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How to read these notes

The course has five lectures of three hours. Lectures 1 and 2 treat sparse recovery on a
grid and then move to measures. Lectures 3 and 4 give the guarantees for the BLASSO: exact
recovery, prediction and localisation with noise, support stability at low noise. Lecture 5 treats
the generalised BLASSO with Fenchel-Young losses. Chapter 6 describes algorithms for the
BLASSO. It is not taught in class and it supports the projects. The two running examples are
weighted Fourier measurements on the torus and the estimation of the means of a Gaussian
mixture.

The six chapters and the appendix are written in full.
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Chapter 1

Sparse recovery on a grid and dual
certificates

1.1 Two questions
The course starts from two questions.
The first question comes from astronomy. Two stars sit at positions x1, x2 of the torus

T = R/Z, with brightness a1, a2 > 0. The instrument has a cut-off frequency fc. Up to noise,
it gives the Fourier coefficients

∫
T e

−2iπkx dµ0(x), |k| ⩽ fc, of the measure µ0 = a1δx1 + a2δx2 .
The image built from these coefficients turns each star into a spot of width of order 1/fc. When
|x1 − x2| is below this width, the Rayleigh criterion says that the two spots look like one star.
Can a method still find x1, x2, a1, a2? How does the error depend on the noise level and on the
distance between the stars?

The second question comes from statistics. We observe n independent samples z1, . . . , zn of
the mixture ∑s

i=1 aiN (xi, σ
2), where σ is known, ai > 0 and ∑i ai = 1. We want the means xi

and the weights ai, that is the mixing measure µ0 = ∑
i aiδxi . For every frequency ω ∈ R,

E
[
eiωz1

]
= e−σ2ω2/2

s∑
i=1

aie
iωxi ,

which is linear in µ0. So the empirical characteristic function ω 7→ 1
n

∑n
k=1 e

iωzk is a noisy linear
observation of µ0. The noise has a standard deviation at most n−1/2 at each frequency. How
many samples and how many frequencies are needed, and how close can two means be?

In both questions we observe y = Φµ0 + w. The unknown µ0 is a measure with few atoms
on a continuous set X , the map Φ is linear in µ0, and w is the noise. The data depend linearly
on the amplitudes, but not on the positions. There are two ways to treat the positions.

• On a grid. We fix a finite set G ⊂ X of candidate positions and look only for the amplitudes
on G. This is the recovery of a sparse vector of RN . This chapter treats this setting.

• Off the grid. We look for µ0 among all measures on X , and the ℓ1 norm becomes the total
variation norm. Lectures 2 to 5 follow this route.

The grid has two defects. The true positions are in general not grid points. If we refine the
grid, neighbouring atoms become almost collinear, and the coherence and restricted isometry
guarantees are lost (Remark 1.8 and Section 2.2). The dual certificates of Section 1.4 do not
have this defect: their proofs carry over to measures in Lectures 2 to 4.
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1.2 The sparsest solution
Let G = {t1, . . . , tN} be a finite set, called the grid. A measure on G is µ = ∑N

j=1 ajδtj

with a ∈ RN . Its support is supp(µ) = {tj ; aj ̸= 0}, its total variation is ∥µ∥TV = ∑
j |aj |,

and ∥µ∥0 is the cardinal of its support. The measure is s-sparse if ∥µ∥0 ⩽ s, and Σs is the
set of s-sparse measures. Let H be a real Hilbert space of finite dimension m and let φt ∈ H
for t ∈ G. The forward operator is Φµ def.= ∑

j ajφtj . Its adjoint maps p ∈ H to the function
Φ⋆p : t ∈ G 7→ ⟨φt, p⟩H.

We use the language of measures from the start, so that Lectures 2 to 4 can reuse it. The
space M(G) of measures on G is identified with RN through µ 7→ a. For µ = ∑

j ajδtj , S ⊂ G
and η : G→ R, we set

|µ| def.=
∑

j

|aj | δtj , |µ| (S) def.=
∑
tj∈S

|aj | , µ|S
def.=

∑
tj∈S

ajδtj ,

⟨η, µ⟩M
def.=
∑

j

η(tj) aj =
∫

G
η dµ, ∥η∥∞

def.= max
t∈G
|η(t)| .

So ∥µ∥TV = |µ| (G). The sign of µ is the function σµ defined on supp(µ) by σµ(tj) = sign(aj),
so that ⟨η, µ⟩M =

∫
η σµ d |µ|. Three facts are used all the time:

⟨Φ⋆p, µ⟩M = ⟨p, Φµ⟩H, |⟨η, µ⟩M| ⩽ ∥η∥∞ ∥µ∥TV, (1.1)

∥µ∥TV − ⟨η, µ⟩M =
∫

G
(1− η σµ) d |µ| ⩾

∫
G

(1− |η|) d |µ| . (1.2)

The first one is the definition of the adjoint, the second one is the triangle inequality, and the
last one holds because η σµ ⩽ |η|.

Definition 1.1 (Sparsest solution). Given y ∈ H, the problem Pℓ0(y) is

min
µ∈M(G)

∥µ∥0 subject to Φµ = y.

The feasible set is empty or an affine subspace, and ∥·∥0 takes finitely many values. So Pℓ0(y)
has a solution as soon as y ∈ Im Φ. The first question is when this solution is unique.

Theorem 1.1 (Uniqueness of sparse solutions). Let s ⩾ 1. The following are equivalent.

1. Every µ ∈ Σs is the unique s-sparse solution of Φν = Φµ.

2. Ker Φ ∩ Σ2s = {0}.

3. For every T ⊂ G with |T | ⩽ 2s, the family (φt)t∈T is linearly independent.

Proof. (2) implies (1). Let µ, ν ∈ Σs with Φν = Φµ. Then ν − µ ∈ Ker Φ, and supp(ν − µ) ⊂
supp(ν) ∪ supp(µ) has at most 2s points. So ν − µ ∈ Ker Φ ∩ Σ2s = {0}.

(1) implies (2). Let ν ∈ Ker Φ ∩ Σ2s. Split supp(ν) = T1 ∪ T2 with T1 ∩ T2 = ∅ and
|T1| , |T2| ⩽ s. Set µ def.= ν|T1 and µ′ def.= −ν|T2 . Both are s-sparse, ν = µ − µ′, and Φµ′ = Φµ
because Φν = 0. By (1), µ′ = µ. Since µ and µ′ have disjoint supports, µ = µ′ = 0. Hence ν = 0.

(2) is equivalent to (3). Let T ⊂ G. A measure ν with supp(ν) ⊂ T reads ν = ∑
t∈T btδt, and

Φν = ∑
t∈T btφt. So the family (φt)t∈T is linearly dependent if and only if there is a nonzero

ν ∈ Ker Φ with supp(ν) ⊂ T . A measure is in Σ2s if and only if its support is contained in a set
T with |T | ⩽ 2s. So (2) fails if and only if (3) fails.

Remark 1.1 (A lower bound on m). Under these conditions, every µ ∈ Σs is the unique solution
of Pℓ0(Φµ). Indeed µ is feasible, a solution ν satisfies ∥ν∥0 ⩽ ∥µ∥0 ⩽ s, and (1) gives ν = µ. If
N ⩾ 2s, item (3) gives 2s linearly independent vectors in H, so m ⩾ 2s. If N < 2s, item (3)
says that Φ is injective, so m ⩾ N . This last case is the reason why item (3) is written with
|T | ⩽ 2s: for N < 2s there is no family of 2s atoms.
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The next result shows that m = 2s is enough.

Theorem 1.2 (2s measurements are enough). Let N ⩾ 2s. There exist m = 2s and (φt)t∈G in
R2s such that every µ ∈ Σs is the unique s-sparse solution of Φν = Φµ.

Proof. Let H = R2s with the Euclidean scalar product. Take pairwise distinct reals u1, . . . , uN

and set φtj

def.= (1, uj , u
2
j , . . . , u

2s−1
j ). Let T = {tj1 , . . . , tj2s} be a set of 2s grid points. The

matrix with columns φtj1
, . . . , φtj2s

is a Vandermonde matrix. Its determinant is ∏k<l(ujl
−ujk

),
which is nonzero. So these 2s vectors are linearly independent. Since N ⩾ 2s, every T ′ ⊂ G with
|T ′| ⩽ 2s is contained in a set of exactly 2s points, and a subfamily of a linearly independent
family is linearly independent. So item (3) of Theorem 1.1 holds, hence item (1).

Remark 1.2 (Prony’s method). The same count holds without a grid. Let µ0 = ∑s
i=1 aiδxi

be a measure on T with pairwise distinct xi and ai ̸= 0. Its Fourier coefficients of indices
0, 1, . . . , 2s− 1 determine it, and Prony’s method computes it from them [1]. The Vandermonde
structure appears with zi = e−2iπxi in place of uj . The method is exact on noiseless data, but it
is very sensitive to noise when the zi are close [2].

So few measurements are enough in principle. Computing the sparsest solution is another
matter. We recall the vocabulary of complexity theory, which we do not develop. A decision
problem is a family of instances, each with the answer yes or no. A polynomial reduction from a
problem A to a problem B maps the instances of A to instances of B, in time polynomial in the
size of the instance, and keeps the answer. A problem B is NP-hard if every problem of the
class NP has a polynomial reduction to B. If an NP-hard problem has a polynomial reduction
to B, then B is NP-hard. We admit that the following problem is NP-complete, hence NP-hard.

Exact Cover by 3-Sets. Instance: an integer m ⩾ 1 and subsets C1, . . . , CN of
U = {1, . . . ,m} with |Cj | = 3 for all j. Question: is there J ⊂ {1, . . . , N} such that
the sets Cj , j ∈ J , are pairwise disjoint and their union is U?

Such a J is called an exact cover.

Theorem 1.3 (Complexity). Consider the following decision problem. An instance is given
by integers m,N ⩾ 1 and k ⩾ 0, vectors φt1 , . . . , φtN ∈ Qm and y ∈ Qm, with H = Rm and its
Euclidean scalar product. The question is whether there is µ ∈M(G) with Φµ = y and ∥µ∥0 ⩽ k.
This problem is NP-hard. In this sense, the problem Pℓ0(y) is NP-hard.

Proof. Let (m,C1, . . . , CN ) be an instance of Exact Cover by 3-Sets. Set φtj

def.= 1Cj ∈ Rm, the
indicator vector of Cj , y def.= (1, . . . , 1) ∈ Rm and k

def.= ⌊m/3⌋. These data have mN +m entries
in {0, 1}, so they are computed in time polynomial in m and N . We show that the answer to
the question of the theorem is yes if and only if an exact cover exists.

Let J be an exact cover. The sets Cj , j ∈ J , are pairwise disjoint, have 3 elements and cover
U , so 3 |J | = m and |J | = k. Set µ def.= ∑

j∈J δtj . For i ∈ U , the coordinate i of Φµ is the number
of j ∈ J with i ∈ Cj , which is 1. So Φµ = y and ∥µ∥0 = k.

Conversely, let µ = ∑
j ajδtj with Φµ = y and ∥µ∥0 ⩽ k. Let J def.= {j ; aj ̸= 0}. For i ∈ U ,

the coordinate i of Φµ = y reads ∑j∈J, i∈Cj
aj = 1. This sum is not empty, so i ∈ Cj for some

j ∈ J . Hence ⋃j∈J Cj = U and

m =
∣∣∣ ⋃

j∈J

Cj

∣∣∣ ⩽∑
j∈J

|Cj | = 3 |J | ⩽ 3k ⩽ m.

All these inequalities are equalities. The equality between the cardinal of the union and the sum
of the cardinals means that the sets Cj , j ∈ J , are pairwise disjoint. So J is an exact cover.
Only the support of µ was used: the amplitudes may have any sign.
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Remark 1.3. The theorem is a worst-case statement over all instances. An algorithm that returns
a solution µ̂ of Pℓ0(y) for rational data, or reports that y /∈ Im Φ, answers the decision problem:
compare ∥µ̂∥0 with k. So, unless P = NP, no such algorithm runs in time polynomial in the size
of the data. The theorem says nothing about the structured operators of the course.

1.3 Basis pursuit
The difficulty of Pℓ0(y) comes from the function ∥·∥0, which is not convex. Basis pursuit

replaces it by the total variation, which is a norm [3]. The LASSO is its penalised version for
noisy data [4].

Definition 1.2 (Basis pursuit and LASSO on the grid). Given y ∈ H and λ > 0, the problems
P0(y) and Pλ(y) are

min
µ∈M(G)

∥µ∥TV subject to Φµ = y, and min
µ∈M(G)

1
2 ∥Φµ− y∥

2
H + λ∥µ∥TV.

If y ∈ Im Φ, the problem P0(y) has a solution. The feasible set is closed and nonempty, and
the sublevel sets of ∥ · ∥TV on it are compact, since M(G) is identified with RN . Existence for
Pλ(y) is item 1 of Proposition 1.2.

Definition 1.3 (Null space property). The operator Φ has the null space property of order s if,
for every nonzero ν ∈ Ker Φ and every S ⊂ G with |S| ⩽ s, |ν| (S) < |ν| (G \ S).

If Φ is injective, the property holds for every s. Figure 1.1 shows the geometry in the smallest
case, N = 2 and m = 1. The feasible set of P0(Φµ0) is the line µ0 + Ker Φ. The measure µ0 is
the unique solution if and only if this line meets the ball

{
ν ; ∥ν∥TV ⩽ ∥µ0∥TV

}
at µ0 only.

a1

a2

∥ν∥TV ⩽ ∥µ0∥TV

|v1| < |v2|

|v1| > |v2|

µ0

Figure 1.1: Grid with N = 2 points, one measurement (m = 1) and µ0 = δt1 , in the coordinates
(a1, a2) of ν = a1δt1 +a2δt2 . The feasible set is the line µ0 +Ker Φ, with Ker Φ = Rv. If |v1| < |v2|
(solid line), it touches the ball

{
ν ; ∥ν∥TV ⩽ ∥µ0∥TV

}
only at µ0, and µ0 is the unique solution

of P0(Φµ0). If |v1| > |v2| (dashed line), it enters the ball and µ0 is not a solution.

On the solid line, |v| ({t1}) < |v| ({t2}). The null space property asks this inequality for
every vector of the kernel and every small set.

Theorem 1.4 (Exact recovery by basis pursuit). Every µ ∈ Σs is the unique solution of P0(Φµ)
if and only if Φ has the null space property of order s.

Proof. Sufficiency. Let µ ∈ Σs and S
def.= supp(µ), so |S| ⩽ s. Let ν ̸= µ with Φν = Φµ, and set

v
def.= ν − µ. Then v ∈ Ker Φ and v ̸= 0. Since µ vanishes outside S, ν = µ+ v on S and ν = v

on G \ S. The triangle inequality at each point of S gives

∥ν∥TV = |µ+ v| (S) + |v| (G \ S) ⩾ |µ| (S)− |v| (S) + |v| (G \ S) > |µ| (S) = ∥µ∥TV,
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where the strict inequality is the null space property. So µ is the unique solution.
Necessity. Let v ∈ Ker Φ be nonzero and S ⊂ G with |S| ⩽ s. Set µ def.= v|S , which is s-sparse,

and ν
def.= −v|G\S . Then Φµ − Φν = Φv = 0, so ν is feasible for P0(Φµ). If ν = µ, these two

measures have disjoint supports, so both vanish and v = µ− ν = 0, which is excluded. So ν ≠ µ.
Since µ is the unique solution, ∥ν∥TV > ∥µ∥TV, that is |v| (G \ S) > |v| (S).

Remark 1.4. The null space property of order s implies item (2) of Theorem 1.1. Indeed,
let ν ∈ Ker Φ ∩ Σ2s be nonzero, and split its support into S1, S2 of size at most s. Then
|ν| (S1) < |ν| (S2) and |ν| (S2) < |ν| (S1), a contradiction. In Figure 1.1 the null space property
of order one never holds: it asks both |v1| < |v2| and |v2| < |v1|. Still, on the solid line, the
single measure δt1 is recovered. This is the point of view of the next section.

1.4 Dual certificates on the grid
The null space property is a condition on all s-sparse measures at once, and it is hard to

check. A dual certificate is a function η = Φ⋆p, with p ∈ H, attached to one measure µ0. It
proves that this µ0 is recovered, and it controls the error of the LASSO. This is the tool that
survives without a grid. The first lemma explains the name: the certificates are the subgradients
of the total variation that lie in the image of Φ⋆.

Lemma 1.1 (Subdifferential of the total variation on the grid). Let µ ∈M(G) and η : G→ R.
Then ∥ν∥TV ⩾ ∥µ∥TV + ⟨η, ν − µ⟩M for all ν ∈M(G) if and only if ∥η∥∞ ⩽ 1 and ⟨η, µ⟩M =
∥µ∥TV, that is η(tj) = sign(aj) on supp(µ). We write η ∈ ∂∥µ∥TV.

Proof. Assume the inequality for all ν. With ν = 0 it gives 0 ⩾ ∥µ∥TV − ⟨η, µ⟩M. With ν = 2µ
it gives 2∥µ∥TV ⩾ ∥µ∥TV + ⟨η, µ⟩M. Hence ⟨η, µ⟩M = ∥µ∥TV, and the inequality becomes
∥ν∥TV ⩾ ⟨η, ν⟩M for all ν. With ν = ±δt it gives 1 ⩾ ±η(t), so |η(t)| ⩽ 1 for all t ∈ G.

Conversely, assume ∥η∥∞ ⩽ 1 and ⟨η, µ⟩M = ∥µ∥TV. For all ν, by (1.1), ∥µ∥TV + ⟨η, ν −
µ⟩M = ⟨η, ν⟩M ⩽ ∥ν∥TV.

Last, assume ∥η∥∞ ⩽ 1. By (1.2), ∥µ∥TV − ⟨η, µ⟩M = ∑
j |aj |

(
1− η(tj) sign(aj)

)
, and each

term is nonnegative. The sum vanishes if and only if η(tj) sign(aj) = 1 whenever aj ̸= 0, that is
η(tj) = sign(aj) on supp(µ).

For µ = 0 the condition reduces to ∥η∥∞ ⩽ 1. The proof uses three kinds of test measures:
0, 2µ and ±δt. They exist in M(X ) for any set X , so the proof carries over to measures
(Proposition 2.3).

Proposition 1.1 (A certificate gives exact recovery). Let µ0 = ∑s
i=1 aiδxi with xi ∈ G distinct

and ai ̸= 0. Assume that (φxi)i⩽s is linearly independent and that there is p ∈ H such that
η = Φ⋆p satisfies η(xi) = sign(ai) for all i and |η(t)| < 1 for t ∈ G \ supp(µ0). Then µ0 is the
unique solution of P0(Φµ0).

Proof. The assumptions give ∥η∥∞ ⩽ 1 and ⟨η, µ0⟩M = ∥µ0∥TV, so η ∈ ∂∥µ0∥TV. Let ν be
feasible, that is Φν = Φµ0. By (1.1),

∥ν∥TV ⩾ ⟨η, ν⟩M = ⟨p, Φν⟩H = ⟨p, Φµ0⟩H = ⟨η, µ0⟩M = ∥µ0∥TV. (1.3)

So µ0, which is feasible, is a solution. Let ν be a solution. Then ∥ν∥TV = ∥µ0∥TV, and all the
terms of (1.3) are equal. By (1.2),

0 = ∥ν∥TV − ⟨η, ν⟩M ⩾
∫

G
(1− |η|) d |ν| ⩾ 0.

So |η(t)| = 1 for every t ∈ supp(ν). Since |η| < 1 outside supp(µ0), this gives supp(ν) ⊂ supp(µ0),
and ν = ∑

i biδxi for some b ∈ Rs. Then 0 = Φ(ν−µ0) = ∑
i(bi−ai)φxi , and linear independence

gives b = a, that is ν = µ0.
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The proof only uses the inequality (1.3), which is weak duality: ∥ν∥TV ⩾ ⟨p, Φν⟩H for every
ν when ∥Φ⋆p∥∞ ⩽ 1. It does not need to know beforehand that P0(Φµ0) has a solution.

For the LASSO, the next proposition gives the optimality condition and the dual problem.
The constraint set of the dual problem is

C
def.= {p ∈ H ; ∥Φ⋆p∥∞ ⩽ 1} =

⋂
t∈G

{p ∈ H ; |⟨φt, p⟩H| ⩽ 1} .

It is an intersection of closed convex sets, so it is closed and convex, and it contains 0. The dual
solution p̂ is the main tool of Section 2.1 and of Lecture 4.

Proposition 1.2 (Optimality conditions and duality for the LASSO). Let λ > 0 and y ∈ H.
Let C def.= {p ∈ H ; ∥Φ⋆p∥∞ ⩽ 1}.

1. Pλ(y) has a solution.

2. µ̂ is a solution if and only if Φ⋆p̂ ∈ ∂∥µ̂∥TV with p̂ def.= (y − Φµ̂)/λ.

3. p̂ is the projection of y/λ onto C. It is the same for all solutions.

4. minPλ(y) = maxp∈C λ⟨p, y⟩H − λ2

2 ∥p∥
2
H, and the maximum is attained at p̂ only.

Proof. Let J(µ) def.= 1
2 ∥Φµ− y∥

2
H + λ∥µ∥TV and D(p) def.= λ⟨p, y⟩H − λ2

2 ∥p∥
2
H. All norms and

scalar products are those of H.
(1) Through µ 7→ a, J is a continuous function on RN . The set K def.= {µ ; J(µ) ⩽ J(0)}

contains 0 and is closed. It is bounded, since λ∥µ∥TV ⩽ J(µ) ⩽ J(0) on K. So K is compact,
and J attains its minimum on K at some µ̂. Outside K, J > J(0) ⩾ J(µ̂). So µ̂ is a solution.

(2) Let µ̂ be a solution, ν ∈M(G) and τ ∈ (0, 1]. Expanding the square, with Φµ̂− y = −λp̂,

1
2 ∥Φ(µ̂+ τν)− y∥2 − 1

2 ∥Φµ̂− y∥
2 = −τλ⟨p̂, Φν⟩+ τ2

2 ∥Φν∥
2 .

Since µ̂+τν = (1−τ)µ̂+τ(µ̂+ν), the convexity of the total variation gives ∥µ̂+τν∥TV−∥µ̂∥TV ⩽
τ
(
∥µ̂+ ν∥TV − ∥µ̂∥TV

)
. So the optimality J(µ̂+ τν) ⩾ J(µ̂) gives, after division by τλ,

0 ⩽ −⟨p̂, Φν⟩+ τ
2λ ∥Φν∥

2 + ∥µ̂+ ν∥TV − ∥µ̂∥TV.

Let τ → 0 and use (1.1): ∥µ̂+ ν∥TV ⩾ ∥µ̂∥TV + ⟨Φ⋆p̂, ν⟩M for all ν ∈ M(G). Replacing ν by
ν − µ̂, this is the inequality of Lemma 1.1, that is Φ⋆p̂ ∈ ∂∥µ̂∥TV.

Conversely, let µ̂ ∈ M(G) with Φ⋆p̂ ∈ ∂∥µ̂∥TV, and let ν ∈ M(G). The same expansion,
with τ = 1 and ν − µ̂ in place of ν, gives

1
2 ∥Φν − y∥

2 − 1
2 ∥Φµ̂− y∥

2 = −λ⟨p̂, Φ(ν − µ̂)⟩+ 1
2 ∥Φ(ν − µ̂)∥2 .

The subgradient inequality and (1.1) give λ∥ν∥TV−λ∥µ̂∥TV ⩾ λ⟨Φ⋆p̂, ν− µ̂⟩M = λ⟨p̂, Φ(ν− µ̂)⟩.
Adding,

J(ν)− J(µ̂) ⩾ 1
2 ∥Φ(ν − µ̂)∥2 ⩾ 0. (1.4)

So µ̂ is a solution.
(3) Let µ̂ be a solution. By (2) and Lemma 1.1, ∥Φ⋆p̂∥∞ ⩽ 1, so p̂ ∈ C, and ⟨Φ⋆p̂, µ̂⟩M =

∥µ̂∥TV. Let z def.= y/λ, so that λ(z − p̂) = Φµ̂. For q ∈ C, by (1.1),

λ⟨z − p̂, q − p̂⟩ = ⟨Φµ̂, q − p̂⟩ = ⟨Φ⋆q, µ̂⟩M − ∥µ̂∥TV ⩽ ∥Φ⋆q∥∞ ∥µ̂∥TV − ∥µ̂∥TV ⩽ 0.

Hence, for all q ∈ C,

∥z − q∥2 = ∥z − p̂∥2 − 2⟨z − p̂, q − p̂⟩+ ∥q − p̂∥2 ⩾ ∥z − p̂∥2 + ∥q − p̂∥2 .
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So p̂ is the unique point of C at minimal distance from z, that is the projection of y/λ onto C.
This point depends only on y, λ and C, not on the solution µ̂.

(4) Weak duality. Let µ ∈ M(G) and p ∈ H. Expanding the square and using (1.1), one
checks the identity

J(µ)−D(p) = 1
2 ∥Φµ− y + λp∥2 + λ

(
∥µ∥TV − ⟨Φ⋆p, µ⟩M

)
. (1.5)

If p ∈ C, both terms are nonnegative by (1.1), so J(µ) ⩾ D(p).
Strong duality. Let µ̂ be a solution. In (1.5) for (µ̂, p̂), the first term is zero by definition of p̂,

and the second one is zero by (3). So D(p̂) = J(µ̂), and with weak duality, D(p) ⩽ J(µ̂) = D(p̂)
for all p ∈ C. Hence minPλ(y) = J(µ̂) = maxC D, attained at p̂ ∈ C.

Uniqueness of the maximiser. Let p ∈ C with D(p) = J(µ̂). Then (1.5) for (µ̂, p) gives
∥Φµ̂− y + λp∥ = 0, so p = (y − Φµ̂)/λ = p̂.

Remark 1.5 (Consequences). Let η̂ def.= Φ⋆p̂. (a) By (3), Φµ̂ = y− λp̂ is the same for all solutions,
and so is ∥µ̂∥TV =

(
minPλ(y)− 1

2 ∥λp̂∥
2
H
)
/λ. (b) By (2) and Lemma 1.1, every solution satisfies

supp(µ̂) ⊂ {t ∈ G ; |η̂(t)| = 1}. If the atoms φt indexed by this set are linearly independent,
then (a) gives a unique solution. (c) By (2) with µ̂ = 0, the measure 0 is a solution if and only if
∥Φ⋆y∥∞ ⩽ λ. (d) The projection onto a closed convex set is 1-Lipschitz. So (3) compares the
dual solutions for two data y and y′. This is used in Corollary 2.1 and Lemma 4.2.

The last proposition is the noisy version of Proposition 1.1. It holds for any certificate p of
the target, not only for the dual solution. Here µ0 is any measure on G.

Proposition 1.3 (Basic inequality). Let y = Φµ0 + w and let p ∈ H with η = Φ⋆p ∈ ∂∥µ0∥TV.
Let µ̂ be a solution of Pλ(y) and ρ def.= ∥w∥H + λ ∥p∥H. Then

∥∥∥Φ(µ̂− µ0)
∥∥∥
H
⩽ 2ρ and ∥µ̂∥TV − ⟨η, µ̂⟩M ⩽

ρ2

2λ.

If in addition |η| ⩽ 1− ε on G \ supp(µ0) for some ε ∈ (0, 1], then |µ̂| (G \ supp(µ0)) ⩽ ρ2/(2λε).
If p ̸= 0, ∥w∥H ⩽ δ with δ > 0, and λ = δ/ ∥p∥H, then

∥∥Φ(µ̂− µ0)
∥∥
H ⩽ 4δ and, under the same

assumption on η, |µ̂| (G \ supp(µ0)) ⩽ 2δ ∥p∥H /ε.

Proof. Write h def.= Φ(µ̂− µ0) and D
def.= ∥µ̂∥TV − ⟨η, µ̂⟩M. Since ∥η∥∞ ⩽ 1, (1.2) gives D ⩾ 0.

Compare with µ0. Since Φµ̂− y = h− w and Φµ0 − y = −w, the inequality J(µ̂) ⩽ J(µ0),
where J is the objective of Pλ(y), reads

1
2 ∥h− w∥

2 +λ∥µ̂∥TV ⩽ 1
2 ∥w∥

2 +λ∥µ0∥TV, that is 1
2 ∥h∥

2−⟨h, w⟩+λ
(
∥µ̂∥TV−∥µ0∥TV

)
⩽ 0.

Use the certificate. Since ∥µ0∥TV = ⟨η, µ0⟩M and, by (1.1), ⟨η, µ̂− µ0⟩M = ⟨p, h⟩,

∥µ̂∥TV − ∥µ0∥TV = D + ⟨η, µ̂− µ0⟩M = D + ⟨p, h⟩.

Hence, with the Cauchy-Schwarz inequality,

1
2 ∥h∥

2 + λD ⩽ ⟨h, w − λp⟩ ⩽ ∥h∥
(
∥w∥+ λ ∥p∥

)
= ρ ∥h∥ . (1.6)

First bound. Since λD ⩾ 0, (1.6) gives 1
2 ∥h∥

2 ⩽ ρ ∥h∥. If h ≠ 0, divide by ∥h∥. In all cases
∥h∥ ⩽ 2ρ.

Second bound. By (1.6), λD ⩽ ρ ∥h∥ − 1
2 ∥h∥

2 ⩽ maxu⩾0
(
ρu− 1

2u
2) = 1

2ρ
2, the maximum

being attained at u = ρ. So D ⩽ ρ2/(2λ).
Mass off the support. By (1.2), since 1− |η| ⩾ 0 on G and 1− |η| ⩾ ε on G \ supp(µ0),

D ⩾
∫

G
(1− |η|) d |µ̂| ⩾

∫
G\supp(µ0)

(1− |η|) d |µ̂| ⩾ ε |µ̂| (G \ supp(µ0)).
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So |µ̂| (G \ supp(µ0)) ⩽ D/ε ⩽ ρ2/(2λε).
Choice of λ. Let p ≠ 0, δ > 0 and λ = δ/ ∥p∥, which is positive. Then λ ∥p∥ = δ and ρ ⩽ 2δ.

The first bound gives ∥h∥ ⩽ 4δ, and

ρ2

2λε ⩽
4δ2

2ε δ/ ∥p∥ = 2δ ∥p∥
ε

.

Remark 1.6 (Hypotheses). (a) The proof uses only J(µ̂) ⩽ J(µ0). So the bounds hold for every
µ̂ with this property, not only for the solutions of Pλ(y). (b) If µ0 ̸= 0, then |η| = 1 at the points
of its support, so η ̸= 0 and p ̸= 0. If p = 0, then η = 0, and ⟨η, µ0⟩M = ∥µ0∥TV forces µ0 = 0.
In that case the first bounds hold for every λ > 0 with ρ = ∥w∥H, and the choice λ = δ/ ∥p∥H is
not defined. (c) The constant ε is a margin: the certificate must stay away from ±1 outside the
support. On a fine grid this margin is small, see Lemma 2.1.
Remark 1.7 (From the grid to measures). In Lectures 2 to 4, the proofs of Propositions 1.1, 1.2
and 1.3 are copied with ⟨η, µ⟩M read as

∫
η dµ and σµ read as the density of µ with respect to |µ|.

Three points change. Existence uses weak-⋆ compactness (Theorem 2.2) instead of compactness
in RN . The function Φ⋆p must be continuous for Lemma 1.1 to make sense. The phrase “for
every t ∈ supp(ν)” becomes “|ν|-almost everywhere”.

1.5 Classical results that we do not prove
This section lists classical results of compressed sensing on a fixed grid. They are all in the

book of Foucart and Rauhut, A Mathematical Introduction to Compressive Sensing, in matrix
notation; we write them for measures on G. For S ⊂ G let ΦS : b ∈ RS 7→

∑
t∈S btφt. When ΦS

is injective, let Φ+
S

def.= (Φ⋆
SΦS)−1Φ⋆

S , and for u ∈ RS let ∥u∥1 = ∑
t∈S |ut|.

Orthogonal matching pursuit. This greedy algorithm starts from S0 = ∅ and r0 = y. At step
k ⩾ 1, it picks tk ∈ G with

∣∣∣Φ⋆rk−1(tk)
∣∣∣ =

∥∥∥Φ⋆rk−1
∥∥∥

∞
and sets Sk = Sk−1 ∪ {tk}. Then µk

minimises ∥Φµ− y∥H among the measures supported in Sk, and rk = y − Φµk. The algorithm
stops when rk = 0.

Theorem 1.5 (Exact recovery condition). Let S ⊂ G with |S| = s ⩾ 1 and ΦS injective. Assume
the exact recovery condition

max
t∈G\S

∥∥∥Φ+
Sφt

∥∥∥
1
< 1.

Then every nonzero µ with supp(µ) ⊂ S is recovered from y = Φµ by orthogonal matching pursuit
after at most s steps. Every µ with supp(µ) = S is the unique solution of P0(Φµ).

For basis pursuit, this is Proposition 1.1. Given signs σ ∈ {−1, 1}S , let p def.= ΦS(Φ⋆
SΦS)−1σ.

Then Φ⋆p = σ on S and, for t /∈ S, |Φ⋆p(t)| =
∣∣∣⟨Φ+

Sφt, σ⟩RS

∣∣∣ ⩽ ∥∥∥Φ+
Sφt

∥∥∥
1
< 1. With Φx0 = ΦS ,

this p is the Fuchs pre-certificate of Definition 2.1.

Coherence. Assume ∥φt∥H = 1 for all t ∈ G. The coherence of Φ is M(Φ) def.= maxt̸=t′ |⟨φt, φt′⟩H|.

Theorem 1.6 (Welch bound and coherence guarantee). (a) If N > m, then M(Φ) ⩾√
(N −m)/(m(N − 1)). (b) Let s ⩾ 1 with (2s − 1)M(Φ) < 1. Then the exact recovery

condition holds for every S ⊂ G with |S| ⩽ s. So every nonzero µ ∈ Σs is recovered by orthogonal
matching pursuit after at most s steps, and is the unique solution of P0(Φµ).

If N ⩾ 2m, then (N −m)/(N − 1) ⩾ 1/2, and (a) gives M(Φ) ⩾ 1/
√

2m. The condition
of (b) then requires 2m > (2s− 1)2. Coherence guarantees need a number of measurements of
order s2.
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Stable and robust null space properties. For µ ∈ M(G), let σs(µ) def.= minν∈Σs ∥µ − ν∥TV, the
error of the best s-sparse approximation. Let 0 < ϱ < 1 and τ > 0. The operator Φ has the
robust null space property of order s with constants (ϱ, τ) if |ν| (S) ⩽ ϱ |ν| (G \ S) + τ ∥Φν∥H for
all ν ∈M(G) and all S ⊂ G with |S| ⩽ s. It has the stable null space property of order s with
constant ϱ if |ν| (S) ⩽ ϱ |ν| (G \ S) for all ν ∈ Ker Φ and all S ⊂ G with |S| ⩽ s.

Theorem 1.7 (Stable and robust recovery). (a) The null space property of order s holds if and
only if the stable null space property of order s holds for some ϱ ∈ (0, 1). (b) Under the stable null
space property with constant ϱ, every solution µ♯ of P0(Φµ) satisfies ∥µ− µ♯∥TV ⩽ 2(1+ϱ)

1−ϱ σs(µ).
(c) Under the robust null space property with constants (ϱ, τ), let y = Φµ+ w with ∥w∥H ⩽ δ.
Every solution µ♯ of min ∥ν∥TV subject to ∥Φν − y∥H ⩽ δ satisfies ∥µ− µ♯∥TV ⩽ 2(1+ϱ)

1−ϱ σs(µ) +
4τ

1−ϱ δ.

Restricted isometry property. For µ = ∑
j ajδtj , let ∥a∥2 = (∑j a

2
j )1/2. The restricted isometry

constant δs of Φ is the smallest δ ⩾ 0 such that (1 − δ) ∥a∥22 ⩽ ∥Φµ∥2H ⩽ (1 + δ) ∥a∥22 for all
µ ∈ Σs [5]. In the next theorem the atoms are random and are not normalised.

Theorem 1.8 (Restricted isometry and random measurements). (a) If δ2s < 1/3, then Φ has
the null space property of order s. (b) Let H = Rm and let the coordinates of the φt, t ∈ G, be
independent Gaussian variables with mean 0 and variance 1/m. There are universal constants
C, c > 0 such that, if m ⩾ Cs ln(eN/s), then δ2s < 1/3 with probability at least 1− 2e−cm.

With (a) and (b), m of order s ln(eN/s) random measurements are enough for the exact
recovery of all s-sparse measures by basis pursuit, with high probability. The first results of this
type are due to Candès and Tao [5], to Candès, Romberg, and Tao [6], and to Donoho [7].
Remark 1.8 (Why these results do not help on a fine grid). Let the grid G have step h in T, and
let φt be defined for all t ∈ T, with ∥φt∥H = 1 and ∥φt − φt′∥H ⩽ L |t− t′|. For two neighbouring
points t, t+ h of the grid,

⟨φt, φt+h⟩H = 1− 1
2 ∥φt+h − φt∥2H ⩾ 1− 1

2L
2h2.

So M(Φ) → 1 when h → 0. If L2h2 ⩽ 4/3, then M(Φ) ⩾ 1/3, and the condition of Theo-
rem 1.6 (b) fails for every s ⩾ 2. In the same way, the measure µ = δt − δt+h has ∥a∥22 = 2 and
∥Φµ∥2H = ∥φt − φt+h∥2H ⩽ L2h2, so δ2s ⩾ δ2 ⩾ 1− 1

2L
2h2 for s ⩾ 1. If L2h2 ⩽ 4/3, then δ2s ⩾ 1/3

and Theorem 1.8 (a) does not apply. For the weighted Fourier measurements of Example 2.1,
with the real scalar product ℜ⟨·, ·⟩H, one has ∥φt∥H = 1 and ∥∂tφt∥2H = ∑

ω Λ(ω)4π2ω2 ⩽ 4π2f2
c ,

so L ⩽ 2πfc. The coherence and restricted isometry guarantees of this section are lost as soon
as h ⩽ 1/(

√
3πfc), a fraction of the Rayleigh width 1/fc. This is the regime of interest. The

margin ε of a certificate also degrades on a fine grid (Lemma 2.1), but certificates keep a meaning
when the grid disappears.

Exercises
Exercise 1.1 (A certificate on three grid points). Let G = {t1, t2, t3}, H = R2 with canonical
basis (e1, e2), β > 0, and φt1 = e1, φt2 = β(e1 + e2), φt3 = e2.

1. Compute Ker Φ. Show that Φ has the null space property of order one if and only if
β > 1/2.

2. Let µ0 = a1δt1 + a3δt3 with a1, a3 ̸= 0. Show that there is exactly one p ∈ H with
(Φ⋆p)(t1) = sign(a1) and (Φ⋆p)(t3) = sign(a3), and compute (Φ⋆p)(t2).
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3. Assume sign(a1) = − sign(a3). Show that µ0 is the unique solution of P0(Φµ0) for every
β > 0.

