance”. In: Canadian Journal of Mathematics 67.6
(2015), pp. 1358-1383. DOI: 10.4153/CIM-2014-044-6.

Yohann De Castro, Sébastien Gadat, and Clément Marteau. “Fast Spawn&Prune (FS&P):
Global convergence of stochastic conic particle gradient descent via birth/death process”.
Preprint, arXiv:2605.19784. 2026.

76


https://doi.org/10.1007/s10208-021-09545-5
https://doi.org/10.1002/cpa.21455
https://doi.org/10.1214/aop/1176988477
https://doi.org/10.1088/1361-6420/ab2a29
https://doi.org/10.1088/1361-6420/ab2a29
https://doi.org/10.1007/s10107-021-01636-z
https://doi.org/10.1007/s10107-021-01636-z
https://doi.org/10.4153/CJM-2014-044-6

	Sparse recovery on a grid and dual certificates
	Two questions
	The sparsest solution
	Basis pursuit
	Dual certificates on the grid
	Classical results that we do not prove

	From the grid to measures
	Support recovery on the grid at low noise
	Why the grid fails
	The off-the-grid model
	Radon measures
	The BLASSO: existence, subdifferential, duality

	Exact recovery and the construction of certificates
	Exact recovery without noise
	The vanishing derivative pre-certificate
	Local positive curvature gives a certificate

	Noise: prediction, localisation, support stability
	Prediction and localisation
	The two examples
	Support stability at low noise

	The generalised BLASSO and Fenchel-Young losses
	Beyond the quadratic fidelity
	Fenchel-Young losses
	The duality gap
	Error bounds
	Examples
	Support stability for the generalised BLASSO

	Algorithms for the BLASSO
	The duality gap as a stopping test
	Frank-Wolfe and sliding Frank-Wolfe
	Conic particle gradient descent
	FastPart: stochastic particle descent
	Fast Spawn and Prune

	Support stability without the implicit function theorem