4. Assume a1, a3 > 0 and β < 1/2. Show that µ0 is the unique solution of P0(Φµ0).

5. Assume 0 < a1 ⩽ a3 and β > 1/2. Find ν with Φν = Φµ0 and ∥ν∥TV < ∥µ0∥TV. What
happens for β = 1/2?

6. Show that Φ never has the null space property of order two. Compare with questions 3
and 4.

Exercise 1.2 (The LASSO with orthonormal atoms). Let λ > 0 and y ∈ H. Assume that
(φt)t∈G is orthonormal, and let zj

def.= ⟨φtj , y⟩H.

1. Show that 1
2 ∥Φµ− y∥

2
H = 1

2
∑

j(aj − zj)2 + c for µ = ∑
j ajδtj , where c does not depend

on µ.

2. Deduce that Pλ(y) has a unique solution, with amplitudes âj = sign(zj) max(|zj | − λ, 0).

3. Compute p̂ and Φ⋆p̂. Check items (2) and (3) of Proposition 1.2 directly.

4. Let y = Φµ0 + w with µ0 = ∑s
i=1 aiδxi as in Proposition 1.1, and let p = ∑

i sign(ai)φxi .
Show that Φ⋆p ∈ ∂∥µ0∥TV, with the margin ε = 1 and ∥p∥H =

√
s. Compute |µ̂| (G \

supp(µ0)) in terms of w, and compare it with the bound of Proposition 1.3.

Exercise 1.3 (One spike). Assume ∥φt∥H = 1 for all t ∈ G. Let x ∈ G, a ̸= 0 and µ0 = aδx.
Let κ def.= maxt̸=x |⟨φt, φx⟩H|.

1. Let p = sign(a)φx and η = Φ⋆p. Show that η ∈ ∂∥µ0∥TV.

2. Assume κ < 1. Show that µ0 is the unique solution of P0(Φµ0).

3. Assume κ < 1. Let y = Φµ0 + w with ∥w∥H ⩽ δ, δ > 0, and λ = δ. Show that every
solution µ̂ of Pλ(y) satisfies

∥∥Φ(µ̂− µ0)
∥∥
H ⩽ 4δ and |µ̂| (G \ {x}) ⩽ 2δ/(1− κ).

4. In the setting of Remark 1.8, show that 1−κ ⩽ 1
2L

2h2 when x has a neighbour at distance
h in G. What does the bound of question 3 become when h→ 0?

Exercise 1.4 (The dual solution at low noise). For λ > 0 and y ∈ H, let p̂λ(y) be the dual
solution of Proposition 1.2.

1. Show that ∥p̂λ(y)− p̂λ(y′)∥H ⩽ ∥y − y′∥H /λ for y, y′ ∈ H. Hint: write the inequality of
the proof of item (3) twice and add.

2. Let y0 = Φµ0 and
P

def.=
{
p ∈ H ; Φ⋆p ∈ ∂∥µ0∥TV

}
.

Show that P =
{
p ∈ C ; ⟨p, y0⟩H = ∥µ0∥TV

}
, and that P is closed and convex.

3. Assume P ̸= ∅. Show that P has a unique element p0 of minimal norm. Show that
∥p̂λ(y0)∥H ⩽ ∥p∥H for all p ∈ P and all λ > 0. Hint: compare the dual objective at p̂λ(y0)
and at p.

4. Show that p̂λ(y0)→ p0 when λ→ 0. Hint: let p∗ be a limit point; show that ⟨y0, q⟩H ⩽
⟨y0, p

∗⟩H for all q ∈ C.

5. Assume that |Φ⋆p0| < 1 on G \ supp(µ0). Show that there are α, λ0 > 0 such that, for
0 < λ ⩽ λ0 and ∥w∥H ⩽ αλ, every solution of Pλ(y0 + w) has its support in supp(µ0).
Compare with Corollary 2.1.
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Chapter 2

From the grid to measures

The first two sections stay on the grid of Lecture 1. They show that the LASSO recovers the
support at low noise, and that the condition behind this result degrades when the grid gets finer.
The last three sections remove the grid. The unknown becomes a measure on a continuous set
X , and the proofs of Section 1.4 are repeated on measures.

2.1 Support recovery on the grid at low noise

We keep the grid G of Lecture 1. Let µ0 = ∑s
i=1 aiδxi with xi ∈ G, y0

def.= Φµ0, and
Φx0 : b ∈ Rs 7→

∑
i biφxi . For α, λ0 > 0 the low-noise regime is

Dα,λ0
def.= {(λ,w) ∈ R+ ×H ; 0 < λ ⩽ λ0, ∥w∥H ⩽ αλ} . (2.1)

As in Lecture 1, H is a real Hilbert space of finite dimension. Here s ⩾ 1, the points xi are
pairwise distinct, ai ̸= 0, S def.= supp(µ0) = {x1, . . . , xs} and sign(a) def.= (sign(ai))i⩽s. The adjoint
of Φx0 is Φ⋆

x0p =
(
(Φ⋆p)(xi)

)
i⩽s

, since ⟨Φx0b, p⟩H = ∑
i bi⟨φxi , p⟩H. Proposition 1.3 bounds the

mass that the LASSO puts outside S. The next result says when this mass is zero.

Definition 2.1 (Fuchs pre-certificate). Assume that Φx0 is injective. The Fuchs pre-certificate
is ηF

def.= Φ⋆pF with pF
def.= Φx0(Φ⋆

x0Φx0)−1 sign(a). The vector pF has minimal norm among the
p ∈ H with (Φ⋆p)(xi) = sign(ai) for all i.

We check the definition. If Φ⋆
x0Φx0b = 0, then ∥Φx0b∥

2
H = ⟨b, Φ⋆

x0Φx0b⟩Rs = 0, so b = 0. Hence
the s×s matrix Φ⋆

x0Φx0 is invertible and pF is well defined. The constraints read Φ⋆
x0p = sign(a),

and Φ⋆
x0pF = sign(a). If p satisfies them, then Φ⋆

x0(p − pF ) = 0, so p − pF is orthogonal to
Im Φx0 , which contains pF . By Pythagoras, ∥p∥2H = ∥pF ∥2H + ∥p− pF ∥2H. So pF is the unique
element of minimal norm.

Corollary 2.1 (Exact support recovery on a grid). Assume that Φx0 is injective and that
|ηF (t)| < 1 for all t ∈ G \ supp(µ0). Then there are α, λ0 > 0 such that, for all (λ,w) ∈ Dα,λ0,
the solution µ̂λ of Pλ(y0 +w) is unique, supp(µ̂λ) = supp(µ0), and âλ,i − ai = O(λ) +O(∥w∥H).

On the support, the optimality condition of Proposition 1.2 is a linear system. The proof
solves it, and then checks the optimality condition off the support.

Proof. All norms and scalar products are those of H, and ∥·∥∞ is the max norm on Rs. Let
Γ def.= Φ⋆

x0Φx0 , σ def.= sign(a) and Π def.= Φx0Γ−1Φ⋆
x0 , so that pF = Φx0Γ−1σ. The operator Π is

the orthogonal projection onto Im Φx0 : it is self-adjoint, Π2 = Π and ΠΦx0 = Φx0 . Hence
Φ⋆

x0(Id−Π) = 0 and ∥(Id−Π)w∥ ⩽ ∥w∥ for w ∈ H.
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Constants. Let ε def.= 1−maxt∈G\S |ηF (t)|, with ε def.= 1 if G = S. Since G is finite, ε > 0. Let
B

def.= maxt∈G ∥φt∥, which is positive since φx1 ̸= 0. Let amin
def.= mini |ai|, c

def.=
∥∥Γ−1σ

∥∥
∞ > 0,

and let β be the norm of the linear map Γ−1Φ⋆
x0 from H to (Rs, ∥·∥∞). Set

α
def.= ε

2B , λ0
def.= amin

2(αβ + c) .

Fix (λ,w) ∈ Dα,λ0 and let y def.= y0 + w.
Candidate. Set â def.= a+ Γ−1(Φ⋆

x0w − λσ) and µ̂
def.= ∑

i âiδxi . For all i,

|âi − ai| ⩽ β ∥w∥+ cλ ⩽ (αβ + c)λ0 = 1
2amin < |ai| .

So âi ̸= 0 and sign(âi) = σi for all i. In particular supp(µ̂) = S.
Residual. Since y0 = Φx0a, we get Φµ̂ = Φx0 â = y0 + Πw − λpF . Hence

p̂
def.= y − Φµ̂

λ
= pF + (Id−Π)w

λ
. (2.2)

Certificate. On the support, Φ⋆
x0 p̂ = Φ⋆

x0pF = σ, that is (Φ⋆p̂)(xi) = sign(âi) for all i. For
t ∈ G \ S, by the Cauchy-Schwarz inequality,

|(Φ⋆p̂)(t)| ⩽ |ηF (t)|+ |⟨φt, (Id−Π)w⟩|
λ

⩽ 1− ε+ B ∥w∥
λ

⩽ 1− ε+Bα = 1− 1
2ε < 1.

So ∥Φ⋆p̂∥∞ ⩽ 1. By Lemma 1.1, Φ⋆p̂ ∈ ∂∥µ̂∥TV, and by Proposition 1.2 (2), µ̂ is a solution of
Pλ(y).

Uniqueness. Let ν be a solution of Pλ(y). By Proposition 1.2 (3), (y − Φν)/λ = p̂, so
Φν = Φµ̂. By Remark 1.5 (b) and the previous step, supp(ν) ⊂ {t ∈ G ; |(Φ⋆p̂)(t)| = 1} = S.
So ν = ∑

i biδxi with Φx0b = Φx0 â, and injectivity gives b = â, that is ν = µ̂.
Error. We have â− a = Γ−1Φ⋆

x0w − λΓ−1σ, so ∥â− a∥∞ ⩽ β ∥w∥+ cλ.

Remark 2.1 (The dual point of view). Let p̂λ(y) be the dual solution of Proposition 1.2 and
C = {p ∈ H ; ∥Φ⋆p∥∞ ⩽ 1}. (a) Let P def.=

{
p ∈ H ; Φ⋆p ∈ ∂∥µ0∥TV

}
, as in Exercise 1.4. For

p ∈ C, (1.1) gives ⟨p, y0⟩H = ⟨Φ⋆p, µ0⟩M ⩽ ∥µ0∥TV, with equality if and only if p ∈ P
(Lemma 1.1). Under the assumption of Corollary 2.1, pF ∈ P . So P is nonempty and it is the
set of maximisers of ⟨·, y0⟩H on C. Every p ∈ P satisfies Φ⋆

x0p = sign(a), so ∥p∥H ⩾ ∥pF ∥H.
Hence pF is the dual solution of minimal norm, that is pF = p0 in Exercise 1.4. (b) With w = 0,
the proof gives p̂λ(y0) = pF for all λ with cλ < amin. So p̂λ(y0) → pF when λ → 0, and the
limit is reached for λ small. (c) By (2.2), p̂λ(y0 + w)− p̂λ(y0) = (Id−Π)w/λ, of norm at most
∥w∥H /λ ⩽ α. This is the bound that the Lipschitz property of the projection gives in general
(Remark 1.5 (d)). On measures there is no closed form for the solution, and Lecture 4 follows
this general route: non-expansiveness of p̂λ, then the limit p̂λ(y0)→ p0.

2.2 Why the grid fails
Corollary 2.1 and Proposition 1.3 need a margin: the certificate must stay away from ±1

on G \ supp(µ0). When grid points come close to a spike, this margin shrinks. In this section
G ⊂ T and t 7→ φt is defined on all of T, as in Remark 1.8. Then Φ⋆p is a function on T. If
t 7→ φt is C 2 from T to H, then Φ⋆p ∈ C 2(T) and (Φ⋆p)′′ = ⟨∂2

t φt, p⟩H (Remark 2.4).

Lemma 2.1 (Margin on a grid of step h). Let η ∈ C 2(T), x ∈ T with η(x) = ±1, and h > 0.

1. If ∥η∥∞ ⩽ 1, then η′(x) = 0 and 1− |η(x± h)| ⩽ 1
2 ∥η

′′∥∞ h2.
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2. If only |η(x− h)| ⩽ 1 and |η(x+ h)| ⩽ 1, for instance if |η| ⩽ 1 on a grid of step h that
contains x, then |η′(x)| ⩽ 1

2 ∥η
′′∥∞ h and

1− |η(x± h)| ⩽
∣∣η′(x)

∣∣h+ 1
2
∥∥η′′∥∥

∞ h2 ⩽
∥∥η′′∥∥

∞ h2.

Proof. Let ς def.= η(x) ∈ {−1, 1} and ψ
def.= ςη. Then ψ(x) = 1, |ψ| = |η|, |ψ′(x)| = |η′(x)| and

∥ψ′′∥∞ = ∥η′′∥∞. We see ψ as a 1-periodic function of class C 2 on R. The Taylor formula with
Lagrange remainder gives, for all u ∈ R,∣∣ψ(x+ u)− 1− ψ′(x)u

∣∣ ⩽ 1
2
∥∥η′′∥∥

∞ u2. (2.3)

(1) Since ∥η∥∞ ⩽ 1, ψ ⩽ 1 = ψ(x) on R. So x is a maximum of ψ on the open set R, and
ψ′(x) = 0. Then (2.3) with u = ±h gives |η(x± h)| ⩾ ψ(x± h) ⩾ 1− 1

2 ∥η
′′∥∞ h2.

(2) Let τ ∈ {−1, 1} with τψ′(x) = |ψ′(x)|. By (2.3) with u = τh, and since ψ(x + τh) ⩽
|η(x+ τh)| ⩽ 1,

1 ⩾ ψ(x+ τh) ⩾ 1 +
∣∣ψ′(x)

∣∣h− 1
2
∥∥η′′∥∥

∞ h2.

Hence |η′(x)| ⩽ 1
2 ∥η

′′∥∞ h. By (2.3) with u = ±h, |η(x± h)| ⩾ ψ(x ± h) ⩾ 1 − |η′(x)|h −
1
2 ∥η

′′∥∞ h2. The bound on |η′(x)| gives the last inequality.

t

1

x x+ h

⩽ 1
2 ∥η

′′∥∞ h2

t

1

x x+ h

Figure 2.1: Lemma 2.1 with ∥η′′∥∞ = 6 and h = 0.2. Left: ∥η∥∞ ⩽ 1 and η(x) = 1. Then
η′(x) = 0, and the margin at the grid point x+ h is at most 1

2 ∥η
′′∥∞ h2. Right: η(x) = 1 and

η′(x) = 1.2 > 1
2 ∥η

′′∥∞ h. Then η exceeds 1 at the grid point x+ h.

Remark 2.2 (Consequences on a fine grid). Let t 7→ φt be C 2 from T to H. Let G ⊂ T be a
grid of step h that contains S = supp(µ0), with h < mini ̸=j |xi − xj |, so that xi ± h ∈ G \ S
for all i. (a) Let η = Φ⋆p ∈ ∂∥µ0∥TV, where the subdifferential is taken on G, and let ε be
its margin as in Proposition 1.3. Then |η| ⩽ 1 on G and |η(x1)| = 1, so item 2 of Lemma 2.1
gives ε ⩽ 1− |η(x1 + h)| ⩽ ∥η′′∥∞ h2. For the weighted Fourier measurements of Example 2.1,∥∥∂2

t φt

∥∥
H ⩽ 4π2f2

c , so ∥η′′∥∞ ⩽ 4π2f2
c ∥p∥H, and the bound 2δ ∥p∥H /ε of Proposition 1.3 is at

least δ/(2π2f2
c h

2), whatever the certificate. The guarantee degrades like h−2. This does not say
that the LASSO itself fails. (b) The vector pF depends only on φx1 , . . . , φxs and on sign(a),
not on the grid. So ηF is one function on T for all grids that contain S. Assume η′

F (xi) ̸= 0
for some i. If h < 2 |η′

F (xi)| / ∥η′′
F ∥∞, item 2 of Lemma 2.1 shows that |ηF | > 1 at xi + h or at

xi − h, and Corollary 2.1 does not apply. For one spike and a kernel K(x, x′) = κ(x− x′) with κ
even and κ(0) = 1, one finds ηF = sign(a1)κ(· − x1) and η′

F (x1) = 0. For several spikes, ηF only
interpolates the signs, and in general η′

F (xi) ̸= 0 (Exercise 2.2). (c) By item 1 of Lemma 2.1,
a certificate with |η| ⩽ 1 on all of T satisfies η′(xi) = 0 for all i. The vanishing derivative
pre-certificate ηV of Definition 3.2 adds these constraints to those of ηF . (d) Coherence and
restricted isometry constants also tend to their worst values when h→ 0 (Remark 1.8).
Remark 2.3 (The LASSO on thin grids, admitted). The following facts are shown on slides and
admitted. The setting is the following: X = T, H = L2(T), Φµ = φ ⋆ µ with φ ∈ C 3(T) real,
the operator Γx0 of Section 3.2 is injective, µ0 satisfies the non-degenerate source condition of
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Definition 3.3, a structural inequality between two constants of (µ0,Φ) holds, and Gh is the
dyadic grid of step h = 2−J , which contains supp(µ0). Let µ̂(h)

λ be the solution of the LASSO on
Gh with data y0 + w, and â±

i
def.= µ̂

(h)
λ ({xi ± h}). By [8, 9], there is h0 > 0 such that, for every

h ⩽ h0, there are α0(h), λ0(h) > 0 with the following properties for all (λ,w) ∈ Dα0(h),λ0(h).

(a) supp(µ̂(h)
λ ) ⊂ supp(µ0) ∪ {xi ± h ; i = 1, . . . , s}.

(b)
∣∣∣â+

i

∣∣∣+ ∣∣∣â−
i

∣∣∣ = O
(
|ai| (λ+ ∥w∥H)/h

)
. When λ is of order h, this upper bound is of order

|ai|.

So, at low noise, the LASSO on a thin grid can split one spike of µ0 between two neighbouring
grid points [8]. Since ηF does not depend on the grid (Remark 2.2 (b)), it does not converge to
ηV when h→ 0, unless ηF = ηV .

2.3 The off-the-grid model
From now on X is the torus T or a closed subset of Rd, measures are real, and H is a separable

Hilbert space. When H is complex we use the real scalar product ℜ⟨·, ·⟩H.
With the real scalar product, a complex Hilbert space is a real Hilbert space with the same

norm, and it is still separable. Below, ⟨·, ·⟩H always denotes this real scalar product. In both
cases X is a locally compact metric space with a countable basis of open sets.

Definition 2.2 (Forward operator, model, BLASSO). Let x ∈ X 7→ φx ∈ H be continuous
and bounded. The forward operator is Φµ def.=

∫
X φx dµ(x) and Φ⋆p

def.= ⟨φ·, p⟩H. The target is
µ0 = ∑s

i=1 aiδxi with ai ̸= 0 and pairwise distinct xi ∈ X . We observe y = Φµ0 +w with w ∈ H.
For λ > 0 the BLASSO is

µ̂λ ∈ argmin
µ∈M(X )

1
2 ∥Φµ− y∥

2
H + λ∥µ∥TV, (Pλ(y))

and the noiseless problem P0(y0) minimises ∥µ∥TV subject to Φµ = y0. The kernel of Φ is
K(x, x′) def.= ⟨φx, φx′⟩H.

The integral defining Φµ is a Bochner integral in H (Section 2.5). For a discrete measure it
is a finite sum: Φµ0 = ∑

i aiφxi . The function Φ⋆p is continuous, as the composition of x 7→ φx

with ⟨·, p⟩H, and it is bounded by supx ∥φx∥H ∥p∥H. With p = φx′ , Φ⋆φx′ = K(·, x′). So the
functions ∑j cjK(·, xj) lie in Im(Φ⋆): certificates can be built from the kernel.
Remark 2.4 (Derivatives). Let X = T or X = R, and assume that x 7→ φx is C k from X to H.
Then, for all p ∈ H, Φ⋆p is C k and, for j ⩽ k,

(Φ⋆p)(j)(x) = ⟨∂j
xφx, p⟩H,

∣∣∣(Φ⋆p)(j)(x)
∣∣∣ ⩽ ∥∥∥∂j

xφx

∥∥∥
H
∥p∥H .

Indeed, for j = 1,
(
(Φ⋆p)(x+ t)− (Φ⋆p)(x)

)
/t = ⟨(φx+t − φx)/t, p⟩H tends to ⟨∂xφx, p⟩H when

t → 0, and this function of x is continuous. An induction gives j ⩽ k. In the same way,
K(ij)(x, x′) def.= ∂i

x∂
j
x′K(x, x′) = ⟨∂i

xφx, ∂
j
x′φx′⟩H for i, j ⩽ k. Lecture 3 uses these formulas with

k = 2.
Example 2.1 (Weighted Fourier measurements). X = T, cut-off frequency fc, weights Λ(ω) > 0
for |ω| ⩽ fc, symmetric, of sum one, and φx = (

√
Λ(ω) e2iπωx)|ω|⩽fc

. Then Φµ is the vector of
weighted Fourier coefficients of µ and K(x, x′) = ∑

ω Λ(ω) cos(2πω(x− x′)). With the Jackson
weights, defined for fc even, this is the Jackson kernel Jfc(x− x′).
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Here ω ∈ Z, fc ⩾ 1 is an integer, and H = C2fc+1 with ⟨u, v⟩H = ℜ∑ω uωvω. The map
x 7→ φx is C ∞, since its coordinates are. The coordinates of Φµ are obtained by applying the
continuous linear forms u 7→ uω to the integral: (Φµ)ω =

√
Λ(ω)

∫
T e

2iπωx dµ(x). This is
√

Λ(ω)
times the Fourier coefficient of index −ω in the convention of Section 1.1. Since Λ is symmetric,
these are the weighted Fourier coefficients, listed in the reverse order.

The kernel. By definition,

K(x, x′) = ℜ
∑

|ω|⩽fc

Λ(ω) e2iπωx e2iπωx′ =
∑

|ω|⩽fc

Λ(ω) cos
(
2πω(x− x′)

)
.

So K(x, x′) = κ(x − x′) with κ(u) def.= ∑
ω Λ(ω) cos(2πωu). The function κ is even and κ(0) =∑

ω Λ(ω) = 1, so ∥φx∥H = 1 for all x. Since Λ is symmetric, κ(u) = ∑
ω Λ(ω)e2iπωu.

The Jackson weights. Let fc be even and M
def.= fc/2. Let g(k) def.= (M + 1− |k|)/(M + 1)2

for |k| ⩽M , and g(k) def.= 0 otherwise. Since ∑|k|⩽M (M + 1− |k|) = (M + 1)2, g is a probability
on Z. The Jackson weights are Λ def.= g ⋆ g, that is Λ(ω) = ∑

k g(k)g(ω − k). The term k of
this sum is positive if and only if |k| ⩽ M and |ω − k| ⩽ M , and such a k exists if and only
if |ω| ⩽ 2M = fc. So Λ(ω) > 0 exactly for |ω| ⩽ fc. The change k → −k shows that Λ is
symmetric, and ∑ω Λ(ω) = (∑k g(k))2 = 1. The Fourier series of a convolution is the product
of the Fourier series, so

κ(u) =
∑
ω

Λ(ω)e2iπωu =
( ∑

|k|⩽M

g(k)e2iπku
)2
.

For |k| ⩽M , there are M + 1−|k| pairs (j, j′) ∈ {0, . . . ,M}2 with j− j′ = k. So, with z = e2iπu,

∑
|k|⩽M

(M + 1− |k|) zk =
M∑

j,j′=0
zj zj′ =

∣∣∣ M∑
j=0

zj
∣∣∣2.

For u /∈ Z, ∑M
j=0 z

j = (zM+1 − 1)/(z − 1) and
∣∣∣eiθ − 1

∣∣∣ = 2 |sin(θ/2)|. Hence

κ(u) = Jfc(u) def.=
(sin

(
π(fc

2 + 1)u
)

(fc

2 + 1) sin(πu)

)4
, u /∈ Z,

and κ(0) = 1 is the limit of Jfc(u) when u→ 0.
Example 2.2 (Gaussian mixture). X = R. The data are z1, . . . , zn i.i.d. of law ∑

i aiN (xi, σ
2)

with σ known, ai > 0 and ∑i ai = 1. Let Λ = N (0, σ−2), H = L2(Λ), C = 31/4 and φx(ω) =
C eiωxe−σ2ω2/2. The observation is the empirical characteristic function yn(ω) = C

n

∑
k e

iωzk .
Then E [yn(ω)] = (Φµ0)(ω) for every ω ∈ R, and K(x, x′) = e−(x−x′)2/(6σ2).

Here H is the space of complex functions f with
∫
R |f |

2 dΛ <∞, with ⟨f, f ′⟩H = ℜ
∫
R f f

′ dΛ.
It is separable. The law Λ has the density ρσ(ω) def.= σ√

2π
e−σ2ω2/2. We use the characteristic

function of the law N (0, τ2), for τ > 0:∫
R
eiωu 1√

2π τ
e−ω2/(2τ2) dω = e−τ2u2/2, u ∈ R. (2.4)

The kernel. For x, x′ ∈ R,∫
R
φx φx′ dΛ = C2 σ√

2π

∫
R
eiω(x−x′) e−3σ2ω2/2 dω.

By (2.4) with τ2 = 1/(3σ2), the last integral is
√

2π τ e−(x−x′)2/(6σ2), and στ = 1/
√

3. This value
is real, so taking the real part changes nothing, and since C2 =

√
3,

K(x, x′) = C2
√

3
e−(x−x′)2/(6σ2) = e−(x−x′)2/(6σ2).
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The constant C = 31/4 is the one that gives K(x, x) = ∥φx∥2H = 1. Again K(x, x′) = κ(x− x′),
now with κ(u) = e−u2/(6σ2). The map x 7→ φx is continuous and bounded, since ∥φx∥H = 1 and
∥φx − φx′∥2H = 2− 2κ(x− x′).

The mean. Each |yn(ω)| is at most C, so yn ∈ H. The characteristic function of N (xi, σ
2) is

ω 7→ eiωxi−σ2ω2/2. So, for every ω ∈ R,

E [yn(ω)] = C E [eiωz1 ] = C
s∑

i=1
ai e

iωxie−σ2ω2/2 =
s∑

i=1
aiφxi(ω) = (Φµ0)(ω).

The noise is wn
def.= yn − Φµ0 ∈ H. It is studied in Lecture 4.

In [10], the mixture lives in Rd and only m random frequencies of the empirical characteristic
function are kept (a sketch); here d = 1 and we keep all the frequencies.
Remark 2.5 (Convolution on the torus). Section 4.3 uses a third instance. Let X = T, H =
L2(T) real, φ ∈ C 0(T) real, and φx

def.= φ(· − x). The map x 7→ φx is continuous, since
∥φx − φx′∥L2 ⩽ supt |φ(t− x)− φ(t− x′)| and φ is uniformly continuous. For p ∈ H, the
identity of Proposition 2.1 and Fubini’s theorem (the integrand is bounded and both measures
are finite) give

⟨Φµ, p⟩H =
∫
T

∫
T
φ(t− x)p(t) dtdµ(x) =

∫
T

( ∫
T
φ(t− x) dµ(x)

)
p(t) dt.

So Φµ is the function φ ⋆ µ : t 7→
∫
φ(t− x) dµ(x), and (Φ⋆p)(x) =

∫
T φ(t− x)p(t) dt. The kernel

is K(x, x′) =
∫
T φ(t)φ(t+ x− x′) dt.

2.4 Radon measures
This section recalls the facts on measures that replace the identification M(G) = RN of

Lecture 1. The two theorems are admitted.

Definition 2.3 (Continuous functions and Radon measures). C0(X ) is the space of real contin-
uous functions on X that vanish at infinity, with the norm ∥η∥∞ = supx |η(x)|. M(X ) is the
space of finite regular Borel measures on X . The total variation norm is

∥µ∥TV
def.= sup {

∫
X η dµ ; η ∈ C0(X ), ∥η∥∞ ⩽ 1} = |µ| (X ).

A function η vanishes at infinity if the set {x ; |η(x)| ⩾ ε} is compact for every ε > 0.
If X is compact, C0(X ) is the space of all continuous functions. The measures are signed:
µ(E) ∈ R for every Borel set E. The variation of µ is the positive measure |µ| defined by
|µ| (E) def.= sup∑k |µ(Ek)|, where the supremum is over the finite partitions of E into Borel sets
Ek. The second equality in the definition of ∥µ∥TV is part of Theorem 2.1. We also admit the
polar decomposition [11]: there is a Borel function σµ : X → {−1, 1} with dµ = σµ d |µ|. It plays
the role of the sign of Lecture 1. As in Lecture 1 we write ⟨η, µ⟩M

def.=
∫

X η dµ =
∫

X η σµ d |µ| for
a bounded Borel function η. The two facts of Lecture 1 hold with the same proofs:

|⟨η, µ⟩M| ⩽
∫

X
|η| d |µ| ⩽ ∥η∥∞ ∥µ∥TV, (2.5)

∥µ∥TV − ⟨η, µ⟩M =
∫

X
(1− η σµ) d |µ| ⩾

∫
X

(1− |η|) d |µ| . (2.6)

The equality uses ∥µ∥TV = |µ| (X ), and the inequality holds because η σµ ⩽ |η|. These are the
analogues of the second part of (1.1) and of (1.2). The first part of (1.1) is Proposition 2.1.
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Discrete measures. Let µ = ∑s
i=1 aiδxi with pairwise distinct xi and ai ̸= 0. For a Borel set

E and a finite partition (Ek) of E, ∑k |µ(Ek)| ⩽ ∑
xi∈E |ai|, with equality when each xi ∈ E

lies in its own Ek. Hence

|µ| =
s∑

i=1
|ai| δxi , ∥µ∥TV =

s∑
i=1
|ai| , ⟨η, µ⟩M =

s∑
i=1

aiη(xi). (2.7)

In particular ∥ ± δx∥TV = 1 for every x ∈ X .
Remark 2.6 (Support of a measure). The support supp(µ) is the set of x ∈ X such that |µ| (U) > 0
for every open set U ∋ x. It is closed. By (2.7), the support of the discrete measure above is
{x1, . . . , xs}, since a finite set is closed. (i) |µ| (X\supp(µ)) = 0. Indeed, every x /∈ supp(µ) has an
open neighbourhood Ux with |µ| (Ux) = 0. Since X has a countable basis of open sets, countably
many Ux cover X \ supp(µ), and their union has measure zero. So, if supp(µ) ⊂ {x1, . . . , xs},
then µ = ∑

i µ({xi}) δxi , since |µ(E)| ⩽ |µ| (E) for every Borel set E. (ii) Let η ∈ C0(X ) with
∥η∥∞ ⩽ 1 and ⟨η, µ⟩M = ∥µ∥TV. Then supp(µ) ⊂ {x ∈ X ; |η(x)| = 1}. Indeed, by (2.6),∫

(1−|η|) d |µ| ⩽ 0, and the integrand is nonnegative. Let x with |η(x)| < 1. By continuity, there
are an open set U ∋ x and c > 0 with 1− |η| ⩾ c on U . Then c |µ| (U) ⩽

∫
(1− |η|) d |µ| ⩽ 0, so

|µ| (U) = 0 and x /∈ supp(µ).
Point (ii) is the measure version of the phrase “|η(t)| = 1 for every t ∈ supp(ν)” in the proof

of Proposition 1.1. It needs the continuity of η.

Theorem 2.1 (Riesz-Markov-Kakutani). The map µ 7→ (η 7→
∫
η dµ) is an isometric isomor-

phism from M(X ) with the total variation norm onto the dual of C0(X ).

SoM(X ) is a dual space, and the total variation norm is the dual norm of the uniform norm.
This is why certificates are continuous functions.

Definition 2.4 (Weak-⋆ convergence). µn
⋆−⇀ µ if

∫
η dµn →

∫
η dµ for all η ∈ C0(X ).

This is the convergence of sequences for the weak-⋆ topology, the coarsest topology onM(X )
for which the maps µ 7→

∫
η dµ, η ∈ C0(X ), are continuous.

Example 2.3. If xn → x with xn ̸= x, then δxn

⋆−⇀ δx and ∥δxn − δx∥TV = 2.
Indeed,

∫
η dδxn = η(xn)→ η(x) by continuity of η, and (2.7) gives ∥δxn − δx∥TV = 1 + 1. A

small error on a position is small for the weak-⋆ topology and maximal for the total variation.
This is why the guarantees of Lectures 3 and 4 measure errors on positions with distances on X .

Theorem 2.2 (Banach-Alaoglu). For all R ⩾ 0 the ball {µ ∈M(X ) ; ∥µ∥TV ⩽ R} is weak-
⋆ compact and metrisable. Every bounded sequence of measures has a weak-⋆ convergent
subsequence.

Compactness is the Banach-Alaoglu theorem in the dual of C0(X ) [12]. Metrisability uses
that C0(X ) is separable, which holds because X has a countable basis of open sets. On a ball,
closed and sequentially closed sets are then the same, and the last sentence follows: a compact
metric space is sequentially compact.

2.5 The BLASSO: existence, subdifferential, duality
The proofs of this section are those of Section 1.4, with ⟨η, µ⟩M =

∫
η dµ. Three points

change (Remark 1.7): existence uses Theorem 2.2, the function Φ⋆p must lie in C0(X ), and
statements on supports use Remark 2.6.

We admit the following facts on the Bochner integral [13]. Let ν be a finite positive Borel
measure on X and f : X → H be bounded and strongly measurable, for instance continuous,
or continuous times a bounded real Borel function: since H is separable, measurability follows
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from Pettis’ theorem. Then the Bochner integral
∫
f dν ∈ H is defined, it is linear in f ,

∥
∫
f dν∥H ⩽

∫
∥f∥H dν, and ℓ(

∫
f dν) =

∫
ℓ ◦ f dν for every continuous linear form ℓ on H. For

µ ∈M(X ) we set
∫
f dµ def.=

∫
f σµ d |µ|. With f(x) = φx this defines Φµ, and ∥Φµ∥H ⩽ B∥µ∥TV

with B
def.= supx ∥φx∥H.

Proposition 2.1 (Weak-⋆ to weak continuity). Assume that x 7→ ⟨φx, p⟩H is in C0(X ) for all
p ∈ H. Then Φ⋆p ∈ C0(X ), ⟨Φµ, p⟩H =

∫
Φ⋆p dµ, and µn

⋆−⇀ µ implies Φµn ⇀ Φµ weakly in H.

Proof. The first claim is the assumption, since Φ⋆p = ⟨φ·, p⟩H. Let p ∈ H and µ ∈M(X ). The
map ℓ : q 7→ ⟨q, p⟩H is a continuous linear form on H, so

⟨Φµ, p⟩H = ℓ
( ∫

φx σµ(x) d |µ| (x)
)

=
∫
⟨φx, p⟩H σµ(x) d |µ| (x) = ⟨Φ⋆p, µ⟩M. (2.8)

Let µn
⋆−⇀ µ and p ∈ H. Definition 2.4 applied to η = Φ⋆p ∈ C0(X ) gives ⟨Φµn, p⟩H =∫

Φ⋆pdµn →
∫

Φ⋆pdµ = ⟨Φµ, p⟩H. This holds for every p, which is the weak convergence
Φµn ⇀ Φµ.

The identity (2.8) is the first part of (1.1), now on measures. One can also avoid the
Bochner integral. The linear form p 7→

∫
Φ⋆pdµ is bounded by B∥µ∥TV ∥p∥H by (2.5). The

Riesz representation theorem in H gives a unique Φµ ∈ H that satisfies (2.8) for all p, and one
can take this as the definition. Only (2.8) is used below.
Remark 2.7 (The assumption in the examples). (a) If X is compact, C0(X ) is the space
of continuous functions, and Φ⋆p is continuous (Section 2.3). So the assumption holds for
Example 2.1, where Φ⋆p is even a trigonometric polynomial, and for Remark 2.5. (b) In
Example 2.2, X = R is not compact, and we also need the decay at infinity. Let p ∈ H. Then
(Φ⋆p)(x) = ℜ

∫
R e

iωxg(ω) dω with g(ω) def.= Ce−σ2ω2/2 p(ω) ρσ(ω). Since Λ is a probability, the
Cauchy-Schwarz inequality gives

∫
R |g| dω ⩽ C

∫
R |p| dΛ ⩽ C ∥p∥H, so g is integrable. By the

Riemann-Lebesgue lemma, which we admit [11], the Fourier transform of an integrable function
is continuous and tends to 0 at infinity. So Φ⋆p ∈ C0(R). (c) If X is not compact, the assumption
is a true restriction. For X = R and φx = e a fixed unit vector, Φ⋆e = 1 is not in C0(R), and
δn

⋆−⇀ 0 while Φδn = e for all n. Exercise 2.4 shows that the BLASSO can then have no solution.
From now on, the assumption of Proposition 2.1 holds.

Proposition 2.2 (Existence). Under the assumption of Proposition 2.1, for all y ∈ H and
λ > 0 the sublevel sets of Jλ(µ) def.= 1

2 ∥Φµ− y∥
2
H + λ∥µ∥TV are weak-⋆ compact and Pλ(y) has a

solution.

Proof. Lower semi-continuity. Let µn
⋆−⇀ µ. We show Jλ(µ) ⩽ lim infn Jλ(µn).

First, the total variation. Let η ∈ C0(X ) with ∥η∥∞ ⩽ 1. By (2.5),
∫
η dµn ⩽ ∥µn∥TV for

all n. Letting n→∞ gives
∫
η dµ ⩽ lim infn ∥µn∥TV. The supremum over such η is ∥µ∥TV by

Definition 2.3. So ∥µ∥TV ⩽ lim infn ∥µn∥TV: a supremum of weak-⋆ continuous linear forms is
weak-⋆ lower semi-continuous.

Second, the data term. By Proposition 2.1, un
def.= Φµn − y converges weakly to u def.= Φµ− y.

Then ∥u∥2H = limn⟨un, u⟩H ⩽ lim infn ∥un∥H ∥u∥H. If u ̸= 0, divide by ∥u∥H. In all cases
∥u∥H ⩽ lim infn ∥un∥H. Adding the two inequalities gives the claim, since the lim inf of a sum is
at least the sum of the lim inf.

Compactness. Let c ∈ R and Sc
def.= {µ ; Jλ(µ) ⩽ c}. If c < 0, Sc is empty. Otherwise,

λ∥µ∥TV ⩽ Jλ(µ) ⩽ c on Sc, so Sc is contained in the ball BR of radius R = c/λ. By Theorem 2.2,
BR with the weak-⋆ topology is a compact metric space. If µn ∈ Sc and µn

⋆−⇀ µ, then
Jλ(µ) ⩽ lim infn Jλ(µn) ⩽ c, so µ ∈ Sc. So Sc is sequentially closed in the metric space BR,
hence closed in BR, hence compact.
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Existence. Let m def.= inf Jλ. Then 0 ⩽ m ⩽ Jλ(0) < ∞. Let (µn) be a minimising
sequence. For n large, Jλ(µn) ⩽ m + 1, so µn ∈ Sm+1. By compactness, a subsequence (µnk

)
converges weak-⋆ to some µ̂. By lower semi-continuity, Jλ(µ̂) ⩽ lim infk Jλ(µnk

) = m. So µ̂ is a
solution.

The total variation is not weak-⋆ continuous. On T, δ1/n − δ0
⋆−⇀ 0 while ∥δ1/n − δ0∥TV = 2

(Example 2.3). Lower semi-continuity is all the proof needs.

Proposition 2.3 (Subdifferential of the total variation). Let µ ∈M(X ) and η ∈ C0(X ). Then
∥ν∥TV ⩾ ∥µ∥TV +

∫
η d(ν − µ) for all ν ∈M(X ) if and only if ∥η∥∞ ⩽ 1 and

∫
η dµ = ∥µ∥TV.

We write η ∈ ∂∥µ∥TV. For µ = ∑s
i=1 aiδxi with pairwise distinct xi and ai ̸= 0, the second

condition reads η(xi) = sign(ai) for all i.

Proof. Assume the inequality for all ν. With ν = 0 it gives 0 ⩾ ∥µ∥TV − ⟨η, µ⟩M. With ν = 2µ
it gives 2∥µ∥TV ⩾ ∥µ∥TV + ⟨η, µ⟩M. Hence ⟨η, µ⟩M = ∥µ∥TV, and the inequality becomes
∥ν∥TV ⩾ ⟨η, ν⟩M for all ν. Let x ∈ X . The Dirac mass δx lies in M(X ) and ∥ ± δx∥TV = 1
by (2.7). With ν = ±δx the inequality gives 1 ⩾ ±η(x). So |η(x)| ⩽ 1 for all x ∈ X , that is
∥η∥∞ ⩽ 1.

Conversely, assume ∥η∥∞ ⩽ 1 and ⟨η, µ⟩M = ∥µ∥TV. For all ν, by (2.5), ∥µ∥TV + ⟨η, ν −
µ⟩M = ⟨η, ν⟩M ⩽ ∥ν∥TV.

Last, let µ = ∑
i aiδxi as in the statement, and assume ∥η∥∞ ⩽ 1. By (2.7), ∥µ∥TV −

⟨η, µ⟩M = ∑
i |ai|

(
1− η(xi) sign(ai)

)
, and each term is nonnegative. The sum vanishes if and

only if η(xi) sign(ai) = 1 for all i, that is η(xi) = sign(ai) for all i.

The tests ±δx use every point x ∈ X , not only the points of a grid. This is why the
condition |η| ⩽ 1 now holds on all of X . The same tests give the conjugate of the total variation,
used in Lecture 5. Let η ∈ C0(X ). If ∥η∥∞ ⩽ 1, then ⟨η, µ⟩M − ∥µ∥TV ⩽ 0 for all µ, with
equality at µ = 0. If |η(x)| > 1 for some x, the measures µt

def.= t sign(η(x))δx, t > 0, give
⟨η, µt⟩M − ∥µt∥TV = t(|η(x)| − 1)→∞. So supµ

(
⟨η, µ⟩M − ∥µ∥TV

)
is 0 if ∥η∥∞ ⩽ 1 and +∞

otherwise.

Definition 2.5 (Dual certificate). A dual certificate for µ is a function η ∈ Im(Φ⋆) ∩ ∂∥µ∥TV.

For µ0 = ∑
i aiδxi , a dual certificate is a function η = Φ⋆p, with p ∈ H, such that ∥η∥∞ ⩽ 1

and η(xi) = sign(ai) for all i. Its existence is the source condition of Definition 3.1.

Proposition 2.4 (Optimality conditions and strong duality). Under the assumption of Proposi-
tion 2.1, let λ > 0, y ∈ H and C def.= {p ∈ H ; ∥Φ⋆p∥∞ ⩽ 1}.

1. µ̂ is a solution of Pλ(y) if and only if Φ⋆p̂λ ∈ ∂∥µ̂∥TV with p̂λ
def.= (y − Φµ̂)/λ.

2. p̂λ is the projection of y/λ onto the closed convex set C. In particular Φµ̂ is the same for
all solutions.

3. minPλ(y) = maxp∈C λ⟨p, y⟩H − λ2

2 ∥p∥
2
H, and the maximum is attained at p̂λ only.

4. supp(µ̂) ⊂ {x ∈ X ; |η̂λ(x)| = 1} with η̂λ
def.= Φ⋆p̂λ.

Proof. Let J(µ) def.= 1
2 ∥Φµ− y∥

2 + λ∥µ∥TV and D(p) def.= λ⟨p, y⟩ − λ2

2 ∥p∥
2. All norms and scalar

products are those of H. By assumption Φ⋆p ∈ C0(X ) for every p, so Proposition 2.3 applies to
η = Φ⋆p, and (2.8) holds. By Proposition 2.2, Pλ(y) has a solution. We write p̂ for p̂λ.

The set C. For x ∈ X , the map p 7→ ⟨φx, p⟩ is a continuous linear form, so Cx
def.=

{p ; |⟨φx, p⟩| ⩽ 1} is closed and convex, as the inverse image of [−1, 1]. So C = ⋂
x∈X Cx is

closed and convex, as an intersection of closed convex sets, and 0 ∈ C. The intersection is
infinite, but this plays no role.
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(1) Let µ̂ be a solution, ν ∈M(X ) and τ ∈ (0, 1]. Expanding the square, with Φµ̂− y = −λp̂,
1
2 ∥Φ(µ̂+ τν)− y∥2 − 1

2 ∥Φµ̂− y∥
2 = −τλ⟨p̂, Φν⟩+ τ2

2 ∥Φν∥
2 .

Since µ̂+τν = (1−τ)µ̂+τ(µ̂+ν), the convexity of the total variation gives ∥µ̂+τν∥TV−∥µ̂∥TV ⩽
τ
(
∥µ̂+ ν∥TV − ∥µ̂∥TV

)
. So the optimality J(µ̂+ τν) ⩾ J(µ̂) gives, after division by τλ,

0 ⩽ −⟨p̂, Φν⟩+ τ
2λ ∥Φν∥

2 + ∥µ̂+ ν∥TV − ∥µ̂∥TV.

Let τ → 0 and use (2.8): ∥µ̂+ ν∥TV ⩾ ∥µ̂∥TV + ⟨Φ⋆p̂, ν⟩M for all ν ∈ M(X ). Replacing ν by
ν − µ̂, this is the inequality of Proposition 2.3, that is Φ⋆p̂ ∈ ∂∥µ̂∥TV.

Conversely, let µ̂ ∈ M(X ) with Φ⋆p̂ ∈ ∂∥µ̂∥TV, and let ν ∈ M(X ). The same expansion,
with τ = 1 and ν − µ̂ in place of ν, gives

1
2 ∥Φν − y∥

2 − 1
2 ∥Φµ̂− y∥

2 = −λ⟨p̂, Φ(ν − µ̂)⟩+ 1
2 ∥Φ(ν − µ̂)∥2 .

The subgradient inequality and (2.8) give λ∥ν∥TV−λ∥µ̂∥TV ⩾ λ⟨Φ⋆p̂, ν− µ̂⟩M = λ⟨p̂, Φ(ν− µ̂)⟩.
Adding,

J(ν)− J(µ̂) ⩾ 1
2 ∥Φ(ν − µ̂)∥2 ⩾ 0. (2.9)

So µ̂ is a solution.
(2) Let µ̂ be a solution. By (1) and Proposition 2.3, ∥Φ⋆p̂∥∞ ⩽ 1, so p̂ ∈ C, and ⟨Φ⋆p̂, µ̂⟩M =

∥µ̂∥TV. Let z def.= y/λ, so that λ(z − p̂) = Φµ̂. For q ∈ C, by (2.8) and (2.5),

λ⟨z − p̂, q − p̂⟩ = ⟨Φµ̂, q − p̂⟩ = ⟨Φ⋆q, µ̂⟩M − ∥µ̂∥TV ⩽ ∥Φ⋆q∥∞ ∥µ̂∥TV − ∥µ̂∥TV ⩽ 0.

Hence, for all q ∈ C,

∥z − q∥2 = ∥z − p̂∥2 − 2⟨z − p̂, q − p̂⟩+ ∥q − p̂∥2 ⩾ ∥z − p̂∥2 + ∥q − p̂∥2 .

So p̂ is the unique point of C at minimal distance from z, that is the projection of y/λ onto
C. This argument proves the existence and the uniqueness of this projection directly, from the
existence of µ̂; the projection theorem in Hilbert spaces is not needed. The point p̂ depends only
on y, λ and C, not on the solution µ̂. So Φµ̂ = y − λp̂ is the same for all solutions.

(3) Weak duality. Let µ ∈ M(X ) and p ∈ H. Expanding the square 1
2 ∥Φµ− y + λp∥2 and

using λ⟨p, Φµ⟩ = λ⟨Φ⋆p, µ⟩M gives the identity

J(µ)−D(p) = 1
2 ∥Φµ− y + λp∥2 + λ

(
∥µ∥TV − ⟨Φ⋆p, µ⟩M

)
. (2.10)

If p ∈ C, both terms are nonnegative by (2.5), so J(µ) ⩾ D(p).
Strong duality. Let µ̂ be a solution. In (2.10) for (µ̂, p̂), the first term is zero by definition of p̂,

and the second one is zero by (2). So D(p̂) = J(µ̂), and with weak duality, D(p) ⩽ J(µ̂) = D(p̂)
for all p ∈ C. Hence minPλ(y) = J(µ̂) = maxC D, attained at p̂ ∈ C.

Uniqueness of the maximiser. Let p ∈ C with D(p) = maxC D = J(µ̂). Then (2.10)
for (µ̂, p) is a sum of two nonnegative terms equal to zero. So ∥Φµ̂− y + λp∥ = 0, that is
p = (y − Φµ̂)/λ = p̂.

(4) By (2), η̂λ = Φ⋆p̂ ∈ C0(X ) satisfies ∥η̂λ∥∞ ⩽ 1 and ⟨η̂λ, µ̂⟩M = ∥µ̂∥TV. Remark 2.6 (ii)
gives supp(µ̂) ⊂ {x ∈ X ; |η̂λ(x)| = 1}.

Remark 2.8 (Notation and consequences). We write p̂λ(y) for the projection of y/λ onto C, and
η̂λ = Φ⋆p̂λ(y). Lectures 3 to 5 use the following facts. (a) By (2), Φµ̂ = y − λp̂λ(y) is the same
for all solutions, and so is ∥µ̂∥TV =

(
minPλ(y)− 1

2 ∥λp̂λ(y)∥2H
)
/λ. (b) By (1) with µ̂ = 0, the

measure 0 is a solution if and only if ∥Φ⋆y∥∞ ⩽ λ. (c) The projection onto a closed convex
set is 1-Lipschitz [14]. With (2), this gives Lemma 4.2. (d) If the set {x ; |η̂λ(x)| = 1} is finite,
then (4) and Remark 2.6 (i) show that every solution is a discrete measure supported in this
set. If the atoms φx indexed by this set are linearly independent, (a) gives a unique solution.
Theorem 4.2 and Appendix A use item (4) in this way.
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Remark 2.9 (The general frame). Items (1) and (3) are an instance of Fenchel-Rockafellar duality
[15]. We only use weak duality in general form: for Φµ = y0 and p ∈ C, ⟨p, y0⟩H =

∫
Φ⋆pdµ ⩽

∥µ∥TV.
The three lines are ⟨p, y0⟩H = ⟨p, Φµ⟩H, then (2.8), then (2.5) with ∥Φ⋆p∥∞ ⩽ 1. By

Proposition 2.3, equality holds if and only if Φ⋆p ∈ ∂∥µ∥TV, and then Remark 2.6 (ii) gives
supp(µ) ⊂ {x ; |(Φ⋆p)(x)| = 1}. This is what Proposition 3.1 and Lemma 3.1 use.

Exercises
Exercise 2.1 (The kernels of the two examples). Let κ be the function with K(x, x′) = κ(x−x′)
in Example 2.1 or in Example 2.2.

1. In Example 2.1, compute ∂xφx and show that K(ij)(x, x′) = (−1)jκ(i+j)(x−x′) for i, j ⩽ 2.
Deduce that ∥∂xφx∥2H = −κ′′(0) = 4π2∑

ω ω
2Λ(ω).

2. Still in Example 2.1, show that κ(u) < 1 for u ∈ T \ {0} and that κ(u) > −1 for all u.
Hint: Λ(0) > 0 and Λ(1) > 0.

3. For the Jackson weights, show that ∑k k
2g(k) = M(M + 2)/6. Deduce that −κ′′(0) =

4π2

3 M(M + 2) = π2

3 fc(fc + 4).

4. In Example 2.2, show that x 7→ φx is differentiable from R to H with ∂xφx(ω) = iωφx(ω).
Hint:

∣∣eit − 1− it
∣∣ ⩽ min(2 |t| , t2/2) for t ∈ R, and dominated convergence.

5. Compute ∥∂xφx∥2H in Example 2.2 in two ways: with the moments of a Gaussian law, and
with −κ′′(0). Check that both give 1/(3σ2).

6. Show that both kernels satisfy the assumptions of Example 3.1: κ is even, κ(0) = 1,
κ′′(0) < 0 and |κ(u)| < 1 for u ̸= 0.

Exercise 2.2 (The Fuchs pre-certificate of two spikes). Let Φ be as in Example 2.1, on X = T,
with the function κ of Exercise 2.1. Let 0 < d < 1/2, a1, a2 > 0 and µ0 = a1δ0 + a2δd. Let
G ⊂ T be a finite grid that contains 0 and d.

1. Show that Φx0 is injective. Compute pF and show that ηF =
(
κ(·) + κ(· − d)

)
/
(
1 + κ(d)

)
.

2. Show that η′
F (0) = −κ′(d)/(1 + κ(d)).

3. Assume κ′(d) ̸= 0. Show that there is h0 > 0 such that the assumption of Corollary 2.1
fails for every grid G that contains −h and h, with 0 < h < h0.

4. Let η = Φ⋆p be any certificate of µ0 on T, that is ∥η∥∞ ⩽ 1 on T and η(0) = η(d) = 1.
Show that η′(0) = η′(d) = 0. Deduce that η ̸= ηF when κ′(d) ̸= 0.

5. Let η be as in question 4, and let G contain h with 0 < h < d. Show that the margin ε of
η on G \ {0, d} is at most 2π2f2

c ∥p∥H h2.

Exercise 2.3 (The Gaussian mixture kernel and the choice of frequencies). In Example 2.2,
replace Λ by Λτ

def.= N (0, τ2) for some τ > 0, and set φx(ω) def.= Cτe
iωxe−σ2ω2/2 in Hτ

def.= L2(Λτ ),
with the real scalar product.

1. Show that K(x, x′) = C2
τ (1 + 2σ2τ2)−1/2 exp

(
− τ2(x−x′)2/(2(1 + 2σ2τ2))

)
. Find Cτ such

that K(x, x) = 1, and check Example 2.2 for τ = 1/σ.

2. The kernel is e−(x−x′)2/(2ℓ2
τ ). Compute the width ℓτ . Show that τ 7→ ℓτ is decreasing

and find its limit when τ →∞. Can the kernel be narrower than the components of the
mixture?
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3. Let yn(ω) def.= Cτ
n

∑n
k=1 e

iωzk and wn
def.= yn − Φµ0. Show that E ∥wn∥2Hτ

⩽ C2
τ /n. Hint:

compute E |wn(ω)|2 for each ω, then use Fubini’s theorem.

4. Express C2
τ in terms of στ . Describe the trade-off between the width of the kernel and the

noise level when τ grows.

Exercise 2.4 (A BLASSO without solution). Let X = R, H = R, φx
def.= x2/(1 + x2), y def.= 1

and 0 < λ < 1.

1. Check that x 7→ φx is continuous and bounded. Compute Φµ and Φ⋆p. For which p is
Φ⋆p ∈ C0(R)?

2. Let µ ̸= 0. Show that |Φµ| < ∥µ∥TV.

3. Show that Jλ(µ) > λ− λ2/2 for all µ ∈M(R). Hint: minimise t 7→ 1
2(t− 1)2 + λ |t| on R,

and treat µ = 0 apart.

4. Compute limn→∞ Jλ

(
(1− λ)δn

)
. Conclude that Pλ(1) has no solution.

5. Which step of the proof of Proposition 2.2 fails? Compare the weak-⋆ limit of δn with the
limit of Φδn.

Exercise 2.5 (The BLASSO for one spike). Let X = T or X = R. Assume the setting of
Proposition 2.4 and K(x, x′) = κ(x− x′), with κ(0) = 1 and |κ(u)| < 1 for u ̸= 0. Let x0 ∈ X ,
a ̸= 0 and y = aφx0 .

1. Compute Φ⋆y and ∥Φ⋆y∥∞. Show that 0 is a solution of Pλ(y) if and only if λ ⩾ |a|.

2. Let 0 < λ < |a| and µ̂
def.= (a − λ sign(a))δx0 . Compute p̂λ and η̂λ, and show that µ̂ is a

solution of Pλ(y).

3. Show that µ̂ is the unique solution. Hint: use item (4) of Proposition 2.4, then item (2).

4. Let X = R and let y ∈ H be arbitrary. Show that every solution of Pλ(y) has a compact
support.
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Chapter 3

Exact recovery and the construction
of certificates

Throughout, µ0 = ∑s
i=1 aiδxi , y0 = Φµ0, and the assumption of Proposition 2.1 holds.

As in Lecture 2, s ⩾ 1, the points xi ∈ X are pairwise distinct, ai ̸= 0, sign(a) def.= (sign(ai))i⩽s

and supp(µ0) = {x1, . . . , xs} (Remark 2.6). Measures are real and ⟨·, ·⟩H is the real scalar product
of Section 2.3. So Φ⋆p ∈ C0(X ) for every p ∈ H, and (2.8) holds.

The lecture answers two questions. When is µ0 the unique solution of P0(y0)? Which
certificate should we build, and how? The first answer is that of Lecture 1: a certificate that is
strictly below one off the support. For the second one, the certificate that matters at low noise
is the minimal norm certificate η0 (Lecture 4). Section 3.2 gives a candidate for η0 in closed
form, and Section 3.3 shows that this candidate is a non-degenerate certificate when the spikes
are separated.

3.1 Exact recovery without noise
The two results of this section are the proof of Proposition 1.1 on measures and the definition

of the minimal norm certificate. Both use weak duality only (Remark 2.9).

Definition 3.1 (Source condition). µ0 satisfies the source condition (SC) if there is p ∈ H with
Φ⋆p ∈ ∂∥µ0∥TV, that is ∥Φ⋆p∥∞ ⩽ 1 and (Φ⋆p)(xi) = sign(ai) for all i.

The two forms are equivalent by Proposition 2.3. In the words of Definition 2.5, (SC) says
that µ0 has a dual certificate. We write

C
def.= {p ∈ H ; ∥Φ⋆p∥∞ ⩽ 1} , P

def.=
{
p ∈ H ; Φ⋆p ∈ ∂∥µ0∥TV

}
,

as in Remark 2.1. So (SC) means P ̸= ∅.

Proposition 3.1 (Uniqueness under a strict certificate). Assume that (φxi)i⩽s is linearly
independent and that there is η = Φ⋆p ∈ ∂∥µ0∥TV with |η(x)| < 1 for all x ∈ X \ supp(µ0). Then
µ0 is the unique solution of P0(y0).

Proof. By Proposition 2.3, ∥η∥∞ ⩽ 1 and ⟨η, µ0⟩M = ∥µ0∥TV. Let ν ∈M(X ) be feasible, that
is Φν = y0. By (2.5) and by (2.8), used twice,

∥ν∥TV ⩾ ⟨η, ν⟩M = ⟨p, Φν⟩H = ⟨p, Φµ0⟩H = ⟨η, µ0⟩M = ∥µ0∥TV. (3.1)

So µ0, which is feasible, is a solution. Let ν be a solution. Then ∥ν∥TV = ∥µ0∥TV, and all
the terms of (3.1) are equal. In particular ⟨η, ν⟩M = ∥ν∥TV. Since η ∈ C0(X ) and ∥η∥∞ ⩽ 1,
Remark 2.6 (ii) gives

supp(ν) ⊂ {x ∈ X ; |η(x)| = 1} = {x1, . . . , xs},
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where the equality holds because |η(xi)| = 1 and |η| < 1 elsewhere. By Remark 2.6 (i),
ν = ∑

i biδxi with bi
def.= ν({xi}). Then 0 = Φν − Φµ0 = ∑

i(bi − ai)φxi , and linear independence
gives b = a, that is ν = µ0.

Remark 3.1 (The hypotheses). (a) The proof does not assume that P0(y0) has a solution: the
certificate proves that µ0 is one. (b) Under (SC) alone, the first half of the proof still shows
that µ0 is a solution. The strict inequality off the support and the linear independence give
uniqueness. Neither can be dropped (Exercise 3.1).

The next lemma gives the dual problem of P0(y0) and its solution of minimal norm. It
replaces strong duality, which Proposition 2.4 gives for λ > 0 only.

Lemma 3.1 (Noiseless duality under the source condition). Let C = {p ∈ H ; ∥Φ⋆p∥∞ ⩽ 1}
and assume (SC). Then supp∈C⟨p, y0⟩H = ∥µ0∥TV = minP0(y0). The supremum is attained
exactly at the p with Φ⋆p ∈ ∂∥µ0∥TV. Among them there is a unique element p0 of minimal
norm. We set η0

def.= Φ⋆p0, the minimal norm certificate.

Proof. All norms and scalar products are those of H.
Weak duality. Let p ∈ C and let ν be feasible for P0(y0). By (2.8) and (2.5),

⟨p, y0⟩ = ⟨p, Φν⟩ = ⟨Φ⋆p, ν⟩M ⩽ ∥ν∥TV. (3.2)

With ν = µ0 this gives ⟨p, y0⟩ ⩽ ∥µ0∥TV for all p ∈ C.
Values. Let p̄ ∈ P , given by (SC). Then p̄ ∈ C and ⟨p̄, y0⟩ = ⟨Φ⋆p̄, µ0⟩M = ∥µ0∥TV. So the

supremum equals ∥µ0∥TV and it is attained at p̄. By (3.2) with p = p̄, every feasible ν satisfies
∥ν∥TV ⩾ ∥µ0∥TV. So µ0 is a solution and minP0(y0) = ∥µ0∥TV.

Maximisers. Let p ∈ C. By (2.8), ⟨p, y0⟩ = ∥µ0∥TV if and only if ⟨Φ⋆p, µ0⟩M = ∥µ0∥TV.
Since Φ⋆p ∈ C0(X ) and ∥Φ⋆p∥∞ ⩽ 1, Proposition 2.3 says that this holds if and only if
Φ⋆p ∈ ∂∥µ0∥TV. Hence the set of maximisers is P , and

P = C ∩
{
p ∈ H ; ⟨p, y0⟩ = ∥µ0∥TV

}
.

The set C is closed and convex (proof of Proposition 2.4), and so is the affine hyperplane. So P
is closed, convex and nonempty.

Minimal norm. Let m def.= infp∈P ∥p∥. For p, q ∈ P , the midpoint (p + q)/2 lies in P , so
∥(p+ q)/2∥ ⩾ m, and the parallelogram identity gives

∥p− q∥2 = 2 ∥p∥2 + 2 ∥q∥2 − 4
∥∥∥p+q

2

∥∥∥2
⩽ 2 ∥p∥2 + 2 ∥q∥2 − 4m2. (3.3)

Let (pn) be a sequence of P with ∥pn∥ → m. By (3.3), ∥pn − pk∥2 → 0 when n, k →∞, so (pn)
is a Cauchy sequence. Since H is complete, it converges to some p0, which lies in P because P is
closed, and ∥p0∥ = m. If q ∈ P also has ∥q∥ = m, then (3.3) gives ∥p0 − q∥2 ⩽ 0, so q = p0.

Remark 3.2 (On the lemma). (a) On a grid, p0 is the vector p0 of Exercise 1.4, and under the
assumption of Corollary 2.1 it is pF (Remark 2.1). (b) Lecture 4 uses three facts from the lemma:
p0 ∈ C, p0 maximises ⟨·, y0⟩H on C, and p0 has minimal norm among the maximisers. The dual
solutions p̂λ(y0) of the BLASSO converge to p0 when λ→ 0 (Proposition 4.2). This is why η0 is
the certificate that governs the low noise regime. (c) Without (SC) the lemma says nothing, and
η0 is not defined. For a general kernel the dual problem may then have no solution; we admit
this.
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3.2 The vanishing derivative pre-certificate

From now on X = T or X = R and x 7→ φx is C 2. For x = (x1, . . . , xs) let Φxb
def.= ∑

i biφxi ,
Φ′

xb
def.= ∑

i bi∂xφxi and Γx
def.= (Φx,Φ′

x) : Rs × Rs → H.
Here Γx(b, c) = Φxb+ Φ′

xc, and Rs × Rs = R2s carries the Euclidean scalar product. As in
Lecture 2, x0

def.= (x1, . . . , xs) denotes the positions of µ0. By Remark 2.4, every Φ⋆p is C 2, and
⟨Γx(b, c), p⟩H = ∑

i bi⟨φxi , p⟩H +∑
i ci⟨∂xφxi , p⟩H. So

Γ⋆
xp =

((
(Φ⋆p)(xi)

)
i⩽s
,
(
(Φ⋆p)′(xi)

)
i⩽s

)
∈ Rs × Rs. (3.4)

The matrix Γ⋆
xΓx is the 2s× 2s matrix of the scalar products of the vectors φxi and ∂xφxi . With

the notation K(ij)(x, x′) = ⟨∂i
xφx, ∂

j
x′φx′⟩H of Remark 2.4, its blocks are

Γ⋆
xΓx =

( (
K(xi, xj)

)
i,j

(
K(01)(xi, xj)

)
i,j(

K(10)(xi, xj)
)

i,j

(
K(11)(xi, xj)

)
i,j

)
. (3.5)

Remark 3.3 (Certificates are flat at the spikes). Let η ∈ C 2(X ) with ∥η∥∞ ⩽ 1, and let x ∈ X
with η(x) = ±1. Set ψ def.= η(x) η. Then ψ ⩽ 1 = ψ(x). On R, and on T seen as 1-periodic
functions on R, the point x is an interior maximum, so ψ′(x) = 0, as in item 1 of Lemma 2.1.
Then the Taylor-Young formula ψ(x+ v) = 1 + 1

2ψ
′′(x)v2 + o(v2) ⩽ 1 gives ψ′′(x) ⩽ 0. Hence

every η = Φ⋆p with p ∈ P satisfies

η(xi) = sign(ai), η′(xi) = 0, sign(ai) η′′(xi) ⩽ 0, i = 1, . . . , s.

By (3.4), the first two conditions read Γ⋆
x0p = (sign(a), 0s).

Definition 3.2 (Vanishing derivative pre-certificate). ηV
def.= Φ⋆pV where pV has minimal norm

among the p ∈ H such that (Φ⋆p)(xi) = sign(ai) and (Φ⋆p)′(xi) = 0 for all i, when such p exist.

The constraint set is A def.=
{
p ∈ H ; Γ⋆

x0p = (sign(a), 0s)
}
. It is closed and convex, as the

inverse image of a point by a continuous linear map. When it is nonempty, the minimal norm
step of the proof of Lemma 3.1 shows that it has a unique element of minimal norm. The
name says that ηV interpolates the signs with zero slope. The prefix “pre” says that nothing
guarantees ∥ηV ∥∞ ⩽ 1.

Proposition 3.2 (Closed form). If Γx0 is injective, then pV = Γx0(Γ⋆
x0Γx0)−1

(
sign(a)

0s

)
.

Proof. Write Γ def.= Γx0 and u def.= (sign(a), 0s) ∈ R2s. If Γ⋆Γc = 0, then ∥Γc∥2H = ⟨c, Γ⋆Γc⟩R2s = 0,
so Γc = 0 and c = 0. Hence the 2s × 2s matrix Γ⋆Γ is invertible, and q

def.= Γ(Γ⋆Γ)−1u is well
defined. It satisfies Γ⋆q = u, so q ∈ A by (3.4). Let p ∈ A. Then Γ⋆(p − q) = 0, so p − q is
orthogonal to Im Γ, which contains q. By Pythagoras, ∥p∥2H = ∥q∥2H + ∥p− q∥2H. So q is the
unique element of minimal norm of A, that is q = pV .

This is the check of Definition 2.1 with Γx0 in place of Φx0 . The Fuchs pre-certificate only
asks Φ⋆

x0p = sign(a). The pre-certificate ηV also asks the zero slope that every certificate has
(Remark 3.3).
Remark 3.4 (Consequences of the closed form). Assume that Γ def.= Γx0 is injective, and let
u

def.= (sign(a), 0s). (a) Let α = (α1, α2) def.= (Γ⋆Γ)−1u ∈ Rs × Rs. Then pV = Γα = ∑
j α1,jφxj +∑

j α2,j∂xφxj . Since Φ⋆φxj = K(xj , ·) and Φ⋆∂xφxj = ⟨∂xφxj , φ·⟩H = K(10)(xj , ·),

ηV =
s∑

j=1
α1,jK(xj , ·) +

s∑
j=1

α2,jK
(10)(xj , ·). (3.6)
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So ηV is computed from the kernel and its derivatives at the spikes only. (b) ∥pV ∥2H =
⟨Γα, Γα⟩H = ⟨α, Γ⋆Γα⟩ = ⟨α, u⟩ = ⟨α1, sign(a)⟩Rs . (c) The map Γ⋆ : H → R2s is onto: for
e ∈ R2s, qe

def.= Γ(Γ⋆Γ)−1e satisfies Γ⋆qe = e. With e a vector of the canonical basis, this gives
functions Φ⋆qe that interpolate one value or one slope at one spike and vanish with zero slope at
the others. Appendix A uses them (Exercise 3.4). (d) Φx0 is injective, since Φx0b = Γ(b, 0).
Proposition 3.3 (ηV and the minimal norm certificate). Assume that Γx0 is injective. Then
∥ηV ∥∞ ⩽ 1 if and only if (SC) holds and ηV = η0.

Proof. By Proposition 3.2, pV exists. Assume ∥ηV ∥∞ ⩽ 1. Since ηV (xi) = sign(ai) for all i and
ηV ∈ C0(X ), Proposition 2.3 gives ηV ∈ ∂∥µ0∥TV. So (SC) holds and pV ∈ P . By Lemma 3.1,
p0 exists, and p0 ∈ P . By Remark 3.3, p0 ∈ A, so ∥pV ∥H ⩽ ∥p0∥H. Since pV ∈ P and p0 is the
unique element of minimal norm of P , this gives pV = p0, hence ηV = η0.

Conversely, if (SC) holds and ηV = η0, then ∥ηV ∥∞ = ∥η0∥∞ ⩽ 1, since p0 ∈ P .

The interior position of the xi matters. On an interval [0, 1], a spike at 0 can have a
certificate with a nonzero derivative at 0. When ∥ηV ∥∞ > 1, either (SC) fails or η0 ̸= ηV . The
non-degeneracy that Lecture 4 needs is a property of η0.
Definition 3.3 (Non-degenerate source condition). µ0 satisfies (NDSC) if (SC) holds, |η0(x)| < 1
for all x /∈ {x1, . . . , xs}, and sign(ai) η′′

0(xi) < 0 for all i.
By Remark 3.3, every certificate satisfies the two conditions of (NDSC) with non-strict

inequalities. (NDSC) asks them strictly. With the linear independence of the φxi , it gives exact
recovery by Proposition 3.1. The next remark turns (NDSC) into a computation.
Remark 3.5 (Checking (NDSC) with ηV ). Assume that Γx0 is injective. Then µ0 satisfies (NDSC)
if and only if

|ηV (x)| < 1 for all x /∈ {x1, . . . , xs} and sign(ai) η′′
V (xi) < 0 for all i. (3.7)

The recipe is: compute ηV with (3.6) and check these two conditions. In particular, if ∥ηV ∥∞ > 1,
then (NDSC) fails.

Proof. If (3.7) holds, then ∥ηV ∥∞ ⩽ 1, since |ηV (xi)| = 1, and Proposition 3.3 gives (SC) and
η0 = ηV . So (NDSC) holds.

Conversely, assume (NDSC). It is enough to show pV = p0. Let σi
def.= sign(ai), q

def.= pV − p0
and g def.= Φ⋆q, and assume q ̸= 0. By Remark 3.3, p0 ∈ A, so Γ⋆

x0q = 0, that is g(xi) = g′(xi) = 0,
and ∥pV ∥H ⩽ ∥p0∥H. For t ∈ [0, 1] let pt

def.= p0 + tq and ηt
def.= Φ⋆pt = η0 + tg.

Let k def.= 1
2 mini(−σiη

′′
0 (xi)) > 0. Since η0 and η′′

0 are continuous, there is ε > 0, smaller than
half the distance between two spikes and than 1

4 on T, such that on each interval Ii
def.= [xi−ε, xi+ε],

σiη
′′
0 ⩽ −k and σiη0 ⩾ 1

2 . Let U be the union of the open intervals (xi − ε, xi + ε). We claim
that r def.= 1− supx/∈U |η0(x)| > 0. On T, T \ U is compact and |η0| < 1 there, so the supremum
is a maximum and it is less than 1. On R, the set L def.=

{
x ; |η0(x)| ⩾ 1

2

}
is compact since

η0 ∈ C0(R). The maximum of |η0| on the compact set L \ U is less than 1, and |η0| < 1
2 off L.

Let B def.= supx ∥φx∥H, so that ∥g∥∞ ⩽ B ∥q∥H, and let M def.= maxi maxIi |g′′|, which is finite
since g′′ is continuous. Choose t ∈ (0, 1) with tM ⩽ k, tB ∥q∥H ⩽ r and tB ∥q∥H ⩽ 1

2 . Off U ,
|ηt| ⩽ 1 − r + tB ∥q∥H ⩽ 1. On Ii, the function ψ

def.= σiηt satisfies ψ(xi) = 1, ψ′(xi) = 0 and
ψ′′ = σiη

′′
0 + tσig

′′ ⩽ −k + tM ⩽ 0. The Taylor formula with integral remainder, ψ(xi + v) =
1 + v2 ∫ 1

0 (1− θ)ψ′′(xi + θv) dθ for |v| ⩽ ε, gives ψ ⩽ 1 on Ii. Also ψ ⩾ σiη0− t ∥g∥∞ ⩾ 1
2 −

1
2 = 0

on Ii. So |ηt| ⩽ 1 on Ii. Hence ∥ηt∥∞ ⩽ 1 and ηt(xi) = σi, that is pt ∈ P .
Last, ∥p0 + q∥2H = ∥pV ∥2H ⩽ ∥p0∥2H gives 2⟨p0, q⟩H ⩽ −∥q∥2H, so

∥pt∥2H = ∥p0∥2H + 2t⟨p0, q⟩H + t2 ∥q∥2H ⩽ ∥p0∥2H − t(1− t) ∥q∥
2
H < ∥p0∥2H .

This contradicts the minimality of p0 in P (Lemma 3.1). So q = 0.
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Example 3.1 (One spike). Let s = 1 and K(x, x′) = κ(x− x′) with κ even, κ(0) = 1, κ′′(0) < 0.
Then ηV = sign(a1)K(x1, ·), and (NDSC) holds if and only if |κ(u)| < 1 for u ̸= 0. This covers
Examples 2.1 and 2.2.

Here u ̸= 0 means u ∈ T \ {0} when X = T. Let σ def.= sign(a1) and g
def.= −κ′′(0) > 0. By

Remark 2.4, K(ij)(x, x′) = ∂i
x∂

j
x′κ(x−x′) = (−1)jκ(i+j)(x−x′). Since κ is even and differentiable,

κ′(0) = 0. By (3.5),

Γ⋆
x0Γx0 =

(
κ(0) −κ′(0)
κ′(0) −κ′′(0)

)
=
(

1 0
0 g

)
.

This matrix is invertible, so Γx0 is injective (if Γx0c = 0 then Γ⋆
x0Γx0c = 0). Proposition 3.2 gives

pV = Γx0(σ, 0) = σφx1 , hence ηV (x) = σ⟨φx1 , φx⟩H = σK(x1, x) = σκ(x− x1), since κ is even.
By the Cauchy-Schwarz inequality, |κ(x− x′)| ⩽ ∥φx∥H ∥φx′∥H = κ(0) = 1. So ∥ηV ∥∞ ⩽ 1

for every such kernel, and Proposition 3.3 gives (SC) and η0 = ηV . The curvature condition
always holds: ση′′

0(x1) = κ′′(0) < 0. The remaining condition, |η0(x)| < 1 for x ̸= x1, reads
|κ(u)| < 1 for u ̸= 0, with u = x− x1.

Weighted Fourier measurements (Example 2.1). Here κ(u) = ∑
|ω|⩽fc

Λ(ω) cos(2πωu), with
Λ > 0 symmetric of sum one and fc ⩾ 1. So κ is even, κ(0) = 1 and κ′′(0) = −4π2∑

ω ω
2Λ(ω) < 0.

All the terms below are nonnegative. Keeping the terms ω = ±1, then the term ω = 0,

1− κ(u) =
∑
ω

Λ(ω)
(
1− cos(2πωu)

)
⩾ 2Λ(1)

(
1− cos(2πu)

)
, 1 + κ(u) ⩾ 2Λ(0).

For u ∈ T \ {0}, cos(2πu) < 1. So |κ(u)| < 1 and (NDSC) holds. With the Jackson weights,
η0(x) = sign(a1)Jfc(x− x1) and sign(a1)η′′

0(x1) = −π2

3 fc(fc + 4) (Exercise 2.1): the curvature
grows like f2

c .
Gaussian mixture (Example 2.2). Here κ(u) = e−u2/(6σ2) is even, κ(0) = 1, κ′′(0) =

−1/(3σ2) < 0 and 0 < κ(u) < 1 for u ̸= 0. So η0(x) = sign(a1)e−(x−x1)2/(6σ2) and (NDSC) holds.
The map x 7→ φx is C 2, as the section requires. Indeed, for k ⩽ 2 the map x 7→ (iω)kφx is
continuous from R to H by dominated convergence, since

∣∣∣ωkφx(ω)
∣∣∣2 ⩽ C2ω2k is integrable for

Λ. For k ⩽ 1, the bound
∣∣∣eiθ − 1− iθ

∣∣∣ ⩽ θ2/2 gives
∥∥∥(iω)k(φx+t − φx)

t
− (iω)k+1φx

∥∥∥2

H
⩽
C2t2

4

∫
R
ω2k+4 dΛ(ω) −−→

t→0
0.

So ∂xφx = iωφx and ∂2
xφx = −ω2φx.

For several spikes, ηV is no longer a translate of κ, and the recipe can fail.

x

1

−1

x1

x2
x

3

−3

Figure 3.1: The pre-certificate ηV for κ(u) = e−u2/2 (Example 2.2 with σ2 = 1/3), a1 > 0 > a2
and x2 − x1 = d, computed with (3.6). Left: d = 2. Numerically, |ηV | < 1 off {x1, x2} and ηV

curves at both spikes, so (NDSC) holds. Right: d = 1, with a compressed vertical scale. Then
∥ηV ∥∞ ≈ 3.18, and (NDSC) fails by Remark 3.5. The coefficients are those of Exercise 3.2.

3.3 Local positive curvature gives a certificate
Example 3.1 gives (NDSC) for one spike. For several spikes we need a quantitative argument.

If the spikes are far apart, the matrix Γ⋆
x0Γx0 is close to a diagonal matrix, and ηV is close to
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∑
i sign(ai)K(xi, ·), a sum of one-spike certificates. To make this precise, the kernel must stay

below 1 away from the diagonal and curve near it, and its tails must be small. This section
follows [16], in dimension one.

Setting. In this section X = T or X = R, x 7→ φx is C 2, and the kernel of Φ is K(x, x′) =
κ(x− x′) with κ(0) = 1 and

g
def.= −κ′′(0) = K(11)(x, x) = ∥∂xφx∥2H > 0.

The function κ is even, since K is symmetric, so κ′(0) = 0. We use the distance dg(x, x′) def.=√
g |x− x′|, where |x− x′| is the distance on T when X = T. By Remark 2.4, K(ij)(x, x′) =

(−1)jκ(i+j)(x−x′) for i, j ⩽ 2. A number q that is a derivative of total order k, such as K(ij)(x, x′)
with i + j = k or η(k)(x), is measured in the metric: ∥q∥ def.= g−k/2 |q|. So

∥∥∥K(ij)(x, x′)
∥∥∥ =

g−(i+j)/2
∣∣∣κ(i+j)(x− x′)

∣∣∣ depends only on i+ j and on |x− x′|. In Example 2.2, g = 1/(3σ2) and
K(x, x′) = e−dg(x,x′)2/2: in the metric, the kernel is the standard Gaussian.

Definition 3.4 (Local curvature constants). For r > 0,

ε0(r) def.= sup
{
ε ; K(x, x′) ⩽ 1− ε whenever dg(x, x′) ⩾ r

}
,

ε2(r) def.= sup
{
ε ; −K(02)(x′, x) ⩾ ε g whenever dg(x, x′) < r

}
.

Since K(02)(x′, x) = κ′′(x′ − x) and κ′′ is even,

ε0(r) = 1− sup {κ(v) ; √g |v| ⩾ r} , ε2(r) = inf
{
−κ′′(v)/g ; √g |v| < r

}
.

A large ε0 means that the kernel is far below 1 outside the ball of radius r. A large ε2 means
that it is strictly concave inside. These are plain suprema, as in [16]. Another convention in the
literature divides them by 2 and 4 [17].

Definition 3.5 (Kernel width). For h > 0 and s ∈ N, ∆(h, s) is the infimum of the ∆ such that∑
k⩾2

∥∥∥K(ij)(x1, xk)
∥∥∥ ⩽ h for all (i, j) ∈ {0, 1, 2} × {0, 1} and all families of at most s points

with dg(xk, xℓ) ⩾ ∆ for k ̸= ℓ.

If the property holds for some ∆, it holds for every ∆2 ⩾ ∆, since a ∆2-separated family is
∆-separated. So it holds for every family of at most s points whose separations are all larger
than ∆(h, s). Here the six pairs (i, j) give four conditions, one for each order i+ j ∈ {0, 1, 2, 3},
and any point of the family can be listed first.

Assumption 3.1 (Kernel assumption). For i, j ⩽ 2, Bij
def.= supx,x′

∥∥∥K(ij)(x, x′)
∥∥∥ < ∞, and

Bi
def.= B0i + B1i + 1. There are rnear < B

−1/2
02 with ε0

def.= ε0(rnear) > 0 and ε2
def.= ε2(rnear) > 0,

an integer s, and h ⩽ 1
64 min(ε0/B0, ε2/B2) with ∆(h, s) < ∞. The admissible separation is

∆adm
def.= 2∆(h, s).

Remark 3.6 (Constants that are always known). By the Cauchy-Schwarz inequality in H,
|K(x, x′)| ⩽ ∥φx∥H ∥φx′∥H = 1,

∣∣∣K(10)(x, x′)
∣∣∣ ⩽ √g and

∣∣∣K(11)(x, x′)
∣∣∣ ⩽ g, with equality in the

first and last ones at x = x′. Since
∣∣∣K(02)

∣∣∣ = |κ′′| =
∣∣∣K(11)

∣∣∣, we get B00 = B02 = 1 and B10 ⩽ 1.
So the condition rnear < B

−1/2
02 reads rnear < 1. Taking x = x′ in the definition of ε2(r) gives

ε2(r) ⩽ 1. Hence B2 ⩾ 2 and h ⩽ ε2/(64B2) ⩽ 1/128.

Definition 3.6 (Near and far regions, non-degenerate certificate). Let X near
i

def.=
{x ; dg(x, xi) < rnear} and X far def.= X \⋃iX near

i . A function η ∈ Im(Φ⋆) is an (ε0, ε2, rnear)-non-
degenerate certificate if η(xi) = sign(ai) for all i, |η| ⩽ 1−ε0 on X far, and |η(x)| ⩽ 1−ε2 dg(x, xi)2

on X near
i .
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Remark 3.7 (On non-degenerate certificates). (a) If dg(xj , xk) ⩾ 2rnear for j ̸= k, the near regions
are pairwise disjoint: a point x in X near

j ∩ X near
k would give dg(xj , xk) < 2rnear. This is the

assumption of item 2 of Proposition 4.1. (b) A non-degenerate certificate with ε0, ε2 > 0 satisfies
∥η∥∞ ⩽ 1, with |η(x)| = 1 only at the spikes, since X = X far ∪

⋃
iX near

i . So it lies in ∂∥µ0∥TV,
and it is strict in the sense of Proposition 3.1, with explicit margins. Lecture 4 turns these
margins into error bounds.

x

1
1− ε0

X near
1 X near

2X far

1− ε2d
2
g

Figure 3.2: A schematic non-degenerate certificate for two positive spikes. In the near regions
(shaded), |η| stays below the parabola 1− ε2dg(x, xi)2. In the far region it stays below 1− ε0.

The next lemma turns curvature into the quadratic decay of Definition 3.6.

Lemma 3.2 (Curvature gives quadratic decay). Let Assumption 3.1 hold, and let η : X → R
be C 2. Let a ∈ {−1, 1}, 0 ⩽ δ < ε2/2 and 0 < r ⩽ rnear. Assume η(xi) = a, η′(xi) = 0 and∥∥∥a η′′(x)−K(02)(xi, x)

∥∥∥ ⩽ δ for dg(x, xi) < r. Then |η(x)| ⩽ 1− ε2−2δ
2 dg(x, xi)2 on this ball.

Proof. Let x with L
def.= dg(x, xi) < r. Write x = xi + v with v ∈ R and |v| = L/

√
g. On T, v is

the representative of x− xi of smallest absolute value, and we see η as a 1-periodic function on
R. For t ∈ [0, 1], the point zt

def.= xi + tv satisfies dg(zt, xi) ⩽ tL < r. On the ball, the hypothesis
on η′′ reads |aη′′(z)− κ′′(xi − z)| ⩽ δg, and, since r ⩽ rnear, the definitions of ε2 and B02 give
−B02g ⩽ κ′′(xi − z) ⩽ −ε2g. Hence

−(B02 + δ)g ⩽ aη′′(zt) ⩽ −(ε2 − δ)g, t ∈ [0, 1]. (3.8)

The Taylor formula with integral remainder, with aη(xi) = a2 = 1 and η′(xi) = 0, gives

aη(x) = 1 + v2
∫ 1

0
(1− t) aη′′(zt) dt.

Since
∫ 1

0 (1− t) dt = 1
2 and gv2 = L2, (3.8) gives

1− B02+δ
2 L2 ⩽ aη(x) ⩽ 1− ε2−δ

2 L2.

By Remark 3.6, B02 = 1 and ε2 ⩽ 1, so δ < 1
2 and L2 < rnear

2 < 1. So B02+δ
2 L2 < 3

4 and
aη(x) > 0. Hence, with δ ⩾ 0, |η(x)| = aη(x) ⩽ 1− ε2−δ

2 L2 ⩽ 1− ε2−2δ
2 L2.

For real certificates in dimension one the proof gives the better constant (ε2 − δ)/2. The
lower bound on aη is where the condition rnear < B

−1/2
02 enters: without it, η could cross −a.

Now we build the certificate. We look for ηV in the form (3.6) and solve the interpolation
system directly.

Definition 3.7 (Certificate Ansatz). For α1, α2 ∈ Rs, η(x) def.= ∑
j α1,jK(xj , x) +∑

j α2,jK
(10)(xj , x). The coefficients solve the linear system Υα = (sign(a), 0s) that

expresses η(xi) = sign(ai) and η′(xi) = 0.
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Explicitly, since ∂xK(xj , x) = K(01)(xj , x) and ∂xK
(10)(xj , x) = K(11)(xj , x), the matrix of

the system is, with i the row index and j the column index,

Υ def.=
( (

K(xj , xi)
)

i,j

(
K(10)(xj , xi)

)
i,j(

K(01)(xj , xi)
)

i,j

(
K(11)(xj , xi)

)
i,j

)
∈ R2s×2s. (3.9)

When Υ is invertible, η∞ denotes the Ansatz with α = Υ−1(sign(a), 0s). The index ∞ comes
from the random measurement model of [16], where η∞ is the limit of certificates built from m
random measurements when m→∞.

Theorem 3.1 (Existence of a non-degenerate certificate). Let Assumption 3.1 hold with s the
number of spikes of µ0, and assume κ ⩾ 0. Let ∆′ ⩾ ∆adm with rnear ⩽ ∆′/2, and assume
dg(xj , xk) ⩾ ∆′ for j ̸= k. Then the system Υα = (sign(a), 0s) has a unique solution, with

∥α1 − sign(a)∥∞ ⩽
2h

1− 2h, ∥α1∥∞ ⩽
1

1− 2h,
√
g ∥α2∥∞ ⩽

2h
1− 2h.

The Ansatz η∞ is an (ε0/2, ε2/4, rnear)-non-degenerate certificate, and∥∥∥sign(aj)η′′
∞(x)−K(02)(xj , x)

∥∥∥ ⩽ ε2
16 , x ∈ X near

j , j = 1, . . . , s.

For s ⩾ 2, the condition rnear ⩽ ∆′/2 follows from Assumption 3.1; we admit this. For s = 1
there is no pair of spikes, and it only asks ∆′ ⩾ 2rnear. We write ∥M∥∞

def.= maxi
∑

j |Mij | for
a square matrix M . It is the operator norm of M on (Rn, ∥·∥∞), so it is submultiplicative. If
∥E∥∞ ⩽ q < 1, the Neumann series ∑n⩾0(−E)n converges to (Id +E)−1, and

∥∥(Id + E)−1∥∥
∞ ⩽

1/(1− q).

Proof, Step 3 admitted. Step 1, invertibility. Let D def.= diag(Ids, g
−1/2Ids) and Υ̃ def.= DΥD.

By (3.9), the entry of Υ̃ in row i and column ℓ of the block (p, q), with p, q ∈ {0, 1}, is
g−(p+q)/2K(qp)(xℓ, xi). Its absolute value is

∥∥∥K(qp)(xℓ, xi)
∥∥∥. The diagonal entries of the four

blocks are κ(0) = 1, ±g−1/2κ′(0) = 0 and −κ′′(0)/g = 1. So E def.= Υ̃− Id2s has a zero diagonal.
If s = 1, E = 0. Let s ⩾ 2. The separation minj ̸=k dg(xj , xk) ⩾ ∆′ is larger than ∆(h, s): if
∆(h, s) > 0 because ∆′ ⩾ 2∆(h, s), and if ∆(h, s) = 0 because ∆′ ⩾ 2rnear > 0. So Definition 3.5
applies to the family (xℓ), with xi listed first. Row i of the block row p of E has absolute
sum ∑

ℓ̸=i

( ∥∥∥K(0p)(xℓ, xi)
∥∥∥+

∥∥∥K(1p)(xℓ, xi)
∥∥∥ ). These norms depend only on the order and on

|xℓ − xi|, so they equal
∥∥∥K(p0)(xi, xℓ)

∥∥∥ and
∥∥∥K(p1)(xi, xℓ)

∥∥∥, with (p, 0), (p, 1) ∈ {0, 1, 2} × {0, 1}.
Each sum is at most h, so ∥E∥∞ ⩽ 2h ⩽ 1/64. Hence Υ̃ = Id + E is invertible, with∥∥∥Υ̃−1

∥∥∥
∞

⩽
1

1− 2h,
∥∥∥Υ̃−1 − Id

∥∥∥
∞

=
∥∥∥Υ̃−1E

∥∥∥
∞

⩽
2h

1− 2h.

So Υ = D−1Υ̃D−1 is invertible, and the system has a unique solution α.
Step 2, coefficients. Let u def.= (sign(a), 0s). Since Du = u, the vector α̃ def.= D−1α = (α1,

√
gα2)

solves Υ̃α̃ = u. Hence α̃− u = (Υ̃−1− Id)u and α̃ = Υ̃−1u. Since ∥u∥∞ = 1, this gives the three
bounds of the statement.

Step 3, far region (admitted). Let x ∈ X far. The separation leaves at most one spike xi⋆

with dg(x, xi⋆) < ∆′/2. Its term in the Ansatz is at most |α1,i⋆ |K(xi⋆ , x) ⩽ (1− ε0)/(1− 2h), by
κ ⩾ 0 and dg(x, xi⋆) ⩾ rnear. The other value terms are bounded with the kernel width applied
to the family made of x and of the xj , j ̸= i⋆, which is only ∆′/2-separated. The derivative
terms are bounded with B10 + h. With h ⩽ ε0/(64B0) this gives |η∞(x)| ⩽ 1− ε0/2 [16]. This
is where the factor 2 in ∆adm is used.
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Step 4, near region. Fix i, let σi
def.= sign(ai) and x ∈ X near

i . With K(10)(xj , y) = κ′(xj − y) =
−κ′(y − xj), the Ansatz reads η∞(y) = ∑

j α1,jκ(y − xj)− α2,jκ
′(y − xj). Since K(02)(xi, x) =

κ′′(x− xi),

σiη
′′
∞(x)− κ′′(x− xi)

g
= (σiα1,i−1)κ

′′(x− xi)
g

+σi

∑
j ̸=i

α1,j
κ′′(x− xj)

g
−σi

∑
j

√
gα2,j

κ′′′(x− xj)
g3/2 .

For j ≠ i, dg(x, xj) ⩾ dg(xi, xj)− dg(x, xi) > ∆′ − rnear ⩾ ∆′/2. So the family made of x and
of the xj , j ̸= i, has at most s points and separations larger than ∆(h, s). Definition 3.5, with
x listed first, at the orders 2 and 3, bounds the sums over j ̸= i of g−1 |κ′′(x− xj)| and of
g−3/2 |κ′′′(x− xj)| by h. The term j = i of the last sum is bounded with B12. With the bounds
of Step 2,∥∥∥σiη

′′
∞(x)−K(02)(xi, x)

∥∥∥ ⩽ 2hB02 + h+ 2h(B12 + h)
1− 2h ⩽

32
31 2h(B02 +B12 + 1) ⩽ 4hB2 ⩽

ε2
16 ,

where we used 1 + 2h ⩽ 2, h ⩽ 1/128 and h ⩽ ε2/(64B2). By construction η∞(xi) = σi and
η′

∞(xi) = 0. Lemma 3.2 with a = σi, δ = ε2/16 and r = rnear gives, on X near
i , |η∞(x)| ⩽

1− 7
16ε2 dg(x, xi)2 ⩽ 1− ε2

4 dg(x, xi)2.
Last, η∞ ∈ Im(Φ⋆) since K(xj , ·) = Φ⋆φxj and K(10)(xj , ·) = Φ⋆∂xφxj (Remark 3.4).

The Ansatz and the vanishing derivative pre-certificate solve the same interpolation problem.
The next proposition makes this precise and draws the consequences for Lecture 4.

Proposition 3.4 (The certificate of the theorem is ηV ). Under the assumptions of Theorem 3.1,
with K the kernel of Φ:

1. Υ = Γ⋆
x0Γx0, so η∞ = ηV and Γx0 is injective;

2. η∞ = η0 and µ0 satisfies (NDSC);

3. η∞ = Φ⋆p∞ with ∥p∞∥2H = ⟨α1, sign(a)⟩ ⩽ s/(1− 2h).

Proof. Let Γ def.= Γx0 and u
def.= (sign(a), 0s).

(1) By (3.5) and the symmetry K(ij)(x, x′) = K(ji)(x′, x) of Remark 2.4, the entries of Γ⋆Γ
are those of (3.9): for instance K(01)(xi, xj) = K(10)(xj , xi). So Υ = Γ⋆Γ. By Theorem 3.1, Υ is
invertible. If Γc = 0, then Υc = Γ⋆Γc = 0 and c = 0, so Γ is injective. Then α = (Γ⋆Γ)−1u is the
vector of Remark 3.4 (a), and (3.6) is the Ansatz. So η∞ = ηV , and we set p∞

def.= pV = Γα.
(2) Every x ∈ X lies in X far or in some X near

i . By Theorem 3.1, |η∞| ⩽ 1 − ε0/2 < 1 on
X far, and |η∞(x)| ⩽ 1− ε2

4 dg(x, xi)2 on X near
i , which is at most 1, and less than 1 for x ̸= xi. So

∥ηV ∥∞ ⩽ 1 and |ηV (x)| < 1 for x /∈ {x1, . . . , xs}. By (1) and Proposition 3.3, (SC) holds and
η0 = ηV = η∞. It remains to check the curvature. Fix i and let ψ def.= sign(ai)η0. Then ψ(xi) = 1,
ψ′(xi) = 0 (Remark 3.3), and ψ(xi +v) ⩽ 1− ε2

4 gv
2 for √g |v| < rnear. The Taylor-Young formula

gives ψ(xi + v) = 1 + 1
2ψ

′′(xi)v2 + o(v2). Dividing by v2 and letting v → 0 gives 1
2ψ

′′(xi) ⩽ − ε2
4 g,

that is sign(ai)η′′
0(xi) ⩽ − ε2

2 g < 0. So (NDSC) holds.
(3) By Remark 3.4 (b), ∥p∞∥2H = ⟨α1, sign(a)⟩. This is at most ∑j |α1,j | ⩽ s ∥α1∥∞ ⩽

s/(1− 2h) by Theorem 3.1.

The same computation gives the lower bound ∥p∞∥2H = s + ⟨α1 − sign(a), sign(a)⟩ ⩾
s(1− 4h)/(1− 2h), so ∥p∞∥H is of order

√
s. Item 3 is the constant of Corollary 4.3: ∥p∞∥H ⩽√

s/(1− 2h). Since p∞ = p0, every p with Φ⋆p ∈ ∂∥µ0∥TV has ∥p∥H ⩾ ∥p∞∥H. The proof of item
2 also gives the curvature sign(ai)η′′

0(xi) ⩽ −ε2g/2, of order f2
c for the Fourier measurements.
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Proposition 3.5 (Constants for the two examples). Gaussian kernel: every 0 < rnear < 1 is
allowed, ε0 ⩾ 1− e−rnear2/2, ε2 ⩾ (1− rnear

2)e−rnear2/2, and for every h > 0 there is D(h) such
that ∆(h, s) ⩽ D(h) for all s. Jackson kernel with fc ⩾ 128 even: rnear = 1/(8

√
2), ε0 ⩾ 0.00097,

ε2 ⩾ 0.941, ∆(h, s) = O(s1/4), that is a separation of order at most s1/4/fc on the torus.

The Gaussian kernel is that of Example 2.2, written in the metric: K(x, x′) = e−dg(x,x′)2/2

with dg(x, x′) = |x− x′| /(
√

3σ). Its constants are proved in Exercise 3.3; there the two lower
bounds are equalities. In dimension one the width does not grow with s: it is enough to separate
the means of the mixture by a multiple of σ that does not depend on the number of components.
The Jackson kernel is that of Example 2.1, with g = π2

3 fc(fc + 4) (Exercise 2.1), so √g ⩾ 1.81fc,
and a separation ∆ in the metric is a separation of at most 0.56∆/fc on T. Both kernels are
nonnegative, as Theorem 3.1 requires.
Remark 3.8 (Unweighted Fourier measurements). For the plain low-pass operator, a certificate
exists for real amplitudes under the separation 1.87/fc when fc ⩾ 128 [18]. Nothing in these
notes shows that this certificate is η0, so this result does not give (NDSC) for s ⩾ 2.

The plain low-pass operator has φx = (e2iπωx)|ω|⩽fc
and the Dirichlet kernel, with K(x, x) =

2fc + 1, so Section 3.3 does not apply as it stands. The certificate of [18] is the Ansatz of
Definition 3.7 built with the Jackson kernel Jfc instead of the kernel of Φ. It lies in Im(Φ⋆)
because Jfc is a trigonometric polynomial of degree fc, and it is strict off the support. The
atoms φxi are linearly independent: the separation gives s ⩽ fc/1.87, and the coordinates
ω = 0, . . . , s− 1 form a Vandermonde matrix in the distinct numbers e2iπxi . So Proposition 3.1
gives exact recovery. For the weighted operator of Example 2.1 with the Jackson weights, (NDSC)
under the separation ∆adm follows from Proposition 3.4.

Exercises
Exercise 3.1 (A two-dimensional example). Let X = T, H = R2 with the Euclidean scalar
product, and φx

def.= (cos(2πx), sin(2πx)).

1. Compute K. For p = ρ(cos θ, sin θ) with ρ ⩾ 0, show that (Φ⋆p)(x) = ρ cos(2πx − θ).
Describe C = {p ; ∥Φ⋆p∥∞ ⩽ 1}.

2. Let µ0 = aδ0 with a ̸= 0. Show that the set P of Section 3.1 is {(sign(a), 0)} and compute
η0. Show that −aδ1/2 is also a solution of P0(Φµ0). Which hypothesis of Proposition 3.1
fails?

3. Let µ0 = δ0 − δ1/2. Find a certificate η with |η| < 1 off {0, 1/2}. Show that 2δ0 is also a
solution of P0(Φµ0). Which hypothesis of Proposition 3.1 fails?

4. Let µ0 = δ0 + δ1/4. Show that (SC) fails. Show that
√

2δ1/8 is feasible and that µ0 is not
a solution of P0(Φµ0).

5. In question 4, compute supp∈C⟨p, Φµ0⟩ and minP0(Φµ0). Is the supremum attained?
Compare with Lemma 3.1.

6. Replace φx by (cos(4πx), sin(4πx)) and let µ0 = δ0. Show that (SC) holds, that every
certificate equals 1 at 1/2, and that δ1/2 is also a solution of P0(Φµ0). Which hypothesis
of Proposition 3.1 fails?

Exercise 3.2 (Two spikes of opposite signs). Let Φ be as in Example 2.2 with σ2 = 1/3, so
that κ(u) = e−u2/2 and g = 1. Let d > 0, x1 = −d/2, x2 = d/2, and a1 > 0 > a2. Admit that
Γx0 is injective.

1. Write the matrix Γ⋆
x0Γx0 with κ, κ′ and κ′′ at 0 and d.
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2. Show that α1 = (c,−c) and α2 = (b, b), with

b = − c κ′(d)
1− κ′′(d) , c = 1

D(d) , D(d) def.= 1− κ(d)− κ′(d)2

1− κ′′(d) .

Hint: first show that 1 − κ′′(d) > 0 and D(d) > 0, with the Cauchy-Schwarz inequality
for the vectors φx1 − φx2 and ∂xφx1 + ∂xφx2 , which are linearly independent. Then check
that these values solve the system, and use injectivity.

3. Show that ∥pV ∥2H = 2c. Deduce that ∥pV ∥H →∞ when d→ 0.

4. Let η = Φ⋆p be any certificate of µ0. Show that ∥p∥H ⩾ ∥pV ∥H and ∥p∥H ⩾ 2/d. Hint: the
mean value theorem and |η′| ⩽ ∥∂xφx∥H ∥p∥H.

5. Assume the hypotheses of Theorem 3.1. Deduce from question 4 and from Proposition 3.4
that d ⩾

√
2(1− 2h).

6. For d = 1, one finds c ≈ 39.08, b ≈ 23.70 and ∥ηV ∥∞ ≈ 3.18 (Figure 3.1). What can be
said of (SC) and of (NDSC)?

Exercise 3.3 (The constants of the Gaussian kernel). Let X = R and κ(u) = e−u2/2, so that
g = 1 and dg(x, x′) = |x− x′|.

1. Compute κ′, κ′′ and κ′′′. Show that B00 = B02 = 1 and B10 = e−1/2. Deduce that
Assumption 3.1 allows every rnear < 1.

2. Show that ε0(r) = 1− e−r2/2 for r > 0 and that ε2(r) = (1− r2)e−r2/2 for 0 < r ⩽ 1. Hint:
study u 7→ (1− u2)e−u2/2 on [0,

√
3].

3. Let ∆ > 0 and let x1, . . . , xm be points of R with |xk − xℓ| ⩾ ∆ for k ≠ ℓ. Let g : [0,∞)→
[0,∞) and G(t) def.= supu⩾t g(u). Show that ∑k⩾2 g(|x1 − xk|) ⩽ 2∑j⩾1G(j∆). Hint: on
each side of x1, the j-th closest point is at distance at least j∆.

4. Show that
∣∣∣κ(n)(u)

∣∣∣ ⩽ u3e−u2/2 for n ⩽ 3 and u ⩾ 2, and that u 7→ u3e−u2/2 is decreasing
on [
√

3,∞). Deduce that for every h > 0 there is D(h) such that ∆(h, s) ⩽ D(h) for all s.

5. In Example 2.2, show that dg(x, x′) = |x− x′| /(
√

3σ) and that the constants above are
those of the kernel of this example. Give a separation of the means, in units of σ and
independent of s, under which Theorem 3.1 and Proposition 3.4 apply.

Exercise 3.4 (Secondary certificates). Assume that Γ def.= Γx0 is injective, and let (e1, . . . , e2s)
be the canonical basis of R2s.

1. Show that Γ⋆Γ is symmetric positive definite, and that Γ⋆ is onto.

2. For e ∈ R2s, show that qe
def.= Γ(Γ⋆Γ)−1e is the element of minimal norm of

{q ∈ H ; Γ⋆q = e}, and that ∥qe∥2H = ⟨e, (Γ⋆Γ)−1e⟩.

3. Let ui
def.= qei and vi

def.= qes+i , ξi
def.= Φ⋆ui and ζi

def.= Φ⋆vi. Show that ξi(xj) = δij ,
ξ′

i(xj) = 0, ζi(xj) = 0 and ζ ′
i(xj) = δij . These are the functions of Appendix A. Show that∥∥∥ξ(k)

i

∥∥∥
∞

⩽ supx

∥∥∥∂k
xφx

∥∥∥
H
∥ui∥H for k ⩽ 2.

4. Assume the setting of Theorem 3.1, and let Υ̃ = DΥD be the matrix of its proof. Show
that ∥ui∥2H = (Υ̃−1)ii and ∥vi∥2H = g−1(Υ̃−1)s+i,s+i. Deduce that ∥ui∥2H ⩽ 1/(1− 2h) and
∥vi∥2H ⩽ 1/(g(1− 2h)).

5. Show that pV = ∑
i sign(ai)ui. Compare with item 3 of Proposition 3.4.
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Chapter 4

Noise: prediction, localisation,
support stability

Throughout, µ0 = ∑s
i=1 aiδxi , y = Φµ0 + w, and µ̂ is any solution of Pλ(y).

As in Lecture 3, s ⩾ 1, the points xi are pairwise distinct, ai ≠ 0, λ > 0, and the assumption
of Proposition 2.1 holds. So Pλ(y) has a solution (Proposition 2.2), Φ⋆p ∈ C0(X ) for every
p ∈ H, and (2.8) holds. We write Jλ(µ) def.= 1

2 ∥Φµ− y∥
2
H + λ∥µ∥TV for the objective of Pλ(y).

The lecture has two parts. Sections 4.1 and 4.2 hold at any noise level: a certificate of µ0

bounds the prediction error and the mass of µ̂ away from the spikes. Section 4.3 holds at low
noise only: under (NDSC), µ̂ has exactly s spikes, close to those of µ0.

4.1 Prediction and localisation
The first result is Proposition 1.3 on measures, with the same proof. Only the last step

changes. The margin of the certificate is no longer a constant off the support: it is quadratic
near each spike and constant far from the spikes (Definition 3.6).

Proposition 4.1 (Stability away from the support). Let η = Φ⋆p ∈ ∂∥µ0∥TV and ρ
def.=

∥w∥H + λ ∥p∥H.

1.
∥∥Φ(µ̂− µ0)

∥∥
H ⩽ 2ρ and ∥µ̂∥TV −

∫
η dµ̂ ⩽ ρ2/(2λ).

2. Assume the setting of Section 3.3. If η is (ε0, ε2, rnear)-non-degenerate and the near regions
X near

i are pairwise disjoint, then

ε0 |µ̂| (X far) + ε2

s∑
i=1

∫
X near

i

dg(x, xi)2 d |µ̂| (x) ⩽ ρ2

2λ. (4.1)

Corollary 4.1 (Choice of the regularisation parameter). If ∥w∥H ⩽ δ with δ > 0 and λ = δ/ ∥p∥H,
then

∥∥Φ(µ̂− µ0)
∥∥
H ⩽ 4δ and the left-hand side of (4.1) is at most 2δ ∥p∥H.

Proof. All norms and scalar products are those of H. Let h def.= Φ(µ̂ − µ0) and D
def.= ∥µ̂∥TV −

⟨η, µ̂⟩M. By Proposition 2.3, ∥η∥∞ ⩽ 1 and ⟨η, µ0⟩M = ∥µ0∥TV. So D ⩾ 0 by (2.6).
Compare with µ0. Since Φµ̂− y = h− w and Φµ0 − y = −w, the inequality Jλ(µ̂) ⩽ Jλ(µ0)

reads
1
2 ∥h− w∥

2 +λ∥µ̂∥TV ⩽ 1
2 ∥w∥

2 +λ∥µ0∥TV, that is 1
2 ∥h∥

2−⟨h, w⟩+λ
(
∥µ̂∥TV−∥µ0∥TV

)
⩽ 0.

Use the certificate. By (2.8), ⟨η, µ̂− µ0⟩M = ⟨p, Φ(µ̂− µ0)⟩ = ⟨p, h⟩. Hence

∥µ̂∥TV − ∥µ0∥TV = D + ⟨η, µ̂− µ0⟩M = D + ⟨p, h⟩.
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With the Cauchy-Schwarz inequality,
1
2 ∥h∥

2 + λD ⩽ ⟨h, w − λp⟩ ⩽ ∥h∥
(
∥w∥+ λ ∥p∥

)
= ρ ∥h∥ . (4.2)

Item 1. Since λD ⩾ 0, (4.2) gives 1
2 ∥h∥

2 ⩽ ρ ∥h∥, hence ∥h∥ ⩽ 2ρ (divide by ∥h∥ if h ̸= 0).
Then λD ⩽ ρ ∥h∥ − 1

2 ∥h∥
2 ⩽ maxu⩾0

(
ρu− 1

2u
2) = 1

2ρ
2.

Item 2. The sets X near
i are open and X far is closed. Since the X near

i are pairwise disjoint,
X far,X near

1 , . . . ,X near
s is a partition of X into Borel sets. By (2.6),

D ⩾
∫

X
(1− |η|) d |µ̂| =

∫
X far

(1− |η|) d |µ̂|+
s∑

i=1

∫
X near

i

(1− |η|) d |µ̂| .

By Definition 3.6, 1− |η| ⩾ ε0 on X far and 1− |η(x)| ⩾ ε2 dg(x, xi)2 on X near
i . So D is at least

the left-hand side of (4.1), and item 1 concludes.

Proof of Corollary 4.1. Since s ⩾ 1, |η(x1)| = 1, so η ̸= 0 and p ̸= 0 (Remark 1.6 (b)). So
λ > 0, λ ∥p∥H = δ and ρ ⩽ 2δ. Item 1 gives

∥∥Φ(µ̂− µ0)
∥∥
H ⩽ 4δ, and ρ2/(2λ) ⩽ 4δ2 ∥p∥H /(2δ) =

2δ ∥p∥H.

Remark 4.1 (On the proof). (a) No optimality condition is used, only Jλ(µ̂) ⩽ Jλ(µ0). So the
bounds hold for every measure with this property, and for every certificate p, not only for p0.
No uniqueness, no separation and no bound on the noise are used, and the dimension of H
plays no role. (b) The quantity D = ∥µ̂∥TV −

∫
η dµ̂ is the Bregman divergence of the total

variation at µ0 for the subgradient η. Item 2 bounds it from below. Lecture 5 recovers (4.2)
from Fenchel-Young losses (Theorem 5.3), and Appendix A uses the bound D ⩾

∫
(1− |η0|) d |µ̂|.

(c) If dg(xj , xk) ⩾ 2rnear for j ≠ k, the near regions are pairwise disjoint (Remark 3.7). Without
disjointness the sum in (4.1) could count the same mass twice. (d) Item 1 controls Φµ̂, not µ̂.
Item 2 controls where the mass of µ̂ lies, but not its sign.

The bounds use ∥p∥H in a monotone way. So an upper bound on the norm is enough to
choose λ.
Remark 4.2 (A bound on the norm is enough). Let B ⩾ ∥p∥H with B > 0, ∥w∥H ⩽ δ with δ > 0,
and λ def.= δ/B. Then λ ∥p∥H ⩽ δ, so ρ ⩽ 2δ,

∥∥Φ(µ̂− µ0)
∥∥
H ⩽ 4δ and ρ2/(2λ) ⩽ 4δ2B/(2δ) = 2δB.

So Corollary 4.1, and Corollary 4.2 below, hold with B in place of ∥p∥H.
Exercise 4.1 treats a model error: the data are y = Φ(µ0 + µ̃0) + w with a small measure µ̃0.
The left-hand side of (4.1) is a transport cost. To read it as a distance between |µ̂| and a

measure supported on {x1, . . . , xs}, we use a distance that moves mass at a quadratic cost and
creates or destroys mass at a linear cost.

Definition 4.1 (Partial optimal transport). For positive measures µ, ν on X ,

T 2
dg(µ, ν) def.= inf

µ̃,ν̃

{
W 2

dg(µ̃, ν̃) + |µ− µ̃| (X ) + |ν − ν̃| (X )
}
,

where the infimum is over positive measures of equal mass and Wdg is the Wasserstein-2 distance
for the metric dg.

For positive measures µ̃, ν̃ of equal mass, a coupling is a positive measure γ on X × X with
first marginal µ̃ and second marginal ν̃, and W 2

dg(µ̃, ν̃) is the infimum of
∫
dg(x, x′)2 dγ(x, x′)

over the couplings. We only use that one coupling gives an upper bound. If both measures are
zero, the coupling γ = 0 gives W 2

dg = 0.

Corollary 4.2 (Localisation in transport distance). Under the assumptions of Proposition 4.1,
item 2, with ε0, ε2 > 0, and of Corollary 4.1, with Âi

def.= |µ̂| (X near
i ),

T 2
dg

(
|µ̂| ,

∑s
i=1 Âiδxi

)
⩽ 2δ∥p∥H

min(ε0,ε2) .
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Proof. Let L be the left-hand side of (4.1), N def.= ⋃
iX near

i and ν
def.= ∑

i Âiδxi . We bound the
infimum of Definition 4.1 by its value at one pair. Discard the mass of |µ̂| on X far: let µ̃ def.= |µ̂||N
and ν̃ def.= ν. Since the X near

i are pairwise disjoint, µ̃(X ) = ∑
i Âi = ν̃(X ). Also |µ̂| − µ̃ = |µ̂||X far

and ν − ν̃ = 0.
Move the mass on X near

i to xi: the positive measure γ def.= ∑
i |µ̂||X near

i
⊗ δxi has first marginal∑

i |µ̂||X near
i

= µ̃ and second marginal ∑i Âiδxi = ν. So it is a coupling, and

W 2
dg(µ̃, ν) ⩽

∫
dg(x, x′)2 dγ(x, x′) =

s∑
i=1

∫
X near

i

dg(x, xi)2 d |µ̂| (x).

Adding the cost |µ̂| (X far) of the discarded mass,

T 2
dg(|µ̂| , ν) ⩽ |µ̂| (X far) +

s∑
i=1

∫
X near

i

dg(x, xi)2 d |µ̂| (x) ⩽ L

min(ε0, ε2) ⩽
2δ ∥p∥H

min(ε0, ε2) ,

by Corollary 4.1.

The proof gives T 2
dg ⩽ L/min(ε0, ε2) ⩽ ρ2/(2λmin(ε0, ε2)) for every λ > 0. With Remark 4.2,

it gives 2δB/min(ε0, ε2) for λ = δ/B.
Remark 4.3 (Mass far from the spikes). Assume the setting of Proposition 4.1, item 2, with
ε0, ε2 > 0. Let t > 0 and Et

def.= {x ∈ X ; dg(x, xi) ⩾ t for all i}. A point of Et lies in X far, or in
some X near

i with dg(x, xi) ⩾ t, and there 1 ⩽ dg(x, xi)2/t2. This is Markov’s inequality. With L
the left-hand side of (4.1),

|µ̂| (Et) ⩽ |µ̂| (X far) + 1
t2

s∑
i=1

∫
X near

i

dg(x, xi)2 d |µ̂| (x) ⩽ max
( 1
ε0
,

1
ε2t2

)
L.

Under the assumptions of Corollary 4.1, L ⩽ 2δ ∥p∥H: for every fixed t, the mass at distance at
least t from the spikes is O(δ).
Remark 4.4 (Amplitudes, admitted). The bounds above say where the mass of µ̂ lies, not that
the near region X near

j receives the signed mass aj . Under the assumptions of Proposition 4.1,
item 2, assume that for some j there is ηj = Φ⋆pj with ηj(xj) = 1, ηj(xℓ) = 0 for ℓ ≠ j,
|1− ηj(x)| ⩽ b dg(x, xj)2 on X near

j for some b ⩾ 0, |ηj(x)| ⩽ ε2 dg(x, xℓ)2 on X near
ℓ for ℓ ̸= j, and

|ηj | ⩽ 1 on X far. If ε0, ε2 > 0, then

∣∣∣µ̂(X near
j )− aj

∣∣∣ ⩽ 2ρ ∥pj∥H +
(

max
(
1, b

ε2

)
+ 1
ε0

) ρ2

2λ.

The proof is Exercise 4.2.

4.2 The two examples
We apply Section 4.1 with the certificate η∞ = Φ⋆p∞ of Proposition 3.4. The only new input

is the bound ∥p∞∥H ⩽
√
s/(1− 2h). For the Gaussian mixture we also bound the noise wn,

which comes from the sampling.

Corollary 4.3 (Weighted Fourier measurements). In Example 2.1 with the Jackson weights, let
Assumption 3.1 hold for the kernel Jfc, with s the number of spikes of µ0. Assume that the xi

are ∆adm-separated, that is dg(xj , xk) ⩾ ∆adm for j ̸= k, and that ∥w∥H ⩽ δ with δ > 0. With
the certificate η∞ = Φ⋆p∞ of Proposition 3.4 and λ = δ/ ∥p∞∥H, Corollaries 4.1 and 4.2 hold
with constants (ε0/2, ε2/4) and ∥p∞∥H ⩽

√
s/(1− 2h).
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Proof. The setting of Section 3.3 holds: X = T, x 7→ φx is C ∞, and the kernel is Jfc(x − x′)
with Jfc(0) = 1. The kernel is a fourth power, so κ = Jfc ⩾ 0. If s ⩾ 2, let ∆′ def.= ∆adm; then
rnear ⩽ ∆′/2, as noted after Theorem 3.1. If s = 1, let ∆′ def.= max(∆adm, 2rnear): there is no pair
of spikes to separate. In both cases Theorem 3.1 and Proposition 3.4 apply. So η∞ = Φ⋆p∞
is a (ε0/2, ε2/4, rnear)-non-degenerate certificate, ∥p∞∥H ⩽

√
s/(1− 2h), and η∞ ∈ ∂∥µ0∥TV

(Remark 3.7 (b)). For j ̸= k, dg(xj , xk) ⩾ ∆′ ⩾ 2rnear, so the near regions are pairwise disjoint.
So Proposition 4.1 and Corollaries 4.1 and 4.2 apply with p = p∞ and the constants (ε0/2, ε2/4).
Since 1/min(ε0/2, ε2/4) ⩽ 4/min(ε0, ε2),

T 2
dg

(
|µ̂| ,

∑s
i=1 Âiδxi

)
⩽ 8δ

min(ε0,ε2)

√
s

1−2h .

By Proposition 3.5 (admitted), Assumption 3.1 holds for the Jackson kernel when fc ⩾ 128 is
even, with rnear = 1/(8

√
2). Since h ⩽ 1/128 (Remark 3.6),

√
s/(1− 2h) ⩽

√
64s/63. In torus

units, dg(x, xi)2 = g |x− xi|2 with g = π2

3 fc(fc + 4) (Exercise 2.1). So item 2 of Proposition 4.1
gives ∑i

∫
X near

i
|x− xi|2 d |µ̂| (x) ⩽ 8δ ∥p∞∥H /(ε2g): the spread around the spikes, in squared

torus distance, is of order δ
√
s/f2

c .
Remark 4.5 (The plain low-pass operator, slide). (a) The factor

√
s cannot be removed with

another certificate. Since p∞ = p0 has minimal norm among the p with Φ⋆p ∈ ∂∥µ0∥TV,
every such p satisfies ∥p∥2H ⩾ ∥p∞∥2H ⩾ s(1 − 4h)/(1 − 2h), by the lower bound that follows
Proposition 3.4. (b) For the plain low-pass operator of Remark 3.8, with φx = (e2iπωx)|ω|⩽fc

, the
characters are orthonormal in L2(T). So the certificate of Remark 3.8 satisfies ∥p∥2 = ∥η∥L2(T) < 1
for every s. We admit that this gives localisation bounds of order δ, with no factor

√
s, under the

separation 1.87/fc. The two noise levels are not on the same scale: the plain atoms have norm√
2fc + 1, the weighted atoms have norm 1. For the weighted operator, the same computation

only gives ∥η∥L2(T) ⩽ maxω

√
Λ(ω) ∥p∥H, which bounds η by p and not p by η.

For the Gaussian mixture the noise wn is random. We avoid the expectation of a random
vector of H: we compute expectations frequency by frequency, then integrate in ω.

Lemma 4.1 (Noise of the empirical characteristic function). In Example 2.2 let wn
def.= yn −

Φµ0. Then E ∥wn∥2H ⩽ C2/n. For all ζ ∈ (0, 1), with probability at least 1 − ζ, ∥wn∥H ⩽
c
√

(1 + log(1/ζ))/n for a numerical constant c.

Corollary 4.4 (Gaussian mixture). In Example 2.2, let Assumption 3.1 hold for the kernel
e−(x−x′)2/(6σ2), with s the number of components. Assume that the means xi are ∆adm-separated,
that is |xj − xk| ⩾

√
3σ∆adm for j ̸= k. Let ζ ∈ (0, 1), c the constant of Lemma 4.1, δn

def.=
c
√

(1 + log(1/ζ))/n and λ def.= δn

√
(1− 2h)/s ≍

√
(1 + log(1/ζ))/(ns). With probability at least

1− ζ, every solution µ̂ of Pλ(yn) satisfies
∥∥Φ(µ̂− µ0)

∥∥
H ⩽ 4δn and

T 2
dg

(
|µ̂| ,

∑s
i=1 Âiδxi

)
⩽ 8c

min(ε0,ε2)

√
s (1+log(1/ζ))

(1−2h) n ≲ 1
min(ε0,ε2)

√
s (1+log(1/ζ))

n .

Proof of Lemma 4.1. Here H = L2(Λ) with the real scalar product, so ∥f∥2H =
∫
R |f |

2 dΛ, and
Λ is a probability.

Variance. Fix ω ∈ R and let Zk
def.= Ceiωzk . The Zk are independent complex random variables

with the law of Z1, |Zk| = C, and EZk = (Φµ0)(ω) by Example 2.2. So wn(ω) = 1
n

∑
k(Zk−EZk).

For k ̸= ℓ, independence gives E
[
(Zk − EZk)(Zℓ − EZℓ)

]
= 0. Hence

E |wn(ω)|2 = 1
n2

n∑
k=1

E |Zk − EZk|2 = 1
n

(
E |Z1|2 − |EZ1|2

)
= C2 −

∣∣(Φµ0)(ω)
∣∣2

n
.
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The function (ω, z1, . . . , zn) 7→ |wn(ω)|2 is continuous and nonnegative. So Fubini’s theorem for
nonnegative functions lets us exchange E and the integral in ω:

E ∥wn∥2H =
∫
R
E |wn(ω)|2 dΛ(ω) =

C2 −
∥∥Φµ0∥∥2

H
n

⩽
C2

n
=
√

3
n
. (4.3)

Only expectations of real variables are used.
Bound in probability (admitted inequality). We admit the following form of Pinelis’ inequality

[19], a Hoeffding inequality in Hilbert spaces. Let W1, . . . ,Wn be independent random vectors
of a separable real Hilbert space, with ∥Wk∥ ⩽ b and E⟨Wk, g⟩ = 0 for every vector g. Then, for
t > 0,

P
(∥∥∥ n∑

k=1
Wk

∥∥∥ ⩾ t
)
⩽ 2 exp

(
− t2

2nb2

)
.

Let Wk be the function ω 7→ Ceiωzk − (Φµ0)(ω), so that wn = 1
n

∑
k Wk. The map z 7→ Cei·z

is continuous from R to H by dominated convergence, so Wk is a random vector of H. Since∥∥Cei·z∥∥
H = C and

∥∥Φµ0∥∥
H ⩽

∑
i ai ∥φxi∥H = 1 ⩽ C, we get ∥Wk∥H ⩽ 2C. For g ∈ H, the

integrand of ⟨Wk, g⟩H = ℜ
∫
Wk g dΛ is bounded by 2C |g|, which is integrable for P ⊗ Λ. So

Fubini’s theorem and E[Ceiωzk ] = (Φµ0)(ω) give E⟨Wk, g⟩H = 0. Apply the inequality with
b = 2C and t = 2C

√
2n(1 + log(1/ζ)). Then t2/(2nb2) = 1 + log(1/ζ), and the probability is at

most 2e−1ζ < ζ. So, with probability at least 1− ζ,

∥wn∥H ⩽
t

n
= 2
√

2C

√
1 + log(1/ζ)

n
,

and c = 2
√

2C = 2
√

2 · 31/4 ⩽ 3.73 works.

Proof of Corollary 4.4. The setting of Section 3.3 holds for Example 2.2 (Example 3.1), the
kernel is positive, and dg(x, x′) = |x− x′| /(

√
3σ) (Section 3.3). So the assumption on the means

reads dg(xj , xk) ⩾ ∆adm. As in the proof of Corollary 4.3, Theorem 3.1 and Proposition 3.4 give
a (ε0/2, ε2/4, rnear)-non-degenerate certificate η∞ = Φ⋆p∞ ∈ ∂∥µ0∥TV, with pairwise disjoint
near regions and ∥p∞∥H ⩽ B

def.=
√
s/(1− 2h). By definition λ = δn/B.

By Lemma 4.1, the event {∥wn∥H ⩽ δn} has probability at least 1− ζ. On this event, apply
Proposition 4.1 with p = p∞ and w = wn, and Remark 4.2. This gives

∥∥Φ(µ̂− µ0)
∥∥
H ⩽ 4δn and,

as in the proof of Corollary 4.2,

T 2
dg

(
|µ̂| ,

∑
i Âiδxi

)
⩽ 2δnB

min(ε0/2,ε2/4) ⩽ 8δnB
min(ε0,ε2) .

This is the bound of the statement. The event does not depend on µ̂, so the bound holds for
every solution. By Remark 3.6, h ⩽ 1/128, so 63/64 ⩽ 1− 2h ⩽ 1. This gives the last inequality
of the statement and λ ≍

√
(1 + log(1/ζ))/(ns).

By Proposition 3.5, for the Gaussian kernel the width ∆(h, s) is bounded independently of s.
So the separation of the means, in units of σ, does not grow with the number of components.
The factor

√
s comes from ∥p∞∥H. Here all the frequencies are kept, while a sketch keeps only

m random frequencies [10].

4.3 Support stability at low noise
In this section X = T, H = L2(T) and Φµ = φ ⋆ µ with φ ∈ C 2(T). We write y0 = Φµ0,

p̂λ(y) for the dual solution of Proposition 2.4, and Dα,λ0 for the low-noise regime of (2.1).
This is the convolution of Remark 2.5, with φ real and H the real space L2(T). So φx =

φ(· − x), and the assumption of Proposition 2.1 holds (Remark 2.7). The definition of Dα,λ0
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in (2.1) does not use the grid: it is the set of (λ,w) with 0 < λ ⩽ λ0 and ∥w∥H ⩽ αλ. Let
C

def.= {p ∈ H ; ∥Φ⋆p∥∞ ⩽ 1}. By Remark 2.8, p̂λ(y) is the projection of y/λ onto C, and by
Proposition 2.4, λp̂λ(y) = y − Φµ̂ for every solution µ̂ of Pλ(y). The section follows the route of
Remark 2.1 (c): the dual solution is non-expansive in the data, and it converges to p0 when the
noise vanishes.

Regularity. Let Mk
def.=

∥∥∥φ(k)
∥∥∥

L2 for k ⩽ 2. The map x 7→ φx is C 2 from T to H, with
∂k

xφx = (−1)kφ(k)(· − x). Indeed, let k ∈ {0, 1} and u ̸= 0. For each t, the mean value theorem
gives θ ∈ (0, 1) with

φ(k)(t− x− u)− φ(k)(t− x)
u

+ φ(k+1)(t− x) = φ(k+1)(t− x)− φ(k+1)(t− x− θu).

Since φ(k+1) is uniformly continuous on T, the right-hand side tends to 0 uniformly in t when
u→ 0, hence in L2(T), since T has measure one. The continuity of x 7→ φ(k)(· − x) in H follows
in the same way from the uniform continuity of φ(k). If φ ∈ C k(T), the same argument shows
that x 7→ φx is C k. By Remark 2.4, for p ∈ H, Φ⋆p ∈ C 2(T) and, since the norm of L2(T) is
invariant by translation,∥∥∥(Φ⋆p)(k)

∥∥∥
∞

⩽ sup
x

∥∥∥∂k
xφx

∥∥∥
H
∥p∥H = Mk ∥p∥H , k ∈ {0, 1, 2}. (4.4)

In particular Γx, ηV and (NDSC) of Lecture 3 are defined in this setting. The mean value
inequality for the C 1 map x 7→ φx also gives ∥φu − φv∥H ⩽M1 |u− v| for u, v ∈ T.

The projection inequality. Let λ > 0 and y ∈ H. The proof of Proposition 2.4, item 2, gives,
for all q ∈ C,

⟨y/λ− p̂λ(y), q − p̂λ(y)⟩H ⩽ 0. (4.5)

Lemma 4.2 (The dual solution is non-expansive). For λ > 0 and y, y′ ∈ H, ∥p̂λ(y)− p̂λ(y′)∥H ⩽
∥y − y′∥H /λ.

Theorem 4.1 (Convergence of the certificates in C 2). Assume (SC). Let η̃λ
def.= Φ⋆p̂λ(y0 + w)

and Mk
def.=
∥∥∥φ(k)

∥∥∥
L2. For k ∈ {0, 1, 2},

∥∥∥η̃(k)
λ − η(k)

0

∥∥∥
∞

⩽Mk

(
∥p̂λ(y0)− p0∥H + ∥w∥H /λ

)
.

Proof of Lemma 4.2. By Proposition 2.4, item 2, p̂λ(y) and p̂λ(y′) are the projections of y/λ
and y′/λ onto the closed convex set C. We admit that the projection onto a nonempty closed
convex subset of a Hilbert space is 1-Lipschitz [14]. Hence ∥p̂λ(y)− p̂λ(y′)∥H ⩽ ∥y/λ− y′/λ∥H =
∥y − y′∥H /λ.

The 1-Lipschitz property also follows from (4.5): write it for y with q = p̂λ(y′) and for y′ with
q = p̂λ(y), add, and apply the Cauchy-Schwarz inequality. This is question 1 of Exercise 1.4.

Proof of Theorem 4.1. By (SC) and Lemma 3.1, p0 and η0 = Φ⋆p0 are defined. Let q def.=
p̂λ(y0 + w) − p0. By linearity, η̃(k)

λ − η(k)
0 = (Φ⋆q)(k), so (4.4) gives

∥∥∥η̃(k)
λ − η(k)

0

∥∥∥
∞

⩽ Mk ∥q∥H.
By the triangle inequality and Lemma 4.2 with y = y0 + w and y′ = y0,

∥q∥H ⩽ ∥p̂λ(y0 + w)− p̂λ(y0)∥H + ∥p̂λ(y0)− p0∥H ⩽
∥w∥H
λ

+ ∥p̂λ(y0)− p0∥H .

The bound holds for all λ > 0 and w ∈ H. The second term is the effect of the noise. On
Dα,λ0 it is at most α. The first term is a bias at noiseless data. The next proposition shows that
it tends to zero.
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Proposition 4.2 (The dual bias vanishes). Assume (SC). For all λ > 0, ∥p̂λ(y0)∥H ⩽ ∥p0∥H,
and p̂λ(y0)→ p0 strongly in H when λ→ 0.

Proof. All norms and scalar products are those of H. Write pλ
def.= p̂λ(y0). By Lemma 3.1, p0 ∈ C,

p0 maximises ⟨·, y0⟩ on C, the set of maximisers is P , and p0 is the unique element of minimal
norm of P .

Norm bound. By (4.5) with y = y0 and q = p0, multiplied by λ,

0 ⩽ ⟨y0, p0 − pλ⟩ ⩽ λ⟨pλ, p0 − pλ⟩, (4.6)

where the first inequality holds because pλ ∈ C. So ∥pλ∥2 ⩽ ⟨pλ, p0⟩ ⩽ ∥pλ∥ ∥p0∥, and
∥pλ∥ ⩽ ∥p0∥. Also, since u ∥p0∥ − u2 ⩽ ∥p0∥2 /4 for u ∈ R, (4.6) gives

0 ⩽ ⟨y0, p0 − pλ⟩ ⩽ λ
(
∥pλ∥ ∥p0∥ − ∥pλ∥2

)
⩽
λ

4 ∥p0∥2 . (4.7)

Monotonicity. Let 0 < λ′ < λ and d
def.= pλ′ − pλ. Write (4.5) at λ with q = pλ′ , and at λ′

with q = pλ, multiplied by λ and λ′:

⟨y0 − λpλ, d⟩ ⩽ 0, ⟨y0 − λ′pλ′ , −d⟩ ⩽ 0.

Adding gives ⟨λ′pλ′ − λpλ, d⟩ ⩽ 0. With pλ′ = pλ + d, this reads λ′ ∥d∥2 ⩽ (λ − λ′)⟨pλ, d⟩, so
⟨pλ, d⟩ ⩾ 0. Hence

∥pλ′∥2 = ∥pλ∥2 + 2⟨pλ, d⟩+ ∥d∥2 ⩾ ∥pλ∥2 + ∥pλ′ − pλ∥2 . (4.8)

Convergence. By (4.8), N(λ) def.= ∥pλ∥2 does not increase with λ, and N ⩽ ∥p0∥2. So
N(λ) has a limit ℓ when λ → 0, and N(λ′) ⩽ ℓ for all λ′. For 0 < λ′ < λ, (4.8) gives
∥pλ′ − pλ∥2 ⩽ N(λ′) − N(λ) ⩽ ℓ − N(λ), which tends to 0 when λ → 0. So (pλ) satisfies the
Cauchy criterion when λ→ 0. Since H is complete, pλ converges strongly to some q ∈ H, and
q ∈ C because C is closed.

Identification. Letting λ→ 0 in (4.7) gives ⟨y0, q⟩ = ⟨y0, p0⟩. So q maximises ⟨·, y0⟩ on C,
that is q ∈ P . Also ∥q∥ = lim ∥pλ∥ ⩽ ∥p0∥. Since p0 is the unique element of minimal norm of
P , q = p0.

Remark 4.6 (On the bias). (a) With λp̂λ(y0) = y0 − Φµ̂λ for every solution µ̂λ of Pλ(y0), the
norm bound gives ∥Φµ̂λ − y0∥H ⩽ λ ∥p0∥H. (b) Under (SC) alone the proof gives no rate. For
the projection onto a closed convex set of R2 that is not of the form of C, the convergence can
be slower than any power of λ given in advance; we admit this. Under (NDSC), with Γx0

injective and φ ∈ C 3(T), we admit that ∥p̂λ(y0)− p0∥H = O(λ), from the regularity of the path
of Theorem 4.2. We do not use a rate. On a grid, under the assumption of Corollary 2.1,
the bias is zero for small λ (Remark 2.1 (b)), and Exercise 4.3 gives a case where it is zero
on measures. (c) The proof does not use X = T or the convolution: it holds in the setting of
Lecture 3.

With Theorem 4.1 and Proposition 4.2, the certificate η̃λ of the noisy problem is uniformly
close to η0, with its first two derivatives, on Dα,λ0 for α and λ0 small. The main theorem turns
this into a statement on the solution.

Theorem 4.2 (Support stability, Duval and Peyré). Assume that Γx0 is injective and that µ0

satisfies (NDSC). Then there are α, λ0 > 0 such that, for all (λ,w) ∈ Dα,λ0, the solution of
Pλ(y0 + w) is unique and has exactly s spikes, µ̂λ = ∑s

i=1 âλ,iδx̂λ,i
, with sign(âλ,i) = sign(ai).

With λ = ∥w∥H /α,

|x̂λ,i − xi| = O(∥w∥H) and |âλ,i − ai| = O(∥w∥H).

If φ ∈ C k(T) with k ⩾ 2, the map (λ,w) 7→ (âλ, x̂λ) is C k−1.
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The spikes are labelled so that x̂λ,i is close to xi, and |x̂λ,i − xi| is the distance on T. The
rates hold for 0 < ∥w∥H ⩽ αλ0, so that (∥w∥H /α,w) ∈ Dα,λ0 , and the constants in O depend
on µ0 and φ. The regularity means that the map is the restriction to Dα,λ0 of a C k−1 map
defined on a neighbourhood of (0, 0) in R×H.

Outline, Step 3 admitted. Let σi
def.= sign(ai) and σ def.= sign(a). Under (NDSC), (SC) holds, and

p0 and η0 are defined. For (λ,w) ∈ Dα,λ0 , let p̂ def.= p̂λ(y0 + w) and η̃λ
def.= Φ⋆p̂. Then ∥η̃λ∥∞ ⩽ 1

since p̂ ∈ C.
Step 1, convergence of the certificates. Let b(λ0) def.= sup0<λ⩽λ0 ∥p̂λ(y0)− p0∥H. By Proposi-

tion 4.2, b(λ0)→ 0 when λ0 → 0. On Dα,λ0 , ∥w∥H /λ ⩽ α, so Theorem 4.1 gives
∥∥∥η̃(k)

λ − η(k)
0

∥∥∥
∞

⩽

Mk(b(λ0) + α) for k ⩽ 2. So, for every τ > 0, there are α, λ0 > 0 with
∥∥∥η̃(k)

λ − η(k)
0

∥∥∥
∞
< τ for

k ∈ {0, 2} and all (λ,w) ∈ Dα,λ0 . Smaller values of α and λ0 keep this property.
Step 2, at most one spike near each xi, none elsewhere. Let κ def.= 1

2 mini |η′′
0(xi)|, positive

by (NDSC). Since σiη0(xi) = 1, σiη
′′
0(xi) ⩽ −2κ, and η0, η

′′
0 are continuous, there is ε ∈ (0, 1

4),
smaller than half the distance between two spikes, such that σiη

′′
0 ⩽ −κ and σiη0 ⩾ 1

2 on
Ii

def.= (xi − ε, xi + ε). Every smaller ε has the same properties. The set T \
⋃

i Ii is compact and
|η0| < 1 there, so r0

def.= 1 −maxT\∪iIi
|η0| > 0. Step 1 with τ = min(r0,

1
2 , κ) gives α, λ0 such

that, on Dα,λ0 , |η̃λ| < 1 off ⋃i Ii, and σiη̃λ > 0 and σiη̃
′′
λ < 0 on each Ii. If |η̃λ(u)| = |η̃λ(v)| = 1

with u ̸= v in Ii, then σiη̃λ(u) = σiη̃λ(v) = 1, and strict concavity gives σiη̃λ

(
u+v

2
)
> 1, which

contradicts ∥η̃λ∥∞ ⩽ 1. So {x ; |η̃λ(x)| = 1} has at most one point in each Ii and no point
elsewhere. Let µ̂ be a solution of Pλ(y0 + w). By Proposition 2.4, item 4, and Remark 2.6 (i),
µ̂ = ∑

i âiδx̂i with x̂i ∈ Ii; we set âi
def.= 0 and x̂i

def.= xi if µ̂ has no mass in Ii. By item 1 of the
same proposition and Proposition 2.3, sign(âi) = η̃λ(x̂i) = σi when âi ̸= 0, and then Remark 3.3
gives η̃′

λ(x̂i) = 0. This is Proposition A.1.
Step 3, implicit function theorem (admitted). For a ∈ Rs, x ∈ Ts, λ ∈ R and w ∈ H, let

E(a, x, λ, w) def.= Γ⋆
x(Φxa− y0 − w) + λ

(
σ
0s

)
∈ R2s.

For λ > 0 and p
def.= (y0 + w − Φxa)/λ, (3.4) shows that E = 0 if and only if (Φ⋆p)(xi) = σi

and (Φ⋆p)′(xi) = 0 for all i: these are the optimality conditions at the points of the support.
If φ ∈ C k(T) with k ⩾ 2, the map E is C k−1, since x 7→ φx is C k. Let a0

def.= a. Then
E(a0, x0, 0, 0) = 0, since Φx0a0 = y0. In the partial derivative in (a, x) at this point, the terms
where Γ⋆

x is differentiated are multiplied by the residual Φx0a0−y0 = 0, and ∂xj (Φxa) = aj ∂xφxj .
So

∂E

∂(a, x)(a0, x0, 0, 0) = Γ⋆
x0(Φx0 ,Φ′

x0 diag(a0)) = Γ⋆
x0Γx0

(
Ids 0
0 diag(a0)

)
.

This matrix is invertible because Γ⋆
x0Γx0 is (proof of Proposition 3.2) and ai ̸= 0. The implicit

function theorem gives open neighbourhoods V of (a0, x0) and W of (0, 0) in R × H, and a
C k−1 map f : W → V , such that for (a, x, λ, w) ∈ V ×W , E(a, x, λ, w) = 0 if and only if
(a, x) = f(λ,w). In particular f(0, 0) = (a0, x0). We admit the regularity of E and the implicit
function theorem in R2s × (R×H) [9].

Step 4, the solution is on the branch. The sets V and W depend on φ, a0 and x0 only.
Fix rV ∈ (0,mini |ai|] such that V contains the points (a′, x′) with ∥a′ − a0∥∞ < rV and
|x′

i − xi| < rV for all i. Since Φx0 is injective (Remark 3.4 (d)) on a space of finite dimension,
there is θ > 0 with θ ∥b∥∞ ⩽ ∥Φx0b∥H for b ∈ Rs. Let µ̂ be as in Step 2, with α, λ0 ⩽ 1.
By Proposition 4.1, item 1, with p = p0, ∥Φµ̂− y0∥H ⩽ 2(∥w∥H + λ ∥p0∥H) ⩽ 2(1 + ∥p0∥H)λ0.
The inequality Jλ(µ̂) ⩽ Jλ(µ0) gives ∥µ̂∥TV ⩽ ∥µ0∥TV + ∥w∥2H /(2λ) ⩽ ∥µ0∥TV + 1. Since
Φµ̂− y0 = Φx0(â− a0) +∑

i âi(φx̂i − φxi) and ∥φx̂i − φxi∥H ⩽M1ε,

θ ∥â− a0∥∞ ⩽ 2(1 + ∥p0∥H)λ0 +M1ε
(
∥µ0∥TV + 1

)
.
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Now choose, in this order: ε as in Step 2 with ε < rV and M1ε(∥µ0∥TV + 1) < θrV /2; then
α, λ0 ⩽ 1 as in Step 2 for this ε; then a smaller λ0 with 2(1 + ∥p0∥H)λ0 < θrV /2 and Dα,λ0 ⊂W .
Then ∥â− a0∥∞ < rV ⩽ mini |ai|. So all âi are nonzero, µ̂ has exactly s spikes, one in
each Ii, with sign(âi) = σi, and (â, x̂) ∈ V . By Step 2, η̃λ(x̂i) = σi and η̃′

λ(x̂i) = 0. Since
λp̂ = y0 + w − Φx̂â, this is E(â, x̂, λ, w) = 0. Hence (â, x̂) = f(λ,w). This holds for every
solution, so the solution is unique, and (λ,w) 7→ (â, x̂) is the restriction of f .

Rates. Since k ⩾ 2, f is C 1. Near x0 we see Ts as an open set of Rs. Reduce λ0 so that Dα,λ0

lies in a ball of R×H centred at (0, 0) on which the differential of f is bounded by some L. The
mean value inequality gives |f(λ,w)− f(0, 0)| ⩽ L(λ+∥w∥H), which is at most L(1+1/α) ∥w∥H
for λ = ∥w∥H /α.

Remark 4.7 (What each assumption does). (a) The curvature η′′
0(xi) ̸= 0 is used in Step 2 only:

it gives at most one spike near each xi. The condition |η0| < 1 off the spikes gives no spike
elsewhere. The injectivity of Γx0 is used in Steps 3 and 4. (b) The Jacobian of Step 3 does not
involve η′′

0 , because the residual vanishes at (a0, x0, 0, 0). (c) The order of the choices in Step 4
matters. The neighbourhoods V and W come first, then ε, then α and λ0. (d) Here λ > 0 in
Dα,λ0 , since Pλ(y) is not defined for λ = 0; the map f is still defined at (0, 0).
Remark 4.8 (A proof without the implicit function theorem). Appendix A gives a complete
proof of the first two conclusions and of the rates, without Step 3. It does not give the regularity
of the path.
Remark 4.9 (Where (NDSC) comes from). For the weighted Fourier measurements of Example 2.1,
(NDSC) follows from Proposition 3.4. For the Gaussian mixture, which lives on R, the same
conclusion is a special case of Theorem 5.4 with a quadratic fidelity. We admit it.

For the weighted Fourier measurements, H = C2fc+1 and not L2(T). Exercise 4.4 shows that
this model is a convolution on T with the same kernel. Proposition 3.4 gives (NDSC) and the
injectivity of Γx0 under the separation ∆adm, so Theorem 4.2 applies under the assumptions
of Corollary 4.3. For the Gaussian mixture, Theorem 5.4 asks ∥wn∥H ⩽ αλ and λ ⩽ λ0. By
Lemma 4.1, both hold with probability at least 1− ζ for λ = δn/α, as soon as δn ⩽ αλ0, that is
for n large (Exercise 4.5).

Under φ ∈ C 3(T), the constants of the proof can be tracked, with α = min
(
r/(2M0),mini |η′′

0(xi)| /(4M2)
)
,

where r is the margin of η0 off the intervals Ii. The constants of the rates involve
∥∥(Γ⋆

x0Γx0)−1∥∥,
and also 1/mini |ai| for the positions. We admit these values. A converse holds [9]: if Γx0

is injective and, for some λ0 > 0, the solutions of Pλ(y0) for 0 < λ < λ0, and of P0(y0) for
λ = 0, follow a C 1 path of s spikes defined on [0, λ0), then ∥ηV ∥∞ ⩽ 1 and ηV = η0. So the test
∥ηV ∥∞ ⩽ 1 of Remark 3.5, in its non-strict form, is necessary for such a path.

Exercises
Exercise 4.1 (Model error). Let y = Φ(µ0 + µ̃0) + w with ∥µ̃0∥TV ⩽ δ̃. Show that the bounds
of Proposition 4.1 hold with an additional term controlled by δ̃.

Let η = Φ⋆p ∈ ∂∥µ0∥TV, ρ def.= ∥w∥H + λ ∥p∥H, µ̄ def.= µ0 + µ̃0, h̄ def.= Φ(µ̂ − µ̄) and D
def.=

∥µ̂∥TV −
∫
η dµ̂.

1. Show that ∥µ̄∥TV −
∫
η dµ̄ ⩽ 2δ̃.

2. Compare Jλ(µ̂) with Jλ(µ̄), and show that

1
2

∥∥∥h̄− (w − λp)
∥∥∥2

H
+ λD ⩽ 1

2 ∥w − λp∥
2
H + 2λδ̃.

3. Deduce that D ⩽ ρ2/(2λ) + 2δ̃ and that ∥Φµ̂− y∥H ⩽ ∥w∥H + 2λ ∥p∥H + 2
√
λδ̃. Bound∥∥Φ(µ̂− µ0)

∥∥
H with B

def.= supx ∥φx∥H.
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4. Under the assumptions of Corollary 4.2, show that

T 2
dg

(
|µ̂| ,

∑s
i=1 Âiδxi

)
⩽ 2δ∥p∥H+2δ̃

min(ε0,ε2) .

Compare with Corollary 4.2. Can the term in δ̃ be made small by the choice of λ?

Exercise 4.2 (Amplitudes and positions). Assume the setting of Remark 4.4. Let ν def.= µ̂− µ0

and let L be the left-hand side of (4.1).

1. Show that xℓ /∈ X near
j for ℓ ̸= j, and that µ0(X near

j ) = aj .

2. Show that

µ̂(X near
j )− aj =

∫
ηj dν +

∫
X near

j

(1− ηj) dµ̂−
∑
ℓ̸=j

∫
X near

ℓ

ηj dµ̂−
∫ far

X
ηj dµ̂.

3. Show that |
∫
ηj dν| ⩽ 2ρ ∥pj∥H. Bound the three other terms with L, and prove the

inequality of Remark 4.4.

4. Let X = R, assume Âj
def.= |µ̂| (X near

j ) > 0, and let x̄j
def.= Â−1

j

∫
X near

j
xd |µ̂| (x). Show that

dg(x̄j , xj)2 ⩽ Â−1
j

∫
X near

j
dg(x, xj)2 d |µ̂| (x).

5. In question 4, assume
∣∣∣µ̂(X near

j )− aj

∣∣∣ ⩽ |aj | /2. Show that dg(x̄j , xj)2 ⩽ 2L/(ε2 |aj |). With
Corollary 4.1, what is the order of |x̄j − xj | in terms of δ? Compare with the rate of
Theorem 4.2. Which result needs a small noise?

Exercise 4.3 (One spike at low noise). Assume the setting of Section 4.3 with ∥φ∥L2 = 1, and
let κ(u) def.=

∫
T φ(t)φ(t+ u) dt. Assume |κ(u)| < 1 for u ̸= 0 and κ′′(0) < 0. Let µ0 = aδx1 with

a ̸= 0, and σ
def.= sign(a).

1. Check that K(x, x′) = κ(x−x′), that κ is even and that κ(0) = 1. Deduce from Example 3.1
that (NDSC) holds and that p0 = σφx1 .

2. Let 0 < λ < |a|. With Exercise 2.5, show that p̂λ(y0) = p0. What is the dual bias of
Proposition 4.2?

3. Let t ∈ R and w def.= tφx1 . For 0 < λ < |a+ t| and sign(a+ t) = σ, compute the solution of
Pλ(y0 + w).

4. Take t = −σ |t| with |t| small, and λ = ∥w∥H /α. Show that |âλ − a| = (1 + 1/α) ∥w∥H.
What does this say about the constant in the rate of Theorem 4.2?

Exercise 4.4 (Fourier measurements as a convolution). Let Φ, H = C2fc+1 and Λ be as in
Example 2.1, and let φ(t) def.= ∑

|ω|⩽fc

√
Λ(ω) e2iπωt.

1. Show that φ is real, even and C ∞ on T.

2. For u ∈ H, let (Uu)(t) def.= ∑
ω u−ωe

2iπωt, a complex function on T. Show that U is a linear
isometry from H onto the trigonometric polynomials of degree at most fc, with the scalar
product ℜ

∫
T f g dt. Show that UΦµ = φ ⋆ µ for every real measure µ.

3. Let y ∈ H. Show that ∥Φµ− y∥2H = ∥φ ⋆ µ−ℜ(Uy)∥2L2 + ∥Im(Uy)∥2L2 for every real
measure µ. Deduce that Pλ(y) and the BLASSO with the convolution by φ and the data
ℜ(Uy) have the same solutions, and that ∥ℜ(Uw)∥L2 ⩽ ∥w∥H.
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4. Show that the kernel of the convolution by φ is the kernel K of Example 2.1. Deduce
that Γ⋆

x0Γx0 , ηV and the test of Remark 3.5 are the same for both operators. Conclude
that Theorem 4.2 applies to the weighted Fourier measurements under the assumptions of
Corollary 4.3, with the noise ℜ(Uw).

Exercise 4.5 (Noise level and regimes for the Gaussian mixture). Let wn be as in Lemma 4.1.

1. Show that
∥∥Φµ0∥∥2

H = ∑
i,j aiaje

−(xi−xj)2/(6σ2) and that 1/s ⩽
∥∥Φµ0∥∥2

H ⩽ 1. Deduce
from (4.3) that (

√
3− 1)/n ⩽ E ∥wn∥2H ⩽ (

√
3− 1/s)/n.

2. With Markov’s inequality applied to ∥wn∥2H, show that ∥wn∥H ⩽ 31/4/
√
nζ with probability

at least 1− ζ. Compare the dependence on ζ with that of Lemma 4.1.

3. In Corollary 4.4, show that ∥wn∥H ⩽ αλ on the event of the proof, with α =
√
s/(1− 2h).

Why does this not place (λ,wn) in a low-noise regime Dα,λ0 with α small?

4. Let η = Φ⋆p be a certificate, ∥w∥H ⩽ δ and λ = δ/α with α > 0. Compute the bound
ρ2/(2λ) of Proposition 4.1. Compare it with 2δ ∥p∥H when α is small, and explain the
price of the low-noise regime for the localisation bound.

46



Chapter 5

The generalised BLASSO and
Fenchel-Young losses

Lectures 2 to 4 use the quadratic fidelity 1
2 ∥Φµ− y∥

2
H. In this lecture we keep the measures,

the total variation and the operator Φ, and we change the fidelity. The certificates keep their
form η = Φ⋆p. What changes is the link between the dual vector and the prediction Φµ: it
becomes the gradient of the fidelity. The main tool is an identity. The duality gap is the sum of
two nonnegative losses, one for the fit and one for the regulariser. The bounds of Lectures 2 and
4 are special cases of this identity.

Throughout, X , H and Φ are as in Definition 2.2, and the assumption of Proposition 2.1
holds. So Φ⋆h ∈ C0(X ) for every h ∈ H, and ⟨Φµ, h⟩H = ⟨Φ⋆h, µ⟩M for all µ ∈M(X ) by (2.8).
The letter h now denotes a vector of H that plays the role of a dual variable. It is not the error
Φ(µ̂− µ0) of Lecture 4.

5.1 Beyond the quadratic fidelity
The quadratic fidelity is the negative log-likelihood of a Gaussian noise. Other data call for

other fidelities. Take H = Rm and data y ∈ Rm.

• Photon counts, yi ∈ N with a Poisson law of mean e(Φµ0)i : F (h) = ∑
i(ehi − yihi).

• Outliers: F (h) = ∑
i ρδ(hi − yi) with the Huber function ρδ(t) = t2/2 for |t| ⩽ δ and

ρδ(t) = δ |t| − δ2/2 otherwise.

• Labels yi ∈ {−1, 1}: F (h) = ∑
i log(1 + e−yihi), the logistic loss.

In each case the estimator minimises F (Φµ) + λ∥µ∥TV.

Definition 5.1 (Generalised BLASSO). Let F : H→ R be continuously differentiable, strictly
convex and bounded from below. Let R : M(X ) → R ∪ {+∞} be proper, convex, weak-⋆
lower semi-continuous, with sublevel sets bounded in total variation. For λ > 0 the generalised
BLASSO is

µ̂λ ∈ argmin
µ∈M(X )

J(µ), J(µ) def.= F (Φµ) + λR(µ). (5.1)

In this course R = ∥ · ∥TV. The BLASSO is the case F (h) = 1
2 ∥h− y∥

2
H.

Proper means that R is finite at some measure. We write domR
def.= {µ ; R(µ) < +∞} and

b for a lower bound of F . The total variation satisfies the assumptions on R: it is finite and
convex, it is weak-⋆ lower semi-continuous (first step of the proof of Proposition 2.2), and its
sublevel sets are balls. The quadratic fidelity is C 1 with ∇F (h) = h − y, nonnegative, and
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strictly convex. The Poisson and logistic fidelities satisfy the assumptions on F (Section 5.5).
The Huber fidelity is not strictly convex (Exercise 5.4).

In general R is bounded from below. Let ν0 ∈ domR and S def.= {µ ; R(µ) ⩽ R(ν0)}. The set
S lies in a ball ofM(X ), which is a compact metric space for the weak-⋆ topology (Theorem 2.2).
Let (µn) be a sequence of S with R(µn)→ infS R. A subsequence converges weak-⋆ to some µ̄,
and lower semi-continuity gives R(µ̄) ⩽ infS R. Since R(µ̄) > −∞, infS R is finite. Outside S,
R > R(ν0). Hence inf R = infS R > −∞, and J ⩾ b+ λ inf R. So inf J is finite.
Remark 5.1 (Existence of a solution). Problem (5.1) has a solution. The proof is that of
Proposition 2.2, with two changes. First, if J(µ) ⩽ c, then R(µ) ⩽ (c− b)/λ, so the sublevel sets
of J are bounded in total variation. Second, the fidelity term is weak-⋆ lower semi-continuous.
Let µn

⋆−⇀ µ. By Proposition 2.1, Φµn ⇀ Φµ weakly in H. The gradient inequality (5.2)
below gives F (Φµn) ⩾ F (Φµ) + ⟨∇F (Φµ), Φµn − Φµ⟩H, and the last term tends to 0. So
F (Φµ) ⩽ lim infn F (Φµn). Strict convexity is not used.

5.2 Fenchel-Young losses
The conjugate of a convex function describes it by its affine minorants. The Fenchel-Young

loss measures how far a primal point and a dual point are from being paired by the gradient. In
machine learning these losses are used as prediction losses [20]. Here they are the two halves of
a duality gap.

Definition 5.2 (Conjugates and Fenchel-Young losses). For h, h′ ∈ H, f ∈ C0(X ) and µ ∈
M(X ),

F ⋆(h) def.= sup
h′
⟨h, h′⟩H − F (h′), LF (h′ ∥h) def.= F (h′) + F ⋆(h)− ⟨h, h′⟩H,

R⋆(f) def.= sup
µ
⟨f, µ⟩M −R(µ), LR(µ ∥ f) def.= R(µ) +R⋆(f)− ⟨f, µ⟩M.

Both losses take their values in R+ ∪ {+∞}.

The conjugates never take the value −∞: F ⋆(h) ⩾ ⟨h, 0⟩H − F (0) and R⋆(f) ⩾ ⟨f, ν0⟩M −
R(ν0) for ν0 ∈ domR. So LF and LR are well defined in R ∪ {+∞}. We have LF (h′ ∥h) = +∞
if and only if F ⋆(h) = +∞, and LR(µ ∥ f) = +∞ if and only if R(µ) = +∞ or R⋆(f) = +∞. For
every h′, the definition of the supremum gives F ⋆(h) ⩾ ⟨h, h′⟩H − F (h′), that is LF (h′ ∥h) ⩾ 0.
This is the Fenchel-Young inequality. The same argument gives LR ⩾ 0.

Subdifferentials are defined as in Proposition 2.3. For h′ ∈ H, h ∈ ∂F (h′) means F (u) ⩾
F (h′) + ⟨h, u− h′⟩H for all u ∈ H. For µ ∈M(X ), f ∈ ∂R(µ) means f ∈ C0(X ), R(µ) <∞ and
R(ν) ⩾ R(µ) + ⟨f, ν − µ⟩M for all ν ∈ M(X ). For F ⋆ : H → R ∪ {+∞}, h′ ∈ ∂F ⋆(h) means
F ⋆(h) <∞ and F ⋆(k) ⩾ F ⋆(h) + ⟨h′, k − h⟩H for all k ∈ H.

Lemma 5.1 (Zero loss). LF (h′ ∥h) = 0 if and only if h ∈ ∂F (h′), if and only if h′ ∈ ∂F ⋆(h).
In the same way LR(µ ∥ f) = 0 if and only if f ∈ ∂R(µ).

Since F is differentiable, ∂F (h′) = {∇F (h′)} (see the proof). So LF (h′ ∥h) = 0 if and only
if h = ∇F (h′). The map ∇F is called the mirror map.
Example 5.1 (Least squares and total variation). For F (h) = 1

2 ∥h− y∥
2, F ⋆(h) = 1

2 ∥h∥
2 + ⟨h, y⟩

and LF (h′ ∥h) = 1
2 ∥h

′ − y − h∥2. For R = ∥ · ∥TV, R⋆ is zero on the unit ball of C0(X ) and +∞
outside, so LR(µ ∥ f) = ∥µ∥TV − ⟨f, µ⟩M when ∥f∥∞ ⩽ 1.
Remark 5.2 (Bregman divergence). If h = ∇F (h′′) then LF (h′ ∥h) = F (h′) − F (h′′) −
⟨∇F (h′′), h′ − h′′⟩H.
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Proof of Lemma 5.1. All scalar products are those of H.
Zero loss and subgradient. Assume LF (h′ ∥h) = 0. Then F ⋆(h) is finite and equals

⟨h, h′⟩ − F (h′). By definition of F ⋆, ⟨h, u⟩ − F (u) ⩽ ⟨h, h′⟩ − F (h′) for all u ∈ H, that
is F (u) ⩾ F (h′) + ⟨h, u − h′⟩: this is h ∈ ∂F (h′). Conversely, if h ∈ ∂F (h′), the same
inequality says that h′ attains the supremum that defines F ⋆(h). So F ⋆(h) = ⟨h, h′⟩ − F (h′)
and LF (h′ ∥h) = 0.

The subgradient is the gradient. Let u ∈ H and t ∈ (0, 1]. Convexity gives F (h′ + t(u−h′)) ⩽
(1− t)F (h′) + tF (u), so

(
F (h′ + t(u−h′))−F (h′)

)
/t ⩽ F (u)−F (h′). When t→ 0 the left-hand

side tends to ⟨∇F (h′), u− h′⟩. So

F (u) ⩾ F (h′) + ⟨∇F (h′), u− h′⟩ for all u, h′ ∈ H, (5.2)

that is ∇F (h′) ∈ ∂F (h′). Conversely, let h ∈ ∂F (h′) and v ∈ H. For t > 0, F (h′ + tv)−F (h′) ⩾
t⟨h, v⟩. Divide by t and let t→ 0: ⟨∇F (h′), v⟩ ⩾ ⟨h, v⟩. With −v in place of v we get equality
for every v, so h = ∇F (h′).

The conjugate. Assume LF (h′ ∥h) = 0. For k ∈ H, the definition of F ⋆ gives F ⋆(k) ⩾
⟨k, h′⟩−F (h′) = F ⋆(h)+⟨h′, k−h⟩, so h′ ∈ ∂F ⋆(h). Conversely, let h′ ∈ ∂F ⋆(h) and k def.= ∇F (h′).
By the first two points, LF (h′ ∥ k) = 0, that is F ⋆(k) = ⟨k, h′⟩ − F (h′). The subgradient
inequality at this k reads ⟨k, h′⟩ − F (h′) ⩾ F ⋆(h) + ⟨h′, k − h⟩, that is F ⋆(h) ⩽ ⟨h, h′⟩ − F (h′).
So LF (h′ ∥h) ⩽ 0, and LF (h′ ∥h) = 0.

The regulariser. If R(µ) = +∞, then LR(µ ∥ f) = +∞ and ∂R(µ) is empty. If R(µ) < ∞,
the first point holds word for word with R, ⟨·, ·⟩M and M(X ) in place of F , the scalar product
and H.

The proof of the equivalence with h′ ∈ ∂F ⋆(h) uses the differentiability of F , and no
biconjugation theorem. For R, the equivalence LR(µ ∥ f) = 0⇔ µ ∈ ∂R⋆(f) also holds, where
∂R⋆(f) is a set of measures. Its proof uses the biconjugation theorem R⋆⋆ = R onM(X ), which
we admit [15]. We do not use it.

Computations of Example 5.1. Conjugate. With u
def.= h′ − y, ⟨h, h′⟩ − 1

2 ∥h
′ − y∥2 = ⟨h, y⟩ +

⟨h, u⟩ − 1
2 ∥u∥

2 = ⟨h, y⟩+ 1
2 ∥h∥

2 − 1
2 ∥u− h∥

2. The supremum over u is attained at u = h, so
F ⋆(h) = 1

2 ∥h∥
2 + ⟨h, y⟩.

Loss. Expanding, LF (h′ ∥h) = 1
2 ∥h

′ − y∥2 + 1
2 ∥h∥

2 − ⟨h, h′ − y⟩ = 1
2 ∥h

′ − y − h∥2.
Total variation. The conjugate of the total variation is computed after the proof of Propo-

sition 2.3: R⋆(f) = 0 if ∥f∥∞ ⩽ 1 and +∞ otherwise. So LR(µ ∥ f) = ∥µ∥TV − ⟨f, µ⟩M if
∥f∥∞ ⩽ 1, and +∞ otherwise.

The example agrees with Lemma 5.1. The quadratic loss vanishes if and only if h =
h′ − y = ∇F (h′), the residual. The total variation loss vanishes if and only if ∥f∥∞ ⩽ 1
and ⟨f, µ⟩M = ∥µ∥TV, that is f ∈ ∂∥µ∥TV by Proposition 2.3. By (2.6), for ∥f∥∞ ⩽ 1,
LR(µ ∥ f) ⩾

∫
(1− |f |) d |µ|.

Proof of Remark 5.2. By Lemma 5.1, LF (h′′ ∥h) = 0, so F ⋆(h) = ⟨h, h′′⟩H−F (h′′). Substituting
in the definition, LF (h′ ∥h) = F (h′)+⟨h, h′′⟩H−F (h′′)−⟨h, h′⟩H = F (h′)−F (h′′)−⟨∇F (h′′), h′−
h′′⟩H.

The right-hand side is the Bregman divergence of F between h′ and h′′. Strict convexity
makes the mirror map injective. If ∇F (u) = ∇F (v) = h, then u and v both maximise the strictly
concave function ⟨h, ·⟩H − F (first point of the proof), so u = v. Hence h′′ is determined by h.
The loss LF (h′ ∥h) is also defined when h is not a gradient, for instance for the dual vectors
h = −λp of Section 5.4. This is why we work with LF and not with the Bregman divergence.
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5.3 The duality gap
The dual problem below is the Fenchel-Rockafellar dual of (5.1) (Remark 2.9). We do not

use the Fenchel-Rockafellar theorem. We only use the next identity, whose proof is algebra, and
the weak duality that follows from it. For the BLASSO the dual vector is h = −λp, where p is
the dual variable of Proposition 2.4.

Theorem 5.1 (Duality gap identity). The dual problem of (5.1) is

sup
h∈H

JH(h), JH(h) def.= −F ⋆(h)− λR⋆(−Φ⋆h/λ). (5.3)

For all µ with R(µ) <∞ and all h with F ⋆(h) <∞ and R⋆(η) <∞, where η def.= −Φ⋆h/λ,

J(µ)− JH(h) = LF (Φµ ∥h) + λLR(µ ∥ η) ⩾ 0. (5.4)

Corollary 5.1 (Stopping criterion). 0 ⩽ J(µ) − inf J ⩽ LF (Φµ ∥h) + λLR(µ ∥ η). If the
right-hand side is at most ε at an iterate (µk, hk) of an algorithm, then µk is ε-optimal.

In the corollary, µ ∈ M(X ) and h ∈ H are arbitrary, η = −Φ⋆h/λ, and ε-optimal means
J(µk) ⩽ inf J + ε. If (µ, h) is not as in the theorem, the right-hand side is +∞ and the bound
says nothing. The right-hand side involves µ and h only, not the unknown value inf J : it can be
computed.

Proof of Theorem 5.1. All the terms are finite. Indeed F (Φµ) ∈ R, R(µ) ∈ R by assumption,
and the conjugates F ⋆(h) and R⋆(η) are finite by assumption and larger than −∞ (Section 5.2).
So J(µ) and JH(h) are real numbers, and

J(µ)− JH(h) = F (Φµ) + F ⋆(h) + λR(µ) + λR⋆(η).

By (2.8) and the definition of η, ⟨h, Φµ⟩H = ⟨Φ⋆h, µ⟩M = −λ⟨η, µ⟩M. So we can subtract
⟨h, Φµ⟩H from the first two terms and add it, in the form −λ⟨η, µ⟩M, to the last two:

J(µ)− JH(h) =
[
F (Φµ) + F ⋆(h)− ⟨h, Φµ⟩H

]
+ λ

[
R(µ) +R⋆(η)− ⟨η, µ⟩M

]
.

The two brackets are LF (Φµ ∥h) and LR(µ ∥ η). Both are nonnegative by the Fenchel-Young
inequality, and λ > 0.

Proof of Corollary 5.1. Since inf J is finite (Section 5.1), J(µ)− inf J ⩾ 0 is well defined. If the
right-hand side is +∞, there is nothing more to prove. Otherwise R(µ) <∞, F ⋆(h) <∞ and
R⋆(η) <∞. Let ν ∈M(X ). If R(ν) = +∞, then J(ν) = +∞ ⩾ JH(h). Otherwise Theorem 5.1
applied to (ν, h) gives J(ν) ⩾ JH(h). This is weak duality: inf J ⩾ JH(h). Hence

0 ⩽ J(µ)− inf J ⩽ J(µ)− JH(h) = LF (Φµ ∥h) + λLR(µ ∥ η).

If the right-hand side is at most ε at (µk, hk), then J(µk) ⩽ inf J + ε.

The proof uses weak duality only. Strong duality, inf J = sup JH, says in addition that the
bound can be made as small as we wish by the choice of h. Remark 5.4 below proves it in our
setting.
Remark 5.3 (The BLASSO gap). Let F (h) = 1

2 ∥h− y∥
2
H, R = ∥ · ∥TV and h = −λp with p ∈ H.

Then η = −Φ⋆h/λ = Φ⋆p. By Example 5.1, if ∥Φ⋆p∥∞ ⩽ 1,

JH(−λp) = λ⟨p, y⟩H − λ2

2 ∥p∥
2
H , LF (Φµ ∥ − λp) = 1

2 ∥Φµ− y + λp∥2H ,

and LR(µ ∥Φ⋆p) = ∥µ∥TV−⟨Φ⋆p, µ⟩M. So JH(−λp) is the dual function D(p) of Proposition 2.4,
and (5.4) is the identity (2.10). If ∥Φ⋆p∥∞ > 1, then JH(−λp) = −∞: the constraint p ∈ C of
Proposition 2.4 is the domain of R⋆. This is the gap used as a stopping test in Section 6.1.
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Definition 5.3 (Source condition for the generalised BLASSO). A function η ∈ C0(X ) is a dual
certificate of µ if there is h ∈ H with η = −Φ⋆h/λ ∈ ∂R(µ).

For R = ∥ · ∥TV and h = −λp, the condition reads Φ⋆p ∈ ∂∥µ∥TV. So η is a dual certificate
in the sense of Definition 2.5, and for µ = µ0 this is the source condition (SC) of Definition 3.1.
The condition does not involve F : the certificates built in Lecture 3 serve for every fidelity. The
fidelity enters through the second condition of the next theorem, which links h to the prediction
Φµ.

Theorem 5.2 (Certificate and mirror alignment). Let µ have a dual certificate η = −Φ⋆h/λ.
Then 0 ⩽ J(µ)− inf J ⩽ LF (Φµ ∥h). If in addition h = ∇F (Φµ), then µ is a solution of (5.1)
and h is a solution of (5.3). Conversely every solution µ̂ has a certificate with ĥ = ∇F (Φµ̂).

The condition h = ∇F (Φµ) is called mirror alignment. By Lemma 5.1, it is equivalent to
LF (Φµ ∥h) = 0 and to Φµ ∈ ∂F ⋆(h).

Proof. Bound. Since η ∈ ∂R(µ), Lemma 5.1 gives LR(µ ∥ η) = 0. Corollary 5.1 gives 0 ⩽
J(µ)− inf J ⩽ LF (Φµ ∥h).

Mirror alignment. Let h = ∇F (Φµ). By Lemma 5.1, LF (Φµ ∥h) = 0, so F ⋆(h) <∞, and the
bound gives J(µ) = inf J : µ is a solution. Also R(µ) <∞ and R⋆(η) = ⟨η, µ⟩M −R(µ) <∞,
so Theorem 5.1 applies to (µ, h) and gives J(µ) = JH(h). For every k ∈ H, weak duality (proof
of Corollary 5.1) gives JH(k) ⩽ inf J = J(µ) = JH(h); this is clear if JH(k) = −∞. So h is a
solution of (5.3).

Converse. Let µ̂ be a solution, ĥ def.= ∇F (Φµ̂) and η̂
def.= −Φ⋆ĥ/λ ∈ C0(X ). Since J(µ̂) ⩽

J(ν0) for ν0 ∈ domR, R(µ̂) < ∞. Let ν ∈ M(X ) with R(ν) < ∞, and τ ∈ (0, 1]. By
convexity of R, R(µ̂ + τ(ν − µ̂)) − R(µ̂) ⩽ τ

(
R(ν) − R(µ̂)

)
. Since F is differentiable at Φµ̂,

F (Φµ̂ + τΦ(ν − µ̂)) − F (Φµ̂) = τ⟨ĥ, Φ(ν − µ̂)⟩H + τε(τ) with ε(τ) → 0 when τ → 0. The
optimality J(µ̂+ τ(ν − µ̂)) ⩾ J(µ̂) gives, after division by τ ,

0 ⩽ ⟨ĥ, Φ(ν − µ̂)⟩H + ε(τ) + λ
(
R(ν)−R(µ̂)

)
.

Let τ → 0 and use (2.8): R(ν) ⩾ R(µ̂) − ⟨Φ⋆ĥ, ν − µ̂⟩M/λ = R(µ̂) + ⟨η̂, ν − µ̂⟩M. This also
holds when R(ν) = +∞. So η̂ ∈ ∂R(µ̂): it is a certificate of µ̂, with ĥ = ∇F (Φµ̂).

For the BLASSO, ĥ = Φµ̂− y = −λp̂λ and η̂ = Φ⋆p̂λ with p̂λ = (y − Φµ̂)/λ: the converse is
item 1 of Proposition 2.4. The theorem splits the first order condition 0 ∈ Φ⋆∇F (Φµ̂) + λ∂R(µ̂)
into a half for the regulariser, the source condition, and a half for the loss, mirror alignment.
Remark 5.4 (Consequences). Let µ̂ be a solution, which exists by Remark 5.1, and ĥ def.= ∇F (Φµ̂).
(a) Strong duality. By Theorem 5.2, ĥ is a solution of (5.3) and min J = J(µ̂) = JH(ĥ) = max JH.
(b) The dual solution is unique. Let h be a solution of (5.3). Then JH(h) = J(µ̂) is finite, so
Theorem 5.1 applies at (µ̂, h), and the right-hand side of (5.4) is a sum of two nonnegative terms
equal to zero. So LF (Φµ̂ ∥h) = 0, and h = ĥ by Lemma 5.1. (c) The prediction is unique. Let
µ̂′ be another solution. By (b) applied to µ̂′, ∇F (Φµ̂′) = ĥ = ∇F (Φµ̂). Since ∇F is injective,
Φµ̂′ = Φµ̂. This is the only use of the strict convexity of F . (d) For R = ∥ · ∥TV, Remark 2.6 (ii)
applied to η̂ gives supp(µ̂) ⊂ {x ∈ X ; |η̂(x)| = 1}. For the BLASSO, (a) to (d) are items 2 to 4
of Proposition 2.4.

5.4 Error bounds
In this section we fix a measure µ⋆ with a certificate, in practice the target µ0, and we

compare every candidate µ with it. The regulariser loss becomes a Bregman divergence, and the
duality gap becomes an error bound.
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Proposition 5.1 (Source condition and Bregman divergence). Let η⋆ = −Φ⋆h⋆/λ ∈ ∂R(µ⋆).
For all µ, LR(µ ∥ η⋆) = R(µ)−R(µ⋆)− ⟨η⋆, µ− µ⋆⟩M.

Theorem 5.3 (Fenchel-Young error bound). Let η⋆ = −Φ⋆h⋆/λ ∈ ∂R(µ⋆) with F ⋆(h⋆) <∞,
and let µ satisfy J(µ) ⩽ J(µ⋆). Then

LF (Φµ ∥h⋆) + λ
(
R(µ)−R(µ⋆)− ⟨η⋆, µ− µ⋆⟩M

)
⩽ LF (Φµ⋆ ∥h⋆). (5.5)

Proof of Proposition 5.1. By Lemma 5.1, LR(µ⋆ ∥ η⋆) = 0. So R(µ⋆) is finite and R⋆(η⋆) =
⟨η⋆, µ⋆⟩M −R(µ⋆) is finite. Substituting in the definition of LR,

LR(µ ∥ η⋆) = R(µ) + ⟨η⋆, µ⋆⟩M −R(µ⋆)− ⟨η⋆, µ⟩M = R(µ)−R(µ⋆)− ⟨η⋆, µ− µ⋆⟩M.

Both sides are +∞ when R(µ) = +∞.

The right-hand side is the Bregman divergence of R between µ and µ⋆, for the subgradient
η⋆. It is nonnegative by the subgradient inequality. For R = ∥ · ∥TV, ⟨η⋆, µ⋆⟩M = ∥µ⋆∥TV, so
it equals ∥µ∥TV − ⟨η⋆, µ⟩M. This is the quantity D of Proposition 4.1 and Remark 4.1 (b). It
vanishes exactly on the measures that η⋆ certifies, and by (2.6) it is at least

∫
(1− |η⋆|) d |µ|.

Proof of Theorem 5.3. By the proof of Proposition 5.1, R(µ⋆) and R⋆(η⋆) are finite. So J(µ⋆) <
∞, and J(µ) ⩽ J(µ⋆) gives R(µ) <∞. Theorem 5.1 applies to (µ, h⋆) and to (µ⋆, h⋆):

J(µ)− JH(h⋆) = LF (Φµ ∥h⋆) + λLR(µ ∥ η⋆), J(µ⋆)− JH(h⋆) = LF (Φµ⋆ ∥h⋆),

where LR(µ⋆ ∥ η⋆) = 0 by Lemma 5.1. All terms are finite. Subtracting, the dual value cancels:

J(µ)− J(µ⋆) = LF (Φµ ∥h⋆) + λLR(µ ∥ η⋆)− LF (Φµ⋆ ∥h⋆). (5.6)

The left-hand side is nonpositive. Proposition 5.1 replaces LR(µ ∥ η⋆) by the Bregman divergence,
and (5.5) follows.

The identity (5.6) holds for every µ with R(µ) < ∞. Both terms on the left of (5.5) are
nonnegative, so each of them is at most LF (Φµ⋆ ∥h⋆). This is the fit loss of µ⋆ against the dual
vector h⋆ of its certificate. It is zero if and only if h⋆ = ∇F (Φµ⋆). Every solution µ̂ satisfies
J(µ̂) ⩽ J(µ⋆), whatever µ⋆. The theorem is also in [21].
Remark 5.5 (Least squares: Proposition 4.1 again). Let F (h) = 1

2 ∥h− y∥
2
H with y = Φµ0 + w,

R = ∥ · ∥TV, µ⋆ = µ0, η⋆ = Φ⋆p ∈ ∂∥µ0∥TV and h⋆ = −λp. Let µ̂ be a solution, u def.= Φ(µ̂− µ0)
and D

def.= ∥µ̂∥TV − ⟨η⋆, µ̂⟩M. By Example 5.1, LF (Φµ̂ ∥ − λp) = 1
2 ∥u− (w − λp)∥2H and

LF (Φµ0 ∥ − λp) = 1
2 ∥w − λp∥

2
H. So (5.5) reads

1
2 ∥u− (w − λp)∥2H + λD ⩽ 1

2 ∥w − λp∥
2
H , that is 1

2 ∥u∥
2
H + λD ⩽ ⟨u, w − λp⟩H,

the first inequality of (4.2). More directly, the two nonnegative terms give ∥u− (w − λp)∥H ⩽
∥w − λp∥H, so ∥u∥H ⩽ 2 ∥w − λp∥H ⩽ 2ρ, and λD ⩽ 1

2 ∥w − λp∥
2
H ⩽ ρ2/2, with ρ = ∥w∥H +

λ ∥p∥H. These are the bounds of item 1 of Proposition 4.1.
The choice h⋆ = ∇F (Φµ0) would make the right-hand side zero. For least squares it is

h⋆ = −w, and Φ⋆w/λ has no reason to be a certificate of µ0. The theorem separates the two
roles: the certificate is chosen for R, through p, and h⋆ = −λp is in general not mirror aligned.
The price is the fit loss of µ0, which measures the distance between −λp and ∇F (Φµ0). For a
general fidelity it is not a norm of Φ(µ̂− µ0). Strong convexity gives such a norm.

A function F is σ-strongly convex, for some σ > 0, if

F (u) ⩾ F (v) + ⟨∇F (v), u− v⟩H + σ
2 ∥u− v∥

2
H for all u, v ∈ H. (5.7)
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The quadratic fidelity is 1-strongly convex, with equality in (5.7). A strongly convex function
is strictly convex: for u ̸= v, t ∈ (0, 1) and z = tu + (1 − t)v, apply (5.7) at z to u and to v,
and add t times the first inequality to 1 − t times the second; the gradient terms cancel and
tF (u) + (1 − t)F (v) ⩾ F (z) + σ

2
(
t ∥u− z∥2H + (1 − t) ∥v − z∥2H

)
> F (z). It is bounded from

below: by (5.7) with v = 0 and the Cauchy-Schwarz inequality, F (u) ⩾ F (0)− ∥∇F (0)∥2H /(2σ).
So a C 1 and σ-strongly convex F satisfies Definition 5.1.

Proposition 5.2 (Strongly convex fidelity). Let R = ∥ · ∥TV and let F be σ-strongly convex.
Let η = Φ⋆p ∈ ∂∥µ0∥TV and g def.= ∇F (Φµ0). Every solution µ̂ of (5.1) satisfies

∥∥∥Φ(µ̂− µ0)
∥∥∥
H
⩽

2 ∥g + λp∥H
σ

and λ
(
∥µ̂∥TV −

∫
η dµ̂

)
⩽
∥g + λp∥2H

2σ .

Assume in addition the setting of item 2 of Proposition 4.1: η is (ε0, ε2, rnear)-non-degenerate
and the near regions X near

i are pairwise disjoint. Then the localisation bound (4.1) holds with
ρ2/(2λ) replaced by ∥g + λp∥2H /(2σλ).

The sign is that of Definition 5.3: the certificate Φ⋆p has dual vector h⋆ = −λp, and
g + λp = g − h⋆ is the gap between the mirror image of the target and this dual vector. If it
vanishes, µ0 is mirror aligned with h⋆, so µ0 is a solution (Theorem 5.2), and both bounds are
zero.

Proof. All norms and scalar products are those of H. Let u def.= Φ(µ̂ − µ0) and D
def.= ∥µ̂∥TV −

⟨η, µ̂⟩M. By Proposition 2.3, ∥η∥∞ ⩽ 1 and ⟨η, µ0⟩M = ∥µ0∥TV, so D ⩾ 0 by (2.6).
Compare with µ0. Since µ̂ is a solution, J(µ̂) ⩽ J(µ0), that is

F (Φµ̂)− F (Φµ0) + λ
(
∥µ̂∥TV − ∥µ0∥TV

)
⩽ 0.

By (5.7) with Φµ̂ and Φµ0 in place of u and v, F (Φµ̂)− F (Φµ0) ⩾ ⟨g, u⟩+ σ
2 ∥u∥

2.
Use the certificate. By (2.8), ∥µ̂∥TV − ∥µ0∥TV = D + ⟨η, µ̂ − µ0⟩M = D + ⟨p, u⟩. Hence,

with the Cauchy-Schwarz inequality,

σ
2 ∥u∥

2 + λD ⩽ −⟨g + λp, u⟩ ⩽ ∥g + λp∥ ∥u∥ . (5.8)

Bounds. Let c def.= ∥g + λp∥. Since λD ⩾ 0, σ
2 ∥u∥

2 ⩽ c ∥u∥, so ∥u∥ ⩽ 2c/σ (divide by ∥u∥ if
u ̸= 0). Then λD ⩽ c ∥u∥− σ

2 ∥u∥
2 ⩽ maxt⩾0

(
ct− σ

2 t
2) = c2/(2σ), the maximum being attained

at t = c/σ.
Localisation. As in the proof of item 2 of Proposition 4.1, the non-degeneracy of η and the

disjointness of the near regions show that D is at least the left-hand side of (4.1). Divide the
bound on λD by λ.

Remark 5.6 (On the proposition). (a) For least squares, σ = 1 and g = Φµ0 − y = −w. Then
∥g + λp∥H = ∥w − λp∥H ⩽ ρ, and the proposition gives Proposition 4.1, with the slightly better
quantity ∥w − λp∥H in place of ρ. Inequality (5.8) is then (4.2). (b) As in Remark 4.1 (a),
the proof uses only J(µ̂) ⩽ J(µ0). It uses (5.7) for the pair (Φµ̂,Φµ0) only. If F is strongly
convex on a convex set K ⊂ H only, the conclusions hold with the modulus on K as soon as
Φµ̂ and Φµ0 lie in K (Exercise 5.3). (c) The vector g plays the role of the noise. For a fidelity
F = F0 + ⟨w, ·⟩H with ∇F0(Φµ0) = 0, as in Section 5.6, g = w. With ∥w∥H ⩽ δ, p ̸= 0 and
λ = δ/ ∥p∥H, the bounds read

∥∥Φ(µ̂− µ0)
∥∥
H ⩽ 4δ/σ and λD ⩽ 2δ2/σ, as in Corollary 4.1 with

an extra factor 1/σ. (d) The second bound also follows from Theorem 5.3 with h⋆ = −λp: for a
σ-strongly convex F , LF (Φµ0 ∥ − λp) ⩽ ∥g + λp∥2H /(2σ) (Exercise 5.2).
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5.5 Examples
In the three examples H = Rm with the Euclidean scalar product, and the fidelity is a sum

F (h) = ∑m
i=1 fi(hi) of functions of one variable. Then F ⋆(h) = ∑

i f
⋆
i (hi), since the supremum

over h′ ∈ Rm separates, and LF (h′ ∥h) = ∑
i Lfi

(h′
i ∥hi). We use the convention 0 log 0 = 0.

The certificate η = Φ⋆p of µ0 is the same for all fidelities. What changes is the dual vector given
by mirror alignment, the loss LF , and the vector g = ∇F (Φµ0) of Proposition 5.2.
Example 5.2 (Poisson counts). Let y ∈ Nm and fi(t)

def.= et − yit, the negative log-likelihood of a
Poisson count of mean et, up to a constant. Then ∇F (h) = (ehi − yi)i and

f⋆
i (v) = (v + yi) log(v + yi)− (v + yi) if v + yi ⩾ 0, f⋆

i (v) = +∞ otherwise.

With d(a, b) def.= a log(a/b)− a+ b for a ⩾ 0 and b > 0, for h+ y ⩾ 0,

LF (h′ ∥h) =
m∑

i=1
d
(
hi + yi, e

h′
i
)
,

the generalised Kullback-Leibler divergence between the intensities hi + yi and eh′
i . Mirror

alignment reads hi + yi = e(Φµ)i : the dual vector is the residual on the scale of the intensities.

Computations. The function fi is C ∞ with f ′′
i = et > 0, so F is strictly convex. It is bounded

from below: by 0 if yi = 0, and by its value yi − yi log yi at t = log yi otherwise. For v ∈ R, the
function t 7→ vt− fi(t) = (v + yi)t− et tends to −∞ at +∞. If v + yi < 0, it tends to +∞ at
−∞, so f⋆

i (v) = +∞. If v + yi = 0, the supremum of −et is 0. If v + yi > 0, it is attained where
et = v + yi, with value (v + yi) log(v + yi)− (v + yi). For the loss, let ri

def.= hi + yi ⩾ 0. Then
Lfi

(h′
i ∥hi) = eh′

i − yih
′
i + ri log ri − ri − hih

′
i = ri log ri − rih

′
i − ri + eh′

i = d(ri, e
h′

i).

The gradient ehi − yi is not Lipschitz, and f ′′
i = et tends to 0 at −∞. So F is not strongly

convex on Rm. On the cube {h ; ∥h∥∞ ⩽M}, f ′′
i ⩾ e−M , and the Taylor formula along segments

gives (5.7) with σ = e−M for u, v in the cube. If the yi are independent with Poisson laws of
means e(Φµ0)i , then g = eΦµ0 − y is centred and E ∥g∥22 = ∑

i e
(Φµ0)i . Exercise 5.3 turns this into

a bound.
Example 5.3 (Logistic labels). Let y ∈ {−1, 1}m, ς(t) def.= 1/(1 + e−t), ψ(s) def.= log(1 + es) and
fi(t)

def.= log(1 + e−yit) = ψ(−yit). Then ∇F (h) =
(
− yiς(−yihi)

)
i
, and F ⋆(h) = ∑m

i=1 ψ
⋆(vi)

with vi
def.= −yihi, where

ψ⋆(v) = v log v + (1− v) log(1− v) if v ∈ [0, 1], ψ⋆(v) = +∞ otherwise.

With zi
def.= −yih

′
i and KL(a ∥ c) def.= a log a

c + (1− a) log 1−a
1−c for a ∈ [0, 1] and c ∈ (0, 1),

LF (h′ ∥h) =
m∑

i=1
KL
(
vi ∥ ς(zi)

)
,

a sum of Kullback-Leibler divergences between Bernoulli laws. Mirror alignment reads vi =
ς(−yi(Φµ)i), the probability that the model gives to the label −yi.

Computations. We have ψ′ = ς and ψ′′ = ς(1 − ς) ∈ (0, 1
4 ], an even function. So F is C ∞,

nonnegative and strictly convex, with ∇F (h)i = −yiς(−yihi) and ∇2F (h) = diag(ς ′(hi)).
Conjugate of ψ. For v < 0, vs − ψ(s) → +∞ when s → −∞. For v > 1, vs − ψ(s) ⩾

(v − 1)s − log 2 for s ⩾ 0, which tends to +∞. For v = 0 the supremum of −ψ is 0, and for
v = 1 the supremum of s− ψ(s) = − log(1 + e−s) is 0. For v ∈ (0, 1) the supremum is attained
where ς(s) = v, that is s = log v

1−v , and its value is v log v
1−v + log(1− v) = ψ⋆(v). Since y2

i = 1,
ut = (−yiu)(−yit), so f⋆

i (u) = ψ⋆(−yiu), and hih
′
i = vizi.
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Loss. So Lfi
(h′

i ∥hi) = ψ(zi) + ψ⋆(vi)− vizi. Since log ς(z) = z − ψ(z) and log(1− ς(z)) =
−ψ(z),

KL(v ∥ ς(z)) = ψ⋆(v)− v(z − ψ(z)) + (1− v)ψ(z) = ψ(z) + ψ⋆(v)− vz.

The gradient of F is 1
4 -Lipschitz. Since ς ′(s) decreases with |s|, F is ς ′(M)-strongly

convex on the cube {h ; ∥h∥∞ ⩽M}, and not on Rm. The range of ∇F is the open cube
{h ; −yihi ∈ (0, 1)}, while domF ⋆ is the closed cube.
Remark 5.7 (The naive certificate vanishes). Mirror alignment at the target gives the candidate
−Φ⋆∇F (Φµ0)/λ. In general it is not a certificate of µ0. Two cases make it vanish. (a) Least
squares without noise: ∇F (Φµ0) = Φµ0− y0 = 0. (b) Logistic regression in mean. Let the labels
be independent with P(yi = 1) = qi

def.= ς((Φµ0)i). Since log(1 + e−yt) = ψ(t)− 1y=1t, the mean
fidelity is F̄ (h) def.= EF (h) = ∑

i

(
ψ(hi)− qihi

)
, and ∇F̄ (h)i = ς(hi)− qi. So ∇F̄ (Φµ0) = 0. In

both cases the candidate is η = 0, and ⟨0, µ0⟩M = 0 < ∥µ0∥TV when µ0 ≠ 0, so 0 /∈ ∂∥µ0∥TV.
This is the noiseless mirror alignment ∇F0(Φµ0) = 0 of Section 5.6. The certificate must be
chosen for R, as Φ⋆p with h⋆ = −λp. For least squares, the rescaled dual solutions p̂λ(y0) converge
to p0 (Proposition 4.2). For a general fidelity, [22] describes the certificate η⋆

0 of Theorem 5.4
as the limit of −Φ⋆hλ/λ along the noiseless path. For the empirical fidelity, F = F̄ + ⟨w, ·⟩
with wi

def.= qi − 1yi=1, so g = ∇F (Φµ0) = w is centred, with |wi| < 1: this is the form of
Remark 5.6 (c).

Example 5.4 (Kullback-Leibler with a linear link). Let y ∈ (0,∞)m and fi(t)
def.= t − yi log t +

yi log yi − yi for t > 0, fi(t)
def.= +∞ for t ⩽ 0. Then F (h) = KL(y ∥h) is the generalised

Kullback-Leibler divergence, ∇F (h) = (1 − yi/hi)i and ∇2F (h) = diag(yi/h
2
i ) for h > 0, and

f⋆
i (v) = −yi log(1− v) for v < 1, +∞ for v ⩾ 1. For h < 1 and h′ > 0,

LF (h′ ∥h) =
m∑

i=1
yi ψIS

(h′
i(1− hi)
yi

)
, ψIS(t) def.= t− 1− log t ⩾ 0.

Mirror alignment reads 1− hi = yi/(Φµ)i: the dual vector is a ratio residual.

Computations. For v ⩾ 1, vt−fi(t) ⩾ yi log t−yi log yi+yi for t > 0, so the supremum is +∞. For
v < 1, the concave function t 7→ (v− 1)t+ yi log t is maximal on (0,∞) at t = yi/(1− v), and the
supremum is −yi +yi log yi

1−v −yi log yi +yi = −yi log(1−v). For the loss, with t def.= h′
i(1−hi)/yi,

Lfi
(h′

i ∥hi) = h′
i − yi log h′

i + yi log yi − yi − yi log(1− hi)− hih
′
i = yit− yi − yi log t.

This fidelity is finite only on the open orthant, so it is outside Definition 5.1. The proofs of
Theorems 5.1 and 5.3 are algebra, and they hold unchanged when F (Φµ) and F (Φµ⋆) are finite.
Existence and strong duality need a qualification condition, a measure ν0 ∈ domR with Φν0 > 0
coordinatewise [15]. The curvature yi/h

2
i tends to 0 when hi →∞. So F is strongly convex on

(0,M ]m, with σ = mini yi/M
2, and not on the orthant.

5.6 Support stability for the generalised BLASSO
Theorem 4.2 says that, at low noise, the BLASSO recovers exactly s spikes. The same holds

for the generalised BLASSO. The noise now enters through the fidelity: we consider a family
(Fw)w∈H, where F0 is the fidelity without noise. For least squares, Fw(h) = 1

2
∥∥h− Φµ0 − w

∥∥2
H.

For the logistic model of Remark 5.7, Fw = F̄ + ⟨w, ·⟩H. The low-noise regime Dα,λ0 is that
of (2.1). In this section R = ∥ · ∥TV, X = T or X is a closed subset of R, and Γx is the operator
of Section 3.2.

Theorem 5.4 (Support stability and rate). Let µ0 = ∑s
j=1 ajδxj with aj ̸= 0 and pairwise

distinct xj in the interior of X , and let (Fw)w∈H be a family of fidelities. Assume:
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1. F0 is C 3, coercive on H, σF -strongly convex on a neighbourhood of Φµ0 for some σF > 0,
and ∇F0(Φµ0) = 0. The map (w, h) 7→ ∇Fw(h) is C 2 on a neighbourhood of (0,Φµ0), and
so is (w, k) 7→ ∇F ⋆

w(k) on a neighbourhood of (0, 0). There are neighbourhoods U of Φµ0

and V of 0 in H and L > 0 such that, for every w in a neighbourhood of 0,

sup
h∈U
∥∇Fw(h)−∇F0(h)∥H ⩽ L ∥w∥H and sup

k∈V
∥∇F ⋆

w(k)−∇F ⋆
0 (k)∥H ⩽ L ∥w∥H ;

2. x 7→ φx is C 3 and Γx0 is injective;

3. with H0
def.= ∇2F0(Φµ0), the certificate η⋆

0 = Φ⋆p⋆
0, where p⋆

0 is the unique minimiser of
⟨p, H−1

0 p⟩H among the p ∈ H with Φ⋆p ∈ ∂∥µ0∥TV, exists, |η⋆
0(x)| < 1 for x /∈ {x1, . . . , xs},

and sign(aj) (η⋆
0)′′(xj) < 0 for all j.

Then there are α, λ0, c > 0 such that, for 0 < λ ⩽ λ0 and ∥w∥H ⩽ αλ, the generalised BLASSO
with fidelity Fw has a unique solution. It has s spikes âjδx̂j with sign(âj) = sign(aj) and

s∑
j=1
|âj − aj |+

s∑
j=1
|x̂j − xj | ⩽ c (λ+ ∥w∥H).

The conditions on the family (Fw) in assumption 1 are a regularity condition taken from
[22]. The condition ∇F0(Φµ0) = 0 is the noiseless mirror alignment: Φµ0 minimises F0. The
same preprint also states that (λ,w) 7→ (â, x̂) extends to a C 2 map on the closure of Dα,λ0 ,
with value (a, x0) at (0, 0). The point p⋆

0 is the certificate of minimal norm for the norm
∥p∥H−1

0

def.= ⟨p, H−1
0 p⟩1/2

H (Remark 5.9).

Remark 5.8 (The mechanism and the quadratic case). (a) Let ∑j bjδx′
j

be a solution with
sign(b) = σ

def.= sign(a) and pairwise distinct points x′
j in the interior of X . By Theorem 5.2,

η
def.= −Φ⋆∇Fw(Φx′b)/λ lies in ∂∥

∑
j bjδx′

j
∥TV. So η(x′

j) = σj , and the argument of Remark 3.3
gives η′(x′

j) = 0. By (3.4) these conditions read E(b, x′, λ, w) = 0 with

E(b, x′, λ, w) def.= Γ⋆
x′∇Fw(Φx′b) + λ

(
σ
0s

)
.

For Fw(h) = 1
2 ∥h− y0 − w∥2H, ∇Fw(Φx′b) = Φx′b − y0 − w, and E is the map of Step 3 of

Theorem 4.2. Since ∇F0(Φµ0) = 0, the terms where Γ⋆
x′ is differentiated vanish at (a, x0, 0, 0),

as in Lecture 4, and the chain rule gives

∂E

∂(b, x′)(a, x0, 0, 0) = Γ⋆
x0H0

(
Φx0 ,Φ′

x0 diag(a)
)

= Γ⋆
x0H0Γx0

(
Ids 0
0 diag(a)

)
.

Since H0 ⪰ σF Id, ⟨z, Γ⋆
x0H0Γx0z⟩ ⩾ σF ∥Γx0z∥

2
H for z ∈ R2s, which is positive for z ̸= 0 by

injectivity. With aj ̸= 0, the Jacobian is invertible, and the implicit function theorem gives a
branch of candidate solutions. The kernel K is replaced by the reweighted kernel ⟨φx, H0φx′⟩H,
and assumption 3 is (NDSC) for this kernel. As in Step 2 of the proof of Theorem 4.2, the two
conditions on η⋆

0 in assumption 3 exclude spurious spikes. (b) For Fw(h) = 1
2
∥∥h− Φµ0 − w

∥∥2
H,

F0 is C ∞, coercive and 1-strongly convex, ∇F0(Φµ0) = 0, ∇Fw(h) − ∇F0(h) = −w and, by
Example 5.1, ∇F ⋆

w(k) = k + Φµ0 + w. So assumption 1 holds with L = 1 and U = V = H. Here
H0 = Id, so p⋆

0 = p0 and η⋆
0 = η0 (Lemma 3.1), and assumption 3 is (NDSC) of Definition 3.3.

The theorem gives the first conclusions of Theorem 4.2, without the convolution structure, on
X = T or X ⊂ R, for x 7→ φx of class C 3. (c) For the Gaussian mixture of Example 2.2, X = R
has no boundary. If x 7→ φx is C 3 (one adapts the computation of Example 2.2; we admit it),
Γx0 is injective and (NDSC) holds, then (b) applies with w = wn. This is the use made in
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Remark 4.9. (d) The population logistic fidelity on L2 is not covered: it is neither coercive nor
strongly convex on any ball of L2, and the domain of its conjugate has empty interior. A version
of the theorem on bounded sets of predictions is given in [22].

As in Lecture 3, assumption 3 can be tested on a pre-certificate with a closed form.
Remark 5.9 (The weighted pre-certificate). Let H0 be a bounded self-adjoint operator on H
with ⟨H0v, v⟩H ⩾ σF ∥v∥2H for all v, let Γ def.= Γx0 be injective, and u

def.= (sign(a), 0s). (a) H0 is
invertible,

∥∥∥H−1
0

∥∥∥ ⩽ 1/σF , and ⟨p, H−1
0 q⟩H is a scalar product whose norm is equivalent to ∥·∥H.

If (SC) holds, p⋆
0 exists and is unique. (b) The vector pH

V
def.= H0Γ(Γ⋆H0Γ)−1u is the unique

minimiser of ⟨p, H−1
0 p⟩H among the p with Γ⋆p = u. (c) If

∥∥∥Φ⋆pH
V

∥∥∥
∞

⩽ 1, then pH
V = p⋆

0. For
H0 = Id these are Lemma 3.1, Proposition 3.2 and one direction of Proposition 3.3.

Proof. All norms and scalar products are those of H. (a) For v ∈ H, σF ∥v∥2 ⩽ ⟨H0v, v⟩ ⩽
∥H0v∥ ∥v∥, so ∥H0v∥ ⩾ σF ∥v∥. Hence H0 is injective and its range is closed. The orthogonal
of the range is the kernel of H⋆

0 = H0, which is {0}. So H0 is onto, and
∥∥∥H−1

0

∥∥∥ ⩽ 1/σF . With
v = H−1

0 p, ⟨p, H−1
0 p⟩ = ⟨H0v, v⟩ ⩾ σF ∥v∥2 ⩾ σF ∥p∥2 / ∥H0∥2, and ⟨p, H−1

0 p⟩ ⩽ ∥p∥2 /σF .
So the norms are equivalent. The set P def.=

{
p ; Φ⋆p ∈ ∂∥µ0∥TV

}
is closed and convex, and

nonempty under (SC). The minimal norm step of the proof of Lemma 3.1, for this scalar
product, gives a unique element of minimal norm. (b) For c ∈ R2s, ⟨c, Γ⋆H0Γc⟩ ⩾ σF ∥Γc∥2,
so Γ⋆H0Γ is invertible. Let c0

def.= (Γ⋆H0Γ)−1u and q
def.= pH

V = H0Γc0. Then Γ⋆q = u. Let p
with Γ⋆p = u and d

def.= p− q. Then Γ⋆d = 0 and ⟨d, H−1
0 q⟩ = ⟨d, Γc0⟩ = ⟨Γ⋆d, c0⟩ = 0. Hence

⟨p, H−1
0 p⟩ = ⟨q, H−1

0 q⟩ + ⟨d, H−1
0 d⟩, and the last term is positive if d ≠ 0 by (a). (c) Since

Γ⋆pH
V = u, (3.4) gives (Φ⋆pH

V )(xi) = sign(ai). With
∥∥∥Φ⋆pH

V

∥∥∥
∞

⩽ 1, Proposition 2.3 gives pH
V ∈ P .

Every p ∈ P satisfies Γ⋆p = u by Remark 3.3, since the xi are interior points. So pH
V minimises

the weighted norm on a set that contains P , and it lies in P . Hence it is the minimiser on P .

Exercises
Exercise 5.1 (One atom). Let X be compact, H = R, and φ ∈ C(X ) with φ(x0) = 1 for some
x0 ∈ X and |φ(x)| < 1 for x ̸= x0. Let Φµ def.=

∫
φdµ, R = ∥ · ∥TV, and let F : R→ R be as in

Definition 5.1.

1. Show that Φ⋆h = hφ and that the assumption of Proposition 2.1 holds. Show that 0 is a
solution of (5.1) if and only if |F ′(0)| ⩽ λ.

2. Assume F ′(0) < −λ. Show that F ′ is strictly increasing and that limt→+∞ F ′(t) ⩾ 0.
Deduce that there is a unique t̂ with F ′(t̂) = −λ, and that t̂ > 0.

3. Compute ĥ and η̂ for µ̂ def.= t̂δx0 , and show with Theorem 5.2 that µ̂ is a solution.

4. Show that µ̂ is the unique solution. Hint: Remark 5.4 and Remark 2.6.

5. Logistic loss with one label y = 1, F (h) = log(1+e−h): show that 0 is a solution if and only
if λ ⩾ 1/2, and compute t̂ for λ < 1/2. Poisson loss with a count y ∈ N, F (h) = eh − yh:
when is 0 a solution? Compute t̂ when y > 1 + λ.

Exercise 5.2 (Strong convexity and the conjugate). Let F be C 1 and satisfy (5.7) with σ > 0.

1. Let v, h ∈ H and g def.= ∇F (v). Show that ⟨h, u⟩ − F (u) ⩽ ⟨h, v⟩ − F (v) + ⟨h− g, u− v⟩ −
σ
2 ∥u− v∥

2 for all u. Deduce that F ⋆(h) <∞ and LF (v ∥h) ⩽ ∥h− g∥2 /(2σ).

2. Let η = Φ⋆p ∈ ∂∥µ0∥TV and h⋆ = −λp. With Theorem 5.3, recover the second bound of
Proposition 5.2.
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3. Let u, v ∈ H. With Remark 5.2, show that LF (u ∥∇F (v)) ⩾ σ
2 ∥u− v∥

2.

4. Assume that −λp = ∇F (v⋆) for some v⋆ ∈ H. Deduce from Theorem 5.3 a bound on
∥Φµ̂− v⋆∥ for every solution µ̂. For least squares, what is v⋆, and what bound do you get?

5. For F (h) = 1
2 ∥h− y∥

2, show that the inequalities of questions 1 and 3 are equalities.
Exercise 5.3 (Poisson counts). Let F be as in Example 5.2, R = ∥ · ∥TV, µ0 ∈ M(X ),
η = Φ⋆p ∈ ∂∥µ0∥TV, g def.= ∇F (Φµ0), B def.= supx ∥φx∥2, and let µ̂ be a solution of (5.1).

1. Show that F is not σ-strongly convex on Rm for any σ > 0.

2. Let K ⊂ Rm be convex with ⟨∇2F (u)v, v⟩ ⩾ σ ∥v∥2 for all u ∈ K and v ∈ Rm. Show
that (5.7) holds for u, v ∈ K. Deduce that the two bounds of Proposition 5.2 hold if Φµ0

and Φµ̂ lie in K.

3. Let L0
def.= F (Φµ0)− inf F . Show that L0 = ∑

i d
(
yi, e

(Φµ0)i
)

with d as in Example 5.2, and
that L0 = LF (Φµ0 ∥ 0). Show that ∥µ̂∥TV ⩽ ∥µ0∥TV + L0/λ.

4. Let M def.= B
(
∥µ0∥TV + L0/λ

)
. Show that ∥Φµ∥∞ ⩽ B∥µ∥TV for every µ. Deduce that∥∥Φ(µ̂− µ0)

∥∥
2 ⩽ 2eM ∥g + λp∥2 and λ

(
∥µ̂∥TV −

∫
η dµ̂

)
⩽ eM ∥g + λp∥22 /2.

5. Assume that the yi are independent with Poisson laws of means e(Φµ0)i . Compute Eg and
E ∥g∥22. How does M behave when λ→ 0? Why does this call for a local result such as
Theorem 5.4?

Exercise 5.4 (Huber fidelity). Let δ > 0, ρδ be the Huber function of Section 5.1, H = Rm and
F (h) = ∑

i ρδ(hi − yi).
1. Show that ρδ is C 1 and convex, with ρ′

δ(t) = max(−δ,min(δ, t)), and that it is not strictly
convex. Which assumption of Definition 5.1 fails?

2. Show that ρ⋆
δ(u) = u2/2 for |u| ⩽ δ and +∞ otherwise. Deduce F ⋆(h) = 1

2 ∥h∥
2 + ⟨h, y⟩

on {h ; ∥h∥∞ ⩽ δ}, and +∞ outside.

3. Show that LF (h′ ∥h) = 1
2 ∥h

′ − y − h∥2 when ∥h′ − y∥∞ ⩽ δ and ∥h∥∞ ⩽ δ.

4. Show that Lemma 5.1 and Theorems 5.1, 5.2 and 5.3 hold for this F . Which statement of
Remark 5.4 uses strict convexity?

5. Let µ̂ be a solution and ĥ = ∇F (Φµ̂). Show that
∣∣∣ĥi

∣∣∣ = δ when |(Φµ̂)i − yi| ⩾ δ. Interpret:
how much can one outlier move the certificate −Φ⋆ĥ/λ?

Exercise 5.5 (A computable stopping test). Let F be as in Definition 5.1 and R = ∥ · ∥TV. For
µ ∈M(X ) let uµ

def.= ∇F (Φµ), cµ
def.= min

(
1, λ/ ∥Φ⋆uµ∥∞

)
, with cµ

def.= 1 if Φ⋆uµ = 0, hµ
def.= cµuµ

and ηµ
def.= −Φ⋆hµ/λ.

1. Show that F ⋆ is convex, that F ⋆(0) = − inf F is finite and that F ⋆(uµ) = ⟨uµ, Φµ⟩H −
F (Φµ). Deduce that F ⋆(hµ) <∞.

2. Let ∆(µ) def.= LF (Φµ ∥hµ) + λ
(
∥µ∥TV −

∫
ηµ dµ

)
. Show that ∆(µ) is finite and that

J(µ)−min J ⩽ ∆(µ).

3. Show that ∆(µ̂) = 0 for every solution µ̂.

4. For F = 1
2 ∥· − y∥

2
H, show that hµ = −λpµ/max(1, ∥Φ⋆pµ∥∞) with pµ = (y − Φµ)/λ.

Compare with Remark 6.1.

5. Let µ̂ be a solution and (µk) a sequence with Φµk → Φµ̂ in H and ∥µk∥TV → ∥µ̂∥TV. Show
that cµk

→ 1 and that ∆(µk)→ 0. Hint: F ⋆(cu) ⩽ cF ⋆(u) + (1− c)F ⋆(0) for c ∈ [0, 1].
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Chapter 6

Algorithms for the BLASSO

This chapter is a reading guide for the projects. For each method it gives the principle, the
iteration in pseudo-code, the convergence statement with its hypotheses, and the source. The
convergence results are admitted. The only proof is that of the stopping test, which takes a few
lines from Lectures 2 and 5. Throughout, the setting is that of Definition 2.2, X is compact,
and the assumption of Proposition 2.1 holds. So Φ⋆p is a continuous function on X for every
p ∈ H, and |Φ⋆p| attains its maximum.

Each method computes the certificate of its iterate: it says where to put mass, and the duality
gap of Lecture 5 says when to stop. For a measure µ, let pµ

def.= (y − Φµ)/λ and ηµ
def.= Φ⋆pµ. By

item 1 of Proposition 2.4 and Proposition 2.3, µ solves (Pλ(y)) if and only if ∥ηµ∥∞ ⩽ 1 and
⟨ηµ, µ⟩M = ∥µ∥TV. For a discrete measure, the second condition says that ηµ equals the sign of
µ on its support. On non-negative measures the first variation of the objective is J ′

ν = λ(1− ην)
(Exercise 6.3): mass is missing where J ′

ν < 0, that is where ην > 1.
The methods differ in the way they find this missing mass. The global search is the

maximisation of |ηµ| over all of X ; on a net, its cost grows exponentially with the dimension d
of X .

Method Measures Global search Guarantee Section
Frank-Wolfe signed every step O(1/k) on the objective 6.2
Sliding Frank-Wolfe signed every step exact after finitely many steps 6.2
CPGD non-negative none linear rate, spread start 6.3
FastPart non-negative none no statement here 6.4
FS&P non-negative none rate in expectation, sparse start 6.5

6.1 The duality gap as a stopping test
None of the methods knows the optimal value. The duality gap bounds the excess objective

by a number that depends on the iterate and on a dual vector only. The dual vector must be
feasible, and feasibility is a bound on Φ⋆p over all of X .

Let L(µ) def.= 1
2 ∥Φµ− y∥

2
H + λ∥µ∥TV and L⋆ def.= minL.

Definition 6.1 (BLASSO duality gap). For µ ∈M(X ) and p ∈ H with ∥Φ⋆p∥∞ ⩽ 1,

∆(µ, p) def.= L(µ)−
(
λ⟨p, y⟩H − λ2

2 ∥p∥
2
H
)

= 1
2 ∥Φµ− y + λp∥2H + λ

(
∥µ∥TV − ⟨Φ⋆p, µ⟩M

)
. (6.1)

The function L is the objective of Proposition 2.2, so the minimum exists. The term in
brackets is the dual function D(p) of Proposition 2.4. The second equality is the identity (2.10),
which holds for every p ∈ H. By Remark 5.3, the two terms on the right are the two Fenchel-Young
losses LF (Φµ ∥ − λp) and λLR(µ ∥Φ⋆p).

Corollary 6.1 (Stopping criterion). Let an algorithm produce µk ∈ M(X ) and pk ∈ H with
∥Φ⋆pk∥∞ ⩽ 1. Then L(µk)− L⋆ ⩽ ∆(µk, pk). The test ∆(µk, pk) ⩽ ε certifies ε-optimality.
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Proof. Norms and scalar products are those of H. Let p ∈ H with ∥Φ⋆p∥∞ ⩽ 1, and let
ν ∈ M(X ). By (2.10), L(ν) − D(p) = 1

2 ∥Φν − y + λp∥2 + λ
(
∥ν∥TV − ⟨Φ⋆p, ν⟩M

)
. By (2.5),

⟨Φ⋆p, ν⟩M ⩽ ∥ν∥TV, so both terms are nonnegative and L(ν) ⩾ D(p). This holds for every ν,
so L⋆ ⩾ D(p). With p = pk,

0 ⩽ L(µk)− L⋆ ⩽ L(µk)−D(pk) = ∆(µk, pk).

If ∆(µk, pk) ⩽ ε, then L(µk) ⩽ L⋆ + ε.

The proof uses weak duality only. Strong duality says more: the gap vanishes exactly
at optimal pairs. If ∆(µ, p) = 0, then L(µ) = D(p) ⩽ L⋆ ⩽ L(µ), so µ is a solution and p
maximises D on C, hence p = p̂λ by item 3 of Proposition 2.4. Conversely, the same item gives
∆(µ̂, p̂λ) = 0 for every solution µ̂. The gap bounds the objective, not the error on the measure.
Error bounds follow all the same. The identity (5.6) holds for every µ with R(µ) <∞. So, if
J(µ) ⩽ J(µ⋆) + ε, it gives the bound (5.5) of Theorem 5.3 with ε added to the right-hand side.
The test of Corollary 6.1 gives this with µ⋆ = µ0, since L⋆ ⩽ L(µ0).

Remark 6.1 (Choice of dual variable). Take pk
def.= pµk

/max(1, ∥Φ⋆pµk
∥∞), the sup norm being

bounded by its maximum on a fine net of X plus the covering radius times a Lipschitz constant
of Φ⋆pµk

. The global search over X is thus needed at stopping time.
The bound on the sup norm reads as follows. Let Nh ⊂ X be a finite net with covering

radius h: every x ∈ X has a point z ∈ Nh with ∥x− z∥ ⩽ h. If x 7→ φx is Lφ-Lipschitz, then
|Φ⋆p(x)− Φ⋆p(z)| ⩽ Lφ ∥x− z∥ ∥p∥H by the Cauchy-Schwarz inequality, so

∥Φ⋆p∥∞ ⩽ max
z∈Nh

|Φ⋆p(z)|+ Lφh ∥p∥H
def.= s(p).

Dividing pµk
by max(1, s(pµk

)) keeps pk feasible. A maximum on the net alone can be smaller
than the supremum, and then Corollary 6.1 does not apply. The net has of order h−d points.

Two facts tell what the test can do. First, with the exact sup norm, the gap tends to
zero along every sequence with Φµk → Φµ̂ and ∥µk∥TV → ∥µ̂∥TV (Exercise 5.5, questions
4 and 5). This holds as soon as L(µk) → L⋆: by (2.9), Φµk → Φµ̂, and then λ∥µk∥TV =
L(µk) − 1

2 ∥Φµk − y∥2H → λ∥µ̂∥TV. So the test fires after finitely many steps, for every ε > 0.
Second, with the bound s, the gap does not vanish at a solution. Let s def.= s(p̂λ) > 1. Since
pµ̂ = p̂λ and ⟨Φ⋆p̂λ, µ̂⟩M = ∥µ̂∥TV,

∆(µ̂, p̂λ/s) = λ
(
1− 1

s

)
∥µ̂∥TV + λ2

2
(
1− 1

s

)2 ∥p̂λ∥2H ,

and 1− 1/s ⩽ s− 1 ⩽ Lφh ∥p̂λ∥H. The net must be fine enough for this floor to be below ε.

Remark 6.2 (Gap on non-negative measures). Let L⋆
+

def.= infM+(X ) L, so that L⋆
+ ⩾ L⋆. Let

ν ∈ M+(X ) and q ∈ H with only Φ⋆q ⩽ 1 on X . Then the right-hand side of (6.1) at (ν, q)
is at least L(ν) − L⋆

+. Indeed, for ν ′ ∈ M+(X ), ∥ν ′∥TV = ν ′(X ), so ∥ν ′∥TV − ⟨Φ⋆q, ν ′⟩M =∫
X (1− Φ⋆q) dν ′ ⩾ 0. The proof of Corollary 6.1, run over ν ′ ∈M+(X ), gives L⋆

+ ⩾ D(q), and
L(ν) − L⋆

+ ⩽ L(ν) − D(q), which is the right-hand side of (6.1) by (2.10). No dual problem
on M+(X ) is needed. This allows the one-sided normalisation qk

def.= pνk
/max(1,maxX Φ⋆pνk

),
with the same net bound without absolute value. The sup norm normalisation of Remark 6.1
is also valid on M+(X ), since L⋆

+ ⩾ L⋆, but it compares νk with the signed problem: its gap
can stay away from zero at the minimiser on M+(X ), while the one-sided gap vanishes there
(Exercise 6.2).

The test, in pseudo-code, for a measure µ given by its spikes (ai, xi)i⩽N :
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Duality gap test.
Input: spikes (ai, xi)i⩽N , data y, penalty λ, net Nh of radius h, constant Lφ, tolerance
ε > 0.

1. Residual: r ← y −
∑

i aiφxi and p← r/λ.

2. Upper bound: M ← maxz∈Nh
|⟨φz, p⟩H| + Lφh ∥p∥H. For a measure in M+(X ),

one may drop the absolute value.

3. Feasible point: p← p/max(1,M).

4. Gap: ∆← 1
2 ∥λp− r∥

2
H + λ

∑
i

(
|ai| − ai⟨φxi , p⟩H

)
.

5. If ∆ ⩽ ε, return “ε-optimal”.

Line 4 is (6.1), with Φµ − y = −r and (2.7). Lines 1 and 4 cost O(N) evaluations of the
features; line 2 costs O(h−d).

6.2 Frank-Wolfe and sliding Frank-Wolfe
Frank-Wolfe adds one spike where the optimality test fails most. In optimisation terms it

is the conditional gradient method. The gradient of the data fit at µk is Φ⋆(Φµk − y) = −ληk.
On the ball BR of Theorem 6.1, the linear form µ 7→ −λ⟨ηk, µ⟩M has minimum −λR ∥ηk∥∞
by (2.5), attained at the signed Dirac R sign(ηk(x⋆))δx⋆ , where x⋆ maximises |ηk|. So the linear
oracle is the maximisation of |ηk|.

Definition 6.2 (Frank-Wolfe iteration). Starting from µ0 = 0, iterate:

1. Form the dual variable pk
def.= 1

λ(y − Φµk) and the certificate ηk
def.= Φ⋆pk.

2. Locate the worst constraint violator, by a global search over X , x⋆ def.= argmax
x∈X

|ηk(x)|.

3. If |ηk(x⋆)| ⩽ 1, stop. Otherwise add a Dirac µk+1
def.= µk + θk sign(ηk(x⋆)) δx⋆ for an

optimally chosen θk > 0.

Let ς def.= sign(ηk(x⋆)). If |ηk(x⋆)| > 1, then φx⋆ ̸= 0. When ς µk({x⋆}) ⩾ 0, the optimal step is
θk = λ(|ηk(x⋆)|−1)/ ∥φx⋆∥2H. In all cases each step decreases L by at least λ2(∥ηk∥∞−1)2/(2B2),
with B

def.= supx ∥φx∥H (Exercise 6.1).
Step 3 tests only the first optimality condition, ∥ηk∥∞ ⩽ 1. When it fires, pk is feasible, the

first term of (6.1) vanishes, and ∆(µk, pk) = λ
(
∥µk∥TV − ⟨ηk, µk⟩M

)
. Since pµ̂ = p̂λ for every

solution µ̂, µk is a solution if and only if this number is zero. In the plain iteration the old
amplitudes are never optimised again, so the test of step 3 alone is not an optimality test; the
gap decides, at no extra cost. In the fully corrective form, step 3 is followed by a LASSO on
the finite set Sk+1

def.= supp(µk) ∪ {x⋆}: µk+1 minimises L among the measures supported in
Sk+1. Item 1 of Proposition 2.4 and Proposition 2.3, applied with the finite set Sk+1 in place of
X , give ηk+1(x) = sign(µk+1({x})) at every atom x of µk+1. So, in this form, when the test of
step 3 fires, the iterate is a solution.

Theorem 6.1 (Vanilla FW convergence). The Frank-Wolfe iteration, run in its fully corrective
form on the ball BR

def.= {µ ; ∥µ∥TV ⩽ R}, produces measures µk such that L(µk) − L⋆ ⩽
8LR2/(k + 2), where L = ∥Φ∥2M→H and R = L(0)/λ = ∥y∥2H /(2λ).

Three remarks help to read the constants. First, L = B2: ∥Φµ∥H ⩽ B∥µ∥TV (Section 2.5),
with equality at a Dirac mass where ∥φx∥H = B. Second, the radius comes from the iter-
ates. The objective decreases from µ0 = 0, so λ∥µk∥TV ⩽ L(µk) ⩽ L(0) = 1

2 ∥y∥
2
H. Every
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solution µ̂ satisfies λ∥µ̂∥TV ⩽ L(0) too, so the minimum of L on BR is L⋆. Third, the it-
eration is the conditional gradient method for (µ, t) 7→ 1

2 ∥Φµ− y∥
2
H + λt on the convex set

{(µ, t) ; ∥µ∥TV ⩽ t ⩽ R}. Its extreme points are (0, 0) and (±Rδx, R), where the linearised ob-
jective takes the values 0 and λR(1∓ηk(x)). So the oracle is step 2. The curvature constant is at
most supµ,µ′∈BR

∥Φ(µ− µ′)∥2H ⩽ B2(2R)2 = 4LR2, and Jaggi’s rate 2C/(k + 2) with C = 4LR2

is the bound of the theorem. The fully corrective iterate is at least as good as the convex
combination step of that analysis.

The rate is slow in practice: the method adds new spikes near the true ones instead of moving
the old ones. The sliding step corrects this. It moves the spikes and refits their amplitudes, with
the number of spikes and their signs fixed.

Definition 6.3 (Sliding Frank-Wolfe iteration). After step 3 of Definition 6.2, run a non-convex
local solver on

min
(ai,xi)

Nk
i=1

1
2

∥∥∥ Nk∑
i=1

aiφxi − y
∥∥∥2

H
+ λ

Nk∑
i=1
|ai| ,

seeded at the post-insertion measure (the current support together with the spike just added in
step 3, so Nk counts it), until convergence. Replace µk+1 by the resulting discrete measure.

With the signs frozen, |ai| = sign(ai)ai near the seed, and the objective is a smooth function
of (a, x) ∈ RNk ×XNk when x 7→ φx is smooth. Gradient or quasi-Newton steps apply. A spike
whose amplitude reaches zero is removed.

Sliding Frank-Wolfe.
Input: data y, penalty λ, tolerance ε > 0.
Set µ0 ← 0. For k = 0, 1, 2, . . .:

1. Certificate: pk ← (y − Φµk)/λ and ηk ← Φ⋆pk.

2. Global search: x⋆ ← argmax
x∈X

|ηk(x)| (a net, then a local refinement).

3. Test: if |ηk(x⋆)| ⩽ 1, return µk.

4. Insertion: µk+1/2 ← µk + θkςδx⋆ , with θk as in Exercise 6.1.

5. Sliding: run the local solver of Definition 6.3 from the spikes of µk+1/2; remove the
spikes of zero amplitude; call the result µk+1.

6. Optional: run the duality gap test on µk+1 and stop if ∆ ⩽ ε.

Without step 5 this is vanilla Frank-Wolfe. Replacing step 5 by a refit of the amplitudes
with the positions fixed gives the fully corrective form of Theorem 6.1.

Theorem 6.2 (Finite-time convergence of SFW). Let X be compact and φ ∈ C 2(X ,H).
Let µ̂ = ∑s

j=1 âjδx̂j be the unique solution of the BLASSO at λ > 0, with dual certificate
ηλ

def.= 1
λΦ⋆(y − Φµ̂). Assume that ηλ is non-degenerate:

|ηλ(x)| < 1 ∀x ∈ X \ {x̂1, . . . , x̂s}, ∇2ηλ(x̂j) invertible, j = 1, . . . , s. (6.2)

Then SFW recovers µ̂ after finitely many outer iterations: there is k⋆ ∈ N with µk⋆ = µ̂, and the
stopping test of Definition 6.2 then fires.

The mechanism of the proof has four parts. The iterates converge weak-⋆ to µ̂. The
certificates ηk then converge to ηλ in C 2(X ). Non-degeneracy then leaves, for k large, exactly
one spike near each x̂j and none elsewhere. At that point ηk certifies µk, so µk is the solution.
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Remark 6.3 (Hypotheses left implicit). (a) The proof uses that each x̂j is an interior extremum
of ηλ, so that the invertible Hessian is definite. Read the theorem with X = Td, or with the x̂j

in the interior of X ⊂ Rd. (b) Uniqueness of µ̂ is a hypothesis; it does not follow from (6.2). (c)
Each sliding problem is solved exactly. Its output is then a critical point, so ηk(xi) = sign(ai)
and ∇ηk(xi) = 0 at every spike xi of µk, which the proof uses. With an inexact sliding solve,
the theorem does not apply: use Corollary 6.1. (d) The first step of the proof applies the
rate of Theorem 6.1 to SFW. The rate needs each SFW iterate to be at least as good as the
convex combination step of that analysis. The fully corrective iterate is. A local solver seeded
at the post-insertion measure only guarantees L(µk+1) ⩽ L(µk+1/2), and µk+1/2 keeps the old
amplitudes. The LASSO refit of the amplitudes before sliding, as in the algorithm of [23], gives
the required inequality. (e) No bound on k⋆ is known. The frequent claim of s outer iterations
is an observation.

To stop SFW: when step 3 fires, pk is feasible and ∆(µk, pk) = λ(∥µk∥TV − ⟨ηk, µk⟩M) costs
nothing more, since step 2 has computed ∥ηk∥∞.

6.3 Conic particle gradient descent
Frank-Wolfe needs a global search at every step. Particle methods remove it. They start from

many particles, and the first variation moves them and changes their masses. In the particles
the problem is non-convex. On measures, the dynamics is a gradient flow of a convex objective
for the Wasserstein-Fisher-Rao metric: the Wasserstein part transports mass, the Fisher-Rao
part creates and destroys it [24].

Let Θ be a d-dimensional Riemannian manifold, compact and without boundary, such as Td.
We minimise over ν ∈M+(Θ)

J(ν) def.= F
( ∫

Θ
φ(θ) dν(θ)

)
+ λ ν(Θ), J⋆ def.= inf

M+(Θ)
J, (6.3)

with F ⩾ 0 convex, φ and F twice Fréchet differentiable with locally Lipschitz second derivatives,
and ∇F bounded on sublevel sets; the BLASSO is F (f) = 1

2 ∥f − y∥
2
H. The first variation is

J ′
ν(θ) = ⟨φ(θ), ∇F (

∫
φ dν)⟩H +λ. The continuous-time limit of CPGD is the Wasserstein-Fisher-

Rao flow
∂tνt = −4ανt J

′
νt

+ β div
(
νt∇J ′

νt

)
, α, β > 0. (6.4)

Here R is the regulariser of Lecture 5, and the data fit is F . For the BLASSO, ∇F (f) = f−y
and J ′

ν = λ(1− ην). Since F ⩾ 0, ν(Θ) ⩽ J(ν)/λ. The first term of (6.4) removes mass where
J ′

ν > 0 and adds mass where J ′
ν < 0, at places where νt already has mass. The second term

transports mass along −∇J ′
ν . A solution of (6.4) is understood in the weak sense; the existence

of a solution is not asserted here, and the statements below hold for every solution. On a
domain with boundary, such as a box of Rd, the results below need in addition that the support
of the minimiser lies in the interior. Signed measures enter through the doubled dictionary
{φ(θ)} ∪ {−φ(θ)} [24, App. A].

Definition 6.4 (Conic Particle Gradient Descent). Given step sizes α, β > 0, initial particles
(r(0)

i , θ
(0)
i )m

i=1 and a cone-compatible retraction Ret, iterate

(r(k+1)
i , θ

(k+1)
i )← Ret(r(k)

i ,θ
(k)
i )
(
− 2αr(k)

i J ′
νk

(θ(k)
i ),−β∇J ′

νk
(θ(k)

i )
)
, (6.5)

where νk = 1
m

∑
j(r(k)

j )2δ
θ

(k)
j

. With the mirror retraction, r(k+1)
i = r

(k)
i e−2αJ ′

νk
(θ(k)

i ): mass grows
where ηνk

> 1 and decays where ηνk
< 1.
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A retraction maps a point and a tangent step to a new point; it is the manifold version
of x + v. The mirror retraction is Ret(r,θ)(δr, δθ) = (reδr/r, R̃etθ(δθ)), with a retraction R̃et
of Θ. On Td, take R̃etθ(δθ) = θ + δθ modulo Zd. The masses (ri)2/m are then multiplied by
e−4αJ ′

νk
(θi), a multiplicative weights step. It never creates mass where there is none. This is why

the global result below asks for a spread initialisation.

CPGD on Td, mirror retraction, BLASSO data fit.
Input: data y, penalty λ, steps α, β > 0, number of particles m, period ngap.

1. Initialise: θi ∼ uniform on Td (independent), ri ← r0 > 0, for i = 1, . . . ,m.

2. For k = 0, 1, 2, . . .:

(a) ν ← 1
m

∑
j r

2
j δθj

and residual u← Φν − y.
(b) For each i: gi ← ⟨φ(θi), u⟩H + λ and Gi ← ⟨∇φ(θi), u⟩H.
(c) For each i: ri ← ri e

−2αgi and θi ← θi − βGi modulo Zd.
(d) Every ngap iterations, run the duality gap test (one-sided form) on ν.

Line (b) computes J ′
ν and its gradient at the particles. One iteration costs O(m) evaluations

of φ and ∇φ, plus the residual.
Assumption 6.1 (Non-degeneracy of ν⋆). ν⋆ = ∑m⋆

i=1 r
2
i δθ⋆

i
is the unique global minimiser of J ,

and, with f⋆ =
∫
φ dν⋆:

(nd1) ∇2F (f⋆) is positive definite;

(nd2) the matrix K with entries K(i,j),(i′,j′) = ⟨ri∇̄jφ(θ⋆
i ), ri′∇̄j′φ(θ⋆

i′)⟩∇2F (f⋆), where ∇̄φ def.=
(2φ,∇φ), satisfies σmin(K) > 0;

(nd3) Hi
def.= ∇2J ′

ν⋆(θ⋆
i ) satisfies σmin(Hi) > 0 for all i;

(nd4) J ′
ν⋆ vanishes only at the θ⋆

i , and every other local minimum θ of J ′
ν⋆ satisfies J ′

ν⋆(θ) ⩾ v⋆

for some v⋆ > 0.
For the BLASSO, (nd1) holds and Hi = −λ∇2ην⋆(θ⋆

i ); we read (nd2) to (nd4) as full rank of
Γx0 and the NDSC (Theorem 4.2) at the working λ.

The scalar product in (nd2) is ⟨u, v⟩∇2F (f⋆)
def.= ⟨u, ∇2F (f⋆)v⟩H, and j runs over the mass

coordinate and the d position coordinates, so K has size m⋆(1 + d). The weights r2
i of ν⋆ are

not divided by m. On Θ = T, (nd2) is the injectivity of the operator Γ of Section 3.2 at the
points θ⋆

i , and (nd3) with (nd4) say that ην⋆ < 1 outside the spikes and η′′
ν⋆ < 0 at the spikes:

the one-sided form of (6.2) for the certificate of ν⋆. The bound ην⋆ > −1 is not required on
non-negative measures.
Theorem 6.3 (Sharpness / PL inequality). Let ∥gν∥2L2(ν)

def.=
∫

Θ
(
4α |J ′

ν |
2 +β ∥∇J ′

ν∥
2
θ

)
dν. Under

Assumption 6.1, there are J0 > J⋆ and cPL > 0 such that, for every ν ∈M+(Θ) with J(ν) ⩽ J0
and every α, β > 0, 1

2 ∥gν∥2L2(ν) ⩾ cPL min(α, β)(J(ν) − J⋆). c−1
PL and (J0 − J⋆)−1 depend

polynomially on the problem characteristics.

The quantity ∥gν∥2L2(ν) is the squared norm of the gradient of J for the cone metric. The
theorem is a Polyak-Łojasiewicz inequality: near ν⋆, the gradient controls the excess objective
without convexity in the particles. The problem characteristics are λ, the smoothness of φ and
F , the ratio maxi ri/mini ri, the inverses of σmin(∇2F (f⋆)), σmin(K) and σmin(Hi), and 1/v⋆.
Since Assumption 6.1 is stated with unit weights, J0 and cPL do not depend on (α, β).

A descent lemma [24] gives, for every level Jmax ⩾ J⋆, a threshold τmax > 0 such that, if
J(ν0) ⩽ Jmax and max(α, β) ⩽ τmax, the iterates (6.5) are defined for all k and J(νk+1)−J(νk) ⩽
−1

2 ∥gνk
∥2L2(νk). The lemma gives no value of τmax.
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Corollary 6.2 (Exponential local convergence). Let J0, cPL be as in Theorem 6.3 and τmax =
τmax(J0) the step-size threshold of the descent lemma at Jmax = J0. Under Assumption 6.1,
if J(ν0) ⩽ J0, every solution of (6.4) satisfies J(νt)− J⋆ ⩽ (J(ν0)− J⋆)e−2cPL min(α,β)t for all
α, β > 0, and, if max(α, β) ⩽ τmax, the iterates of (6.5) satisfy J(νk)− J⋆ ⩽ (J(ν0)− J⋆)(1−
cPL min(α, β))k.

Both dynamics decrease J , so they stay in the sublevel set where the PL inequality holds.
Along the flow, d

dtJ(νt) = −∥gνt∥
2
L2(νt), and Gronwall’s lemma gives the first bound. For the

iterates, the descent lemma and the PL inequality give J(νk+1)−J⋆ ⩽ (1−cPL min(α, β))(J(νk)−
J⋆). If J(ν0) > J⋆, this forces 1− cPL min(α, β) ⩾ 0.

The local result needs a start in the sublevel set {ν ; J(ν) ⩽ J0}, which is not known in
practice. The global result replaces it by a start close to a reference measure ν⋆ with full support,
and a small ratio β/α, so that the Fisher-Rao part dominates. The lower star marks this
smooth reference, the upper star the minimiser ν⋆. Let W∞(µ, ν) def.= infπ π-ess sup dist(θ, θ′),
the infimum being over the couplings π of µ and ν; it is the ∞-Wasserstein distance.

Theorem 6.4 (Global convergence of WFR gradient flow). Under Assumption 6.1, let ν⋆ ∈
M+(Θ) have a smooth positive density with log ν⋆ Lipschitz. There are constants, polynomial in
the problem characteristics, such that if W∞(ν0, ν⋆) ⩽ cW and β/α is small enough, then J(νt)−
J⋆ ⩽ (J0−J⋆)e−2cPL min(α,β)(t−t0) for t ⩾ t0 = 1/

√
αβ. For CPGD: if W∞(ν0, ν⋆) ⩽ (J0−J⋆)/C,

α ⩽ (J0−J⋆)1+ε/2/C, β ⩽ (J0−J⋆)α2/C ′, for a fixed ε ∈ (0, 1/2] and constants C,C ′ increasing
in 1/ε, then J(νk)− J⋆ ⩽ (J(ν0)− J⋆)(1− cPL min(α, β))k−k0 for k ⩾ k0 = C(J0 − J⋆)−(2+ε).

Remark 6.4 (Reading the global theorem). (a) The flow has two phases. Before t0, an entropic
mirror descent estimate brings νt into the sublevel set {ν ; J(ν) ⩽ J0}; then the PL inequality
takes over. (b) Couplings of ν0 and ν⋆ exist only if ν0(Θ) = ν⋆(Θ). This equality is implicit in
the statement. In practice, draw the θ(0)

i independently with law ν⋆/ν⋆(Θ), for instance uniform
on Td, and set (r(0)

i )2 = ν⋆(Θ). The condition W∞(ν0, ν⋆) ⩽ cW then asks for m of order c−d
W

particles, up to logarithmic factors [25]. This number grows exponentially with d. It is the price
of dropping the global search. (c) The constants cW , C, C ′ and the condition on β/α are not
explicit. (d) The bound for CPGD is written with J(ν0)− J⋆. The contraction starts at step
k0, where J(νk0) ⩽ J0; the factor J(ν0)− J⋆ uses in addition J(νk0) ⩽ J(ν0), the decrease of J
along the first k0 iterates.

To stop CPGD, use the residual pνk
normalised as in Remark 6.1, or by the one-sided

normalisation of Remark 6.2, which bounds J(νk)− J⋆ with J⋆ = L⋆
+.

6.4 FastPart: stochastic particle descent
CPGD evaluates J ′

ν and ∇J ′
ν exactly at each particle. When the scalar product of H is an

integral, as in H = L2(Λ) for the Gaussian mixture of Example 2.2, one replaces these values by
unbiased mini-batch estimates, for instance by sampling frequencies ω ∼ Λ (random features).
This section gives the setting and the stochastic update that FastPart and Fast Spawn and
Prune share.

Here X ⊂ Rd is compact and convex, K(s, t) def.= ⟨φs, φt⟩H, the BLASSO is posed onM+(X ),
and J ′

ν(t) = ⟨φt, Φν − y⟩H + λ [26]. The kernel K is the kernel K of Definition 2.2; in this
section and the next one, the letter K never denotes the matrix of (nd2). We write J for the
restriction of L to M+(X ). By [26], ν ∈ M+(X ) minimises J if and only if J ′

ν ⩾ 0 on X and
J ′

ν = 0 on supp(ν).

Assumption 6.2 (Kernel and observation regularity). There are Kmin, CP > 0 such that
∥y∥H ⩽ CP and

1. max(∥K∥∞ , ∥∇sK∥∞ ,
∥∥∇2

sK
∥∥

∞) ⩽ CP and
∥∥∇2

s∇2
tK
∥∥

∞ ⩽ C2
P;
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2. K(s, t) ⩾ Kmin > 0 and K(t, t) = 1 for all s, t ∈ X .
Since K(t, t) = 1 ⩽ ∥K∥∞, the assumption forces CP ⩾ 1. The lower bound holds for

the Gaussian kernel of Example 2.2 restricted to a compact X : K(s, t) = e−(s−t)2/(6σ2) ⩾
e−diam(X )2/(6σ2). It fails for Example 2.1: with uniform weights the kernel is a multiple of the
Dirichlet kernel and takes negative values; with the Jackson weights it vanishes at u = 1/(fc

2 + 1).
There the domain T is not a convex subset of Rd either. It also fails for signed measures: on the
doubled dictionary the kernel between the two copies is −K. SFW and CPGD need no sign
condition on the kernel.
Assumption 6.3 (Stochastic unbiased gradients). There is a random variable Z with Ĵ ′

ν(t, Z) =
J ′

ν(t) + ξν(t, Z) and D̂ν(t, Z) = ∇J ′
ν(t) + ζν(t, Z), where ξν , ζν have zero mean, and constants

H,G,M > 0 such that almost surely |ξν | ∨ ∥ζν∥ ⩽ M and Ĵ ′
ν(t, Z) ⩾ G∥ν∥TV −H + λ. Also,

t 7→ Ĵ ′
ν(t, Z) is L-Lipschitz almost surely.

Remark 6.5 (On the stochastic assumption). (a) The lower bound comes from the positivity of
the kernel. For ν ∈M+(X ) and t ∈ X , since ∥φt∥H = 1, J ′

ν(t) =
∫

X K(t, s) dν(s)−⟨φt, y⟩H+λ ⩾
Kmin∥ν∥TV − ∥y∥H + λ. With noise of amplitude at most M , the bound holds with G = Kmin
and H = ∥y∥H + M . So M is chosen first, then H . (b) The constants are uniform in ν, which is
too strong on all ofM+(X ): the Lipschitz constant of J ′

ν is only bounded by
√
CP(CP + ∥ν∥TV)

[26]. The analysis uses the assumption along the iterates, which stay in {ν ; ∥ν∥TV ⩽ CTV} by
Proposition 6.1. Read the assumption on this set. (c) The bounds are assumed almost surely.
Definition 6.5 (Stochastic Push-Forward update). Let ν̂k = ∑pk

j=1 ω
k
j δtk

j
, and let Ĵ ′

ν̂k
and D̂k be

the averages of Ĵ ′
ν̂k

(·, Z) and D̂ν̂k
(·, Z) over mk independent copies of Z. Set ν̂k+

def.= ∑pk
j=1 ω

k+
j δ

tk+
j

with
ωk+

j = ωk
j e

−αĴ ′
ν̂k

(tk
j )
, tk

+
j = argmin

u∈X

{
⟨u, D̂k(tkj )⟩+ 1

2β

∥∥∥u− tkj ∥∥∥2 }
.

The position step projects tkj−βD̂k(tkj ) onto X ; a step costs O(pkmk). With exact J ′ and ∇J ′,
this update decreases J under (6.6) below while ∥ν∥TV ⩽ CTV [26]. FastPart (arXiv:2312.05993)
iterates this update on a fixed number of particles, from a spread initialisation, with no birth
and no death.

The projection claim follows by completing the square: ⟨u, v⟩ + 1
2β ∥u− t∥

2 =
1

2β ∥u− (t− βv)∥2 + c, where c does not depend on u, and X is closed and convex.
The weight step is the mirror step of CPGD written on the masses: CPGD multiplies the
mass r2/m by e−4αJ ′ , FastPart multiplies ω by e−αJ ′ . So the letter α does not have the same
meaning in the two sections.

FastPart (stochastic weight and push-forward).
Input: steps α, β > 0, batch sizes (mk), initial particles (ω0

j , t
0
j )j⩽p spread over X , with

ω0
j > 0.

For k = 0, 1, 2, . . .:

1. Draw mk independent copies Z1, . . . , Zmk
of Z.

2. For each j: ĝj ← 1
mk

∑
ℓ Ĵ

′
ν̂k

(tkj , Zℓ) and Ĝj ← 1
mk

∑
ℓ D̂ν̂k

(tkj , Zℓ).

3. For each j: ωk+1
j ← ωk

j e
−αĝj and tk+1

j ← projX (tkj − βĜj).

4. From time to time, run the duality gap test (one-sided form) with the exact residual.

As for CPGD, no mass appears away from the initial particles and their trajectories.
To stop FastPart, use the exact residual pν̂k

, not its estimate, normalised as in Remark 6.1
or Remark 6.2. The estimate Ĵ ′ has noise of amplitude up to M , and a normalisation by an
estimated maximum does not guarantee feasibility.
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6.5 Fast Spawn and Prune
The weight step never puts mass where there is none, so the stochastic update can stall

at a measure whose first variation is negative away from its support. Fast Spawn and Prune
(FS&P) adds two random moves to each iteration. A birth samples one point uniformly on
X and puts a small mass there if the estimated first variation is nonpositive, up to the noise
level. A death samples one particle and removes it if its weight is small and its estimated first
variation is nonnegative. In optimisation terms, FS&P is a stochastic Frank-Wolfe method: the
birth replaces the global search by one uniform sample, the death plays the role of a drop step,
and the update of Definition 6.5 plays the role of sliding.

Definition 6.6 (FS&P iteration). Fix α, β > 0, batch sizes mk, weights εk > 0, a > 0, and let
ca

def.= M
√

2a. From ν̂k:

1. apply Definition 6.5, which gives ν̂k+ , and let Ĵ ′ be the mini-batch estimate of J ′
ν̂k+

;

2. death: sample Vk+1 uniformly on supp(ν̂k+); remove the particle at Vk+1 if Ĵ ′(Vk+1) ⩾ 0
and its weight is at most

√
2 εk;

3. birth: sample Uk+1 uniformly on X ; add εkδUk+1 if Ĵ ′(Uk+1) ⩽ ca

√
log(mk)/mk.

The threshold ca

√
log(mk)/mk is a noise margin. At a point drawn independently of the mini-

batch, the average of mk independent centred terms bounded by M exceeds ca

√
log(mk)/mk

in absolute value with probability at most 2 exp
(
− mkc

2
a log(mk)/(2mkM2)

)
= 2m−a

k , by
Hoeffding’s inequality. So a point where J ′

ν ⩽ 0 passes the birth test with probability at least
1− 2m−a

k . Births also occur where J ′
ν is slightly positive. If ν̂k+ = 0, for instance at the start

ν̂0 = 0, the death step is skipped. One step needs the O(pkmk) evaluations of Definition 6.5 and
two more mini-batch evaluations, at Vk+1 and Uk+1.

Fast Spawn and Prune.
Input: steps α, β, horizon T , batch sizes (mk), birth masses (εk), a > 0, an initial
measure ν̂0 with few particles (possibly none).
For k = 0, 1, . . . , T − 1:

1. Push-forward: compute ν̂k+ by lines 1 to 3 of FastPart.

2. Fresh estimate: let Ĵ ′ be a mini-batch average of size mk for J ′
ν̂k+

.

3. Death: draw a particle V of ν̂k+ uniformly. If Ĵ ′(V ) ⩾ 0 and its weight is at most√
2 εk, remove it.

4. Birth: draw U uniformly on X . If Ĵ ′(U) ⩽ ca

√
log(mk)/mk, add the particle εkδU .

5. Call the result ν̂k+1. From time to time, run the duality gap test (one-sided form).

Output: the iterate with the smallest gap.

Proposition 6.1 (TV-norm boundedness). Let R̂
def.= eH/G +

√
e3/G + 1. If supk εk ⩽ α ⩽

(1+R̂)−1 and α(H−λ)+ ⩽ 1/10, then almost surely, for all k ⩾ 0, ∥ν̂k∥TV ⩽ R̂∨∥ν̂0∥TV
def.= CTV.

The mechanism is a balance. When ∥ν̂k∥TV > R̂, the lower bound of Assumption 6.3 makes
the estimated first variation positive on all of X , so the weight step shrinks every mass. The
position step keeps the total mass, a death removes mass, and a birth adds at most εk ⩽ α.
Below, µ⋆ is a minimiser of J on M+(X ). It exists: the sublevel sets of L are weak-⋆ compact
(Proposition 2.2) and M+(X ) is weak-⋆ closed.
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Theorem 6.5 (Global convergence of FS&P). Assume Assumptions 6.2 and 6.3, the step-size
conditions

α <
1

10(1 + CTV + CP + λ)(1 ∨ CTV) , β ⩽
1

2CP(CP + 3CTV)e1/5 , (6.6)

the four empirical birth and death hypotheses of [26, §4.1], and the hypotheses of Proposition 6.1.
Take α ⩽

√
8 log 8/M , β ⩽ α−d/4T−1/2, εk = T−1/2, mk = T and a ⩾ d/(2(2 + d)). Then for

every horizon T ⩾ 1/α2, ρ̂T
def.= min1⩽k⩽T J(ν̂k)− J(µ⋆) satisfies

E[ρ̂T ] ⩽ Cα−1/2
((log T )2

T

)1/(2(2+d))
.

Remark 6.6 (Reading the theorem). (a) The first of the four empirical hypotheses is a stochastic
descent inequality for the update of Definition 6.5; the other three are conditions on the birth
and death steps, with J ′

ν replaced by its estimate. (b) The schedule fixes εk = T−1/2 for the
whole run, and T ⩾ 1/α2 gives εk ⩽ α, as Proposition 6.1 requires. The constant C depends on
the problem constants, not on T . (c) The bound concerns the best iterate in expectation, not the
last iterate. The gap test with the exact residual identifies a good iterate, at the cost of a global
search on a net. (d) No non-degeneracy and no spread start are assumed, unlike Theorem 6.4:
the start can be sparse, for instance ν̂0 = 0. The price is the exponent 1/(2(2 + d)). If J ′

ν has a
negative minimum −v and is L-Lipschitz, the set {J ′

ν < 0} contains the intersection of X with
a ball of radius v/L; a uniform birth must hit this set, whose volume is of order (v/L)d. (e)
Reaching E[ρ̂T ] ⩽ ε with this bound takes T of order ε−2(2+d), up to logarithms and constants.
For d = 2 and ε = 10−3, the sample complexity bound is of order 1048 evaluations. The bound
is a worst case.

To stop FS&P, use the exact residual pν̂k
, with Φ⋆pν̂k

= 1−J ′
ν̂k
/λ, normalised as in Remark 6.1

or Remark 6.2. The global search that FS&P avoids comes back each time the gap is evaluated.

Exercises
Exercise 6.1 (The Frank-Wolfe step). Let B def.= supx ∥φx∥H > 0. Let µ ∈M(X ), r def.= y − Φµ,
η

def.= Φ⋆r/λ, and x ∈ X with |η(x)| > 1. Let ς def.= sign(η(x)) and, for θ ⩾ 0,

f(θ) def.= L(µ+ θςδx), g(θ) def.= 1
2 ∥r − θςφx∥2H + λ

(
∥µ∥TV + θ

)
.

1. Show that f ⩽ g on [0,∞), with f(0) = g(0), and that f = g if ςµ({x}) ⩾ 0.

2. Show that φx ̸= 0 and that g is minimal at θ̄ def.= λ(|η(x)| − 1)/ ∥φx∥2H, with g(0)− g(θ̄) =
λ2(|η(x)| − 1)2/(2 ∥φx∥2H).

3. Show that f is convex and has a minimiser θ⋆ > 0 on [0,∞). Deduce that the iteration of
Definition 6.2 with θk

def.= θ⋆ satisfies L(µk+1) ⩽ L(µk)− λ2(∥ηk∥∞ − 1)2/(2B2) as long as
it does not stop, and that ∑k(∥ηk∥∞ − 1)2 ⩽ B2 ∥y∥2H /λ2.

4. Let s def.= ∥η∥∞ > 1. With question 3 and Corollary 6.1, show that

λ2(s− 1)2

2B2 ⩽ L(µ)− L⋆ ⩽ ∆(µ, r/(λs)).

5. One spike. Let X = T, K(x, x′) = κ(x− x′) with κ continuous, κ(0) = 1 and |κ(u)| < 1
for u ̸= 0. Let y = aφx0 with |a| > λ. Run Definition 6.2 from µ0 = 0. Show that
x⋆ = x0, that µ1 = (a−λ sign(a))δx0 , and that the iteration stops at k = 1. Compare with
Exercise 2.5.
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Exercise 6.2 (Duality gap on the cone). Let H = R, φx = 1 for all x ∈ X , y = −1 and
0 < λ < 1. So Φµ = µ(X ) and Φ⋆p is the constant function p.

1. Show that L⋆ = λ− λ2/2 and that L⋆
+ = 1

2 , attained at ν = 0 only.

2. At ν = 0, compute pν . Show that the sup norm normalisation of Remark 6.1 gives p = −1
and ∆(0,−1) = 1

2(1− λ)2 > 0. Is the bound L(0)− L⋆ ⩽ ∆(0,−1) tight?

3. Show that the one-sided normalisation of Remark 6.2 gives q = −1/λ, and that the
right-hand side of (6.1) at (0,−1/λ) is 0. Which conclusion does this give on ν = 0?

4. General case. Let ν⋆ minimise L on M+(X ). By [26], J ′
ν⋆ = λ(1− Φ⋆pν⋆) ⩾ 0 on X and

J ′
ν⋆ = 0 on supp(ν⋆). Show that the one-sided normalisation leaves pν⋆ unchanged, and

that the right-hand side of (6.1) at (ν⋆, pν⋆) is 0.

Exercise 6.3 (Non-degeneracy of the particle problem). Let Θ = T, F (f) = 1
2 ∥f − y∥

2
H,

θ 7→ φ(θ) of class C 2, and ν⋆ = ∑m⋆

i=1 r
2
i δθ⋆

i
a minimiser of J on M+(T) with ri > 0 and distinct

θ⋆
i . Let η⋆ def.= ην⋆ .

1. Let ν, ν+σ ∈M+(T). Show that J(ν+σ)−J(ν) = ⟨J ′
ν , σ⟩M+ 1

2 ∥Φσ∥
2
H with J ′

ν = λ(1−ην).
Deduce that J ′

ν⋆ ⩾ 0 on T and J ′
ν⋆(θ⋆

i ) = 0 for all i. Hint: take σ = τδθ and σ = −τr2
i δθ⋆

i
,

τ ∈ (0, 1].

2. Let Γ def.= Γθ⋆ be the operator of Section 3.2 at the points θ⋆
i . Show that K = ΛΓ⋆ΓΛ with

Λ def.= diag(2r1, . . . , 2rm⋆ , r1, . . . , rm⋆), after a permutation of rows and columns. Deduce
that (nd2) holds if and only if Γ is injective.

3. With question 1, show that (nd3) holds if and only if (η⋆)′′(θ⋆
i ) < 0 for all i.

4. Assume (nd3) and η⋆(θ) < 1 for θ /∈ {θ⋆
i }. Show that there is ρ > 0 such that J ′

ν⋆ is strictly
convex on each interval (θ⋆

i − ρ, θ⋆
i + ρ). Deduce (nd4).

5. Conclude that, for the BLASSO on T, (nd2) to (nd4) hold if and only if Γ is injective,
η⋆ < 1 outside {θ⋆

i } and (η⋆)′′(θ⋆
i ) < 0 for all i. Compare with (6.2): which condition of

the signed problem is not needed?
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Appendix A

Support stability without the implicit
function theorem

The proof of Theorem 4.2 in Lecture 4 admits the implicit function theorem (Step 3) and
uses it for uniqueness and for the rates. This appendix proves uniqueness, the number of spikes,
the signs and the rates with the tools of Lectures 2 to 4 only. Proposition A.1 is Step 2 of that
proof, with all details. Proposition A.2 tests a solution against the minimal norm certificate η0
and against the secondary certificates of Remark 3.4 (c). It gives explicit rates. It does not give
the regularity of the path.

The setting is that of Section 4.3: X = T, H = L2(T) real, Φµ = φ ⋆ µ with φ ∈ C 2(T),
y0

def.= Φµ0, µ0 = ∑s
i=1 aiδxi satisfies (NDSC) and Γx0 is injective. We write σi

def.= sign(ai), as in
the proof of Theorem 4.2, and Mk

def.=
∥∥∥φ(k)

∥∥∥
L2 for k ⩽ 2. All norms and scalar products without

index are those of H, and |u− v| is the distance on T. Near a point, we see a function on T as a
1-periodic function on R, as in Remark 3.3.

By (NDSC), (SC) holds. So p0 and η0 = Φ⋆p0 are defined (Lemma 3.1), and η0 ∈ ∂∥µ0∥TV
since p0 ∈ P . As in Section 4.3, Remark 2.4 gives η0 ∈ C 2(T). By Remark 3.3, η0(xi) = σi

and η′
0(xi) = 0. For (λ,w) ∈ Dα,λ0 we write p̂ def.= p̂λ(y0 + w) and η̃λ

def.= Φ⋆p̂, as in Theorem 4.1.
Since p̂ ∈ C, ∥η̃λ∥∞ ⩽ 1. Let

κ
def.= 1

2 min
i

∣∣η′′
0(xi)

∣∣ .
By (NDSC), σiη

′′
0(xi) = − |η′′

0(xi)| ⩽ −2κ < 0 for all i.

Lemma A.1 (Choice of ε). There is ε ∈ (0, 1
4) with 2ε < |xi − xj | for all i ̸= j such that, with

Ii
def.= (xi − ε, xi + ε),

σiη
′′
0 ⩽ −κ and σiη0 ⩾ 1

2 on Ii, i = 1, . . . , s. (A.1)

Every smaller positive number has the same properties. For such an ε:

(a) the intervals Ii are pairwise disjoint;

(b) 1− |η0(xi + t)| ⩾ κ
2 t

2 for all i and |t| < ε;

(c) r0
def.= 1−max {|η0(x)| ; x ∈ T \

⋃
i Ii} > 0, with r0

def.= 1 if T \
⋃

i Ii is empty.

These are the conditions on ε in Step 2 of the proof of Theorem 4.2.

Proof. Existence. The functions η0 and η′′
0 are continuous, σiη0(xi) = 1 and σiη

′′
0(xi) ⩽ −2κ.

So (A.1) holds on a neighbourhood of each xi, hence for all small ε. The two other conditions
also hold for ε small. All of them are kept when ε decreases.
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(a) This follows from 2ε < |xi − xj | for i ̸= j. Since ε < 1
2 , each x ∈ Ii reads x = xi + t with

a unique t ∈ (−ε, ε), and |x− xi| = |t|.
(b) Let ψ def.= σiη0 and |t| < ε. Then ψ(xi) = 1 and ψ′(xi) = 0. The Taylor formula with

integral remainder and (A.1) give

ψ(xi + t) = 1 + t2
∫ 1

0
(1− θ)ψ′′(xi + θt) dθ ⩽ 1− κ

2 t
2.

Since ψ ⩾ 1
2 on Ii, |η0| = ψ there, and (b) follows.

(c) The set K def.= T \
⋃

i Ii is closed in T, hence compact, and it does not contain the xi. By
(NDSC), |η0| < 1 on K. If K is not empty, the continuous function |η0| attains its maximum on
K, and this maximum is less than 1.

Proposition A.1 (Structure of the solutions). Let ε and Ii be as in Lemma A.1. There are
α, λ0 > 0 such that, for all (λ,w) ∈ Dα,λ0, with Z def.= {x ∈ T ; |η̃λ(x)| = 1}:

1. Z has at most one point in each Ii and no point outside
⋃

i Ii;

2. every solution of Pλ(y0 + w) is of the form µ̂ = ∑s
i=1 âiδx̂i with x̂i ∈ Ii ∩ Z when âi ̸= 0,

and then sign(âi) = σi, η̃λ(x̂i) = σi and η̃′
λ(x̂i) = 0.

If µ̂ has no mass in Ii, we set âi
def.= 0 and x̂i

def.= xi, as in Step 2 of the proof of Theorem 4.2.
So x̂i ∈ Ii for all i.

Proof. Choice of α and λ0. Let τ def.= min(r0,
1
2 , κ) > 0. Since η0(x1) = σ1 ̸= 0, η0 ̸= 0

and φ ̸= 0, so M
def.= max(M0,M2) > 0. As in Step 1 of the proof of Theorem 4.2, let

b(λ0) def.= sup0<λ⩽λ0 ∥p̂λ(y0)− p0∥. By Proposition 4.2, p̂λ(y0)→ p0 strongly, so b(λ0)→ 0 when
λ0 → 0. Let α def.= τ/(4M) and choose λ0 > 0 with b(λ0) ⩽ τ/(4M).

Uniform closeness. Let (λ,w) ∈ Dα,λ0 . Then ∥p̂λ(y0)− p0∥ ⩽ b(λ0) and ∥w∥ /λ ⩽ α. By
Theorem 4.1, for k ∈ {0, 2}, ∥∥∥η̃(k)

λ − η(k)
0

∥∥∥
∞

⩽Mk

(
b(λ0) + α

)
⩽
τ

2 . (A.2)

Item 1, far from the spikes. Let x /∈ ⋃i Ii. By Lemma A.1 (c) and (A.2), |η̃λ(x)| ⩽ 1−r0+ r0
2 <

1. So x /∈ Z.
Item 1, near the spikes. Fix i and let f def.= σiη̃λ, a 1-periodic C 2 function on R. On the

interval (xi − ε, xi + ε) of R, (A.1) and (A.2) give f ⩾ 1
2 −

1
4 > 0 and f ′′ ⩽ −κ+ κ

2 < 0. Assume
that u < v in this interval lie in Z. Since f > 0, f(u) = f(v) = 1. Let m def.= (u + v)/2 and
d

def.= (v − u)/2 > 0. The Taylor formula with integral remainder gives

f(m± d) = f(m)± f ′(m) d+ d2
∫ 1

0
(1− θ)f ′′(m± θd) dθ < f(m)± f ′(m) d,

since the integrand is continuous and negative on [0, 1). Adding the two relations gives 2 =
f(u) + f(v) < 2f(m), so |η̃λ(m)| > 1. This contradicts ∥η̃λ∥∞ ⩽ 1. So Z has at most one point
in Ii.

Item 2, form of the solutions. Let µ̂ be a solution of Pλ(y0 + w). By Proposition 2.4, item 2,
(y0 +w − Φµ̂)/λ = p̂, so the function η̂λ of item 4 is η̃λ, and item 4 gives supp(µ̂) ⊂ Z. By item
1, Z is finite, and Remark 2.6 (i) gives µ̂ = ∑

z∈Z µ̂({z})δz. If Z ∩ Ii = {z} and µ̂({z}) ̸= 0, let
x̂i

def.= z and âi
def.= µ̂({z}); otherwise µ̂ has no mass in Ii, and we use the convention above. Since

Z ⊂
⋃

i Ii, µ̂ = ∑
i âiδx̂i .

Item 2, signs. Let E def.= {i ; âi ̸= 0}. Then µ̂ = ∑
i∈E âiδx̂i , and these points are pairwise

distinct, since the Ii are disjoint. By Proposition 2.4, item 1, η̃λ ∈ ∂∥µ̂∥TV, and the last sentence
of Proposition 2.3 gives η̃λ(x̂i) = sign(âi) for i ∈ E. Since σiη̃λ > 0 on Ii, sign(âi) = σi. Last,
η̃λ is C 2 (Remark 2.4), ∥η̃λ∥∞ ⩽ 1 and η̃λ(x̂i) = ±1, so Remark 3.3 gives η̃′

λ(x̂i) = 0.
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The curvature of η0 at the spikes gives at most one point of Z in each Ii. The margin r0
gives no point elsewhere. The first derivative of η̃λ is not controlled, and the injectivity of Γx0 is
not used. The proposition does not exclude âi = 0, nor two different solutions. The amplitudes
below settle both points. Smaller values of α and λ0 keep the conclusions, since Dα,λ0 only
shrinks.

Proposition A.2 (Rates and uniqueness). Let ε, α and λ0 be as in Proposition A.1. After
reducing λ0, there is c > 0 such that, for all (λ,w) ∈ Dα,λ0 , the solution of Pλ(y0 +w) is unique
and has exactly s spikes, µ̂ = ∑s

i=1 âiδx̂i with x̂i ∈ Ii and sign(âi) = σi, and

|âi − ai| ⩽ c λ and |x̂i − xi| ⩽
2c λ
|ai|

.

With λ = ∥w∥H /α and 0 < ∥w∥H ⩽ αλ0, both errors are O(∥w∥H).

Proof. Secondary certificates. Let Γ def.= Γx0 and let (e1, . . . , e2s) be the canonical basis of R2s.
By Remark 3.4 (c), ui

def.= qei and vi
def.= qes+i satisfy Γ⋆ui = ei and Γ⋆vi = es+i. By (3.4), the

functions ξi
def.= Φ⋆ui and ζi

def.= Φ⋆vi satisfy, for all i, j,

ξi(xj) = δij , ξ′
i(xj) = 0, ζi(xj) = 0, ζ ′

i(xj) = δij .

By (4.4), ∥ξ′′
i ∥∞ ⩽M2 ∥ui∥ and ∥ζ ′′

i ∥∞ ⩽M2 ∥vi∥. These are the functions of Exercise 3.4. We
use the Taylor formula with Lagrange remainder: for g ∈ C 2(T), x ∈ T and |t| < 1

2 ,∣∣g(x+ t)− g(x)− g′(x) t
∣∣ ⩽ 1

2
∥∥g′′∥∥

∞ t2. (A.3)

Injectivity near x0. The map Φx0 is injective (Remark 3.4 (d)). The function b 7→ ∥Φx0b∥ is
continuous and positive on the compact set {b ∈ Rs ; ∥b∥∞ = 1}, so its minimum θ is positive,
and ∥Φx0b∥ ⩾ θ ∥b∥∞ for all b ∈ Rs. Let z = (z1, . . . , zs) ∈ Ts and b ∈ Rs. Since ∥φu − φv∥ ⩽
M1 |u− v| (Section 4.3),

∥Φzb∥ ⩾ ∥Φx0b∥ −
∑

i

|bi| ∥φzi − φxi∥ ⩾
(
θ − sM1 max

i
|zi − xi|

)
∥b∥∞ .

So Φz is injective as soon as sM1 maxi |zi − xi| < θ.
Constants. Let

β
def.= α+ ∥p0∥ , Q

def.= max
i

max
(
∥ui∥ , ∥vi∥

)
, c

def.= Q
(
2β + M2β

2

2κ
)
. (A.4)

These numbers do not depend on λ0, and c > 0. Reduce λ0 so that

cλ0 <
1
2 min

i
|ai| and 2sM1cλ0 < θmin

i
|ai| .

Proposition A.1 still holds. Fix (λ,w) ∈ Dα,λ0 and a solution µ̂ = ∑
j âjδx̂j , written as in

Proposition A.1. By Lemma A.1 (a), x̂j = xj + tj with a unique tj ∈ (−ε, ε), and tj = 0 when
âj = 0.

Basic inequality. Apply Proposition 4.1, item 1, with p = p0. Here ρ = ∥w∥+ λ ∥p0∥ ⩽ βλ.
So ∥∥∥Φ(µ̂− µ0)

∥∥∥ ⩽ 2βλ and ∥µ̂∥TV −
∫
η0 dµ̂ ⩽

ρ2

2λ ⩽
β2λ

2 . (A.5)

By (2.6), the left-hand side of the second bound is at least
∫

(1− |η0|) d |µ̂|. By (2.7), applied to
the nonzero terms of µ̂, and Lemma A.1 (b),∫

(1− |η0|) d |µ̂| =
s∑

j=1
|âj |

(
1− |η0(xj + tj)|

)
⩾
κ

2

s∑
j=1
|âj | t2j .
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With (A.5),
s∑

j=1
|âj | t2j ⩽

β2λ

κ
. (A.6)

Amplitudes. Fix i. By (A.3), ξi(xj + tj) = δij + Rij with |Rij | ⩽ 1
2M2 ∥ui∥ t2j . By (2.7),∫

ξi dµ0 = ∑
j ajξi(xj) = ai, and

∫
ξi d(µ̂− µ0) =

s∑
j=1

âjξi(xj + tj)− ai = âi − ai +
s∑

j=1
âjRij .

By (2.8), the left-hand side is ⟨ui, Φ(µ̂ − µ0)⟩, of absolute value at most 2βλ ∥ui∥ by (A.5).
With (A.6),

|âi − ai| ⩽ 2βλ ∥ui∥+ 1
2M2 ∥ui∥

s∑
j=1
|âj | t2j ⩽ ∥ui∥

(
2β + M2β

2

2κ
)
λ ⩽ c λ.

Number of spikes and signs. For all i, |âi| ⩾ |ai| − cλ0 >
1
2 |ai| > 0. So each Ii carries one

spike of µ̂, µ̂ has exactly s spikes, and sign(âi) = σi by Proposition A.1.
Positions. Fix i. By (A.3), ζi(xj +tj) = δijtj +R′

ij with
∣∣∣R′

ij

∣∣∣ ⩽ 1
2M2 ∥vi∥ t2j , and

∫
ζi dµ0 = 0.

So
⟨vi, Φ(µ̂− µ0)⟩ =

∫
ζi d(µ̂− µ0) = âiti +

s∑
j=1

âjR
′
ij ,

and the computation of the amplitudes, with vi in place of ui, gives |âi| |ti| ⩽ cλ. Since
|âi| > 1

2 |ai|, |x̂i − xi| = |ti| < 2cλ/ |ai|.
Uniqueness. By item 2 of Proposition A.1 and the step above, every solution has exactly one

spike in each Ii, at a point of Z. By item 1 of the same proposition, Z has at most one point
in Ii. So Z = {x̂1, . . . , x̂s}, and all solutions have the same positions x̂ def.= (x̂1, . . . , x̂s). By the
bound on the positions, sM1 maxi |x̂i − xi| ⩽ 2sM1cλ0/mini |ai| < θ, so Φx̂ is injective. Write
two solutions as ∑i âiδx̂i and ∑i ǎiδx̂i . By Proposition 2.4, item 2, they have the same image by
Φ, that is Φx̂(â− ǎ) = 0. Hence â = ǎ. This is the argument of Remark 2.8 (d).

Rates in the noise. If 0 < ∥w∥ ⩽ αλ0 and λ = ∥w∥ /α, then 0 < λ ⩽ λ0 and ∥w∥ = αλ, so
(λ,w) ∈ Dα,λ0 , and cλ = (c/α) ∥w∥.

The proof never solves the optimality conditions. It uses them to locate the support, in
Proposition A.1, and, for uniqueness, through the fact that all solutions have the same image by
Φ. The amplitudes and the positions come from the basic inequality of Proposition 4.1, tested
against η0, ξi and ζi. The curvature of η0 enters twice: in the structure, and in the quadratic
bound (A.6), which makes the Taylor remainders of order λ.
Remark A.1 (Comparison with Theorem 4.2). (a) Hypotheses. They are those of Theorem 4.2
with k = 2: φ ∈ C 2(T), Γx0 injective and (NDSC). No C 3 assumption and no rate for the dual
bias are used. As in Theorem 4.2, λ > 0 on Dα,λ0 (Remark 4.7 (d)).

(b) What is proved. All the conclusions of Theorem 4.2 except the regularity of the path: on
Dα,λ0 the solution is unique, it has exactly s spikes, one in each Ii, with sign(âi) = sign(ai), and
the errors are O(∥w∥H) when λ = ∥w∥H /α. The spikes are labelled by the intervals Ii.

(c) What is more precise. The bounds |âi − ai| ⩽ cλ and |x̂i − xi| ⩽ 2cλ/ |ai| hold on all of
Dα,λ0 . The order is the same as in Theorem 4.2: its proof gives L(λ+∥w∥H) ⩽ L(1+α)λ on Dα,λ0 ,
and Exercise 4.3 gives a case with |âλ − a| = (1 +α)λ. The constant c in (A.4) is explicit, and so
is α = min(r0,

1
2 , κ)/(4 max(M0,M2)), of the same type as the value of α admitted in Lecture 4

under φ ∈ C 3(T). With G
def.= Γ⋆

x0Γx0 and qe = Γx0G
−1e, ∥qe∥2 = ⟨G−1e, GG−1e⟩ = ⟨G−1e, e⟩.

So ∥ui∥2 and ∥vi∥2 are diagonal entries of G−1, and Q2 ⩽
∥∥G−1∥∥

op, the quantity that enters the
constants of the rates admitted in Lecture 4. The factor 1/ |ai| of the positions is also there. No
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neighbourhoods V and W appear, so the order of the choices of Remark 4.7 (c) disappears: ε
first, then α and λ0, and λ0 is reduced once at the end.

(d) What is weaker. The map (λ,w) 7→ (â, x̂) is not shown to be C k−1 for φ ∈ C k(T), nor
even continuous, and it is not extended to a neighbourhood of (0, 0). This regularity gives the
rate of the dual bias admitted in Remark 4.6 (b). The number λ0 is not explicit: it depends on
b(λ0), for which these notes prove no rate. Under φ ∈ C 3(T), with this rate for the dual bias, λ0
can be made explicit; we admit this.

(e) Where the assumptions enter. The curvature σiη
′′
0(xi) < 0 gives at most one spike in

each Ii and the quadratic bound (A.6). The margin off the spikes gives no spike elsewhere. The
injectivity of Γx0 gives the secondary certificates ξi and ζi, and the injectivity of Φx̂ used for
uniqueness.
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